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Foreword 


The  United  States  is  a  world  leader  in  aviation  and  space  technology.  The  role  of  the  National 
Aeronautics  and  Space  Administration  is  to  provide  leadership  through  advances  in  science  and 
technology  for  both  aeronautics  and  space. 

The  NASA  Lewis  Research  Center  has  maintained  a  strong  research  program  in  aeronautics, 
beginning  in  1942.  During  the  period  from  the  late  1940's  to  the  late  1960's,  the  helicopter  came 
into  wide  use  in  the  military  and  civil  arenas.  In  1970,  the  United  States  Army  and  NASA  began 
a  joint  effort  at  Lewis  which  focused  on  helicopter  propulsion  technology.  A  significant  portion  of 
that  program  is  devoted  to  advanced  transmission  technology.  The  advanced  transmission  technology 
program  at  the  Lewis  Research  Center  is  augmented  through  the  use  of  contracts  and  grants  with 
U.S.  industry  and  universities.  Working  at  the  University  of  Illinois  at  Chicago,  under  NASA/Army 
sponsorship.  Dr.  Faydor  L.  Litvin  has  developed  many  new  and  important  ideas  for  the  mathematical 
formulation  and  theoretical  understanding  of  spur,  helical,  and  spiral  bevel  gears— gears  that  are  of 
very  great  importance  to  the  transfer  of  power  from  engine  to  rotor  blades  in  modem  helicopters. 

Dr.  Faydor  L.  Litvin  has  significantly  contributed  to  the  goals  of  the  NASA/Army  transmission 
program  by  his  accomplishments  in  the  science  of  gearing  and  his  authorship  of  this  book.  His  work 
has  provided  a  mathematical  basis  which  improves  our  understanding  of  bevel  gear  geometry  and 
the  manufacturing  procedure.  His  work  has  provided  solutions  to  reduce  gear  noise  and  to  enable 
a  smoother  transfer  of  power  in  helicopters.  In  summary,  he  has  directly  contributed  to  advance  the 
state  of  the  art  in  helicopter  power  transmission  technology,  and  has  made  a  significant  contribution 
jo  NASA’s  research  projects  and  to  the  public  good. 

^This  book  explains  the  most  general  problems  of  the  theory  of  gearing,  but  it  represents  only  a 
part  of  Dr.  Litvin’s  accomplishments.  His  research  contributions  have  improved  ( 1 )  almost  all  types 
of  gearing  including  spur,  helical,  hypoid.  bevel,  worm,  and  noncircular  gears;  (2)  tools  for  gear 
manufacture;  and  (3)  computer  programs  for  simulation  of  meshing  and  contact.  His  theorems,  methods 
for  gear  synthesis,  and  methods  for  gear  generation  represent  a  very  significant  contribution  to  the 
science  of  gearing^His  influence  has  spread  throughout  the  world  via  his  many  lectures,  publications, 
and  approximately  60  doctoral  students  who  have  settled  in  Europe,  Asia,  and  North  America.  Because 
of  his  career  achievements,  1  believe  Dr.  Litvin  is  a  true  leader  in  the  development  of  the  theory  of 
gearing.  \ 

It  is  my  pleasure  to  recommend  this  book  to  all  who  desire  a  deeper  knowledge  of  the  theory  of 
gearing.  \ 

\ 

\ 

\ 

John  J.  Coy  '  v 

NASA  Le*is  Research  Center 


Preface 

This  edition  is  the  first  English  version  of  the  author's  monograph  on  the  theory  of  gearing.  The 
first  and  second  editions  of  this  work  were  published  in  Russian  in  1962  and  1968.  Both  of  those 
editions  were  translated  into  Chinese  by  Dr.  Go-Kai,  one  of  the  author’s  former  doctoral  students, 
to  whom  he  is  very  thankful  for  his  devoted  work.  The  second  edition  was  translated  also  into  Hungarian 
by  Dr.  Zeno  Therplan  and  Dr.  Jozsef  Drobni,  who  accomplished  an  excellent  work. 

This  English  version  is  substantially  different  from  the  previous  editions.  The  author  has  paid 
particular  attention  to  the  basic  mathematical  problems  of  the  theory  of  gearing,  such  as  the  necessary 
and  sufficient  conditions  of  envelope  existence,  relations  between  principal  curvatures  and  directions 
for  surfaces  of  mating  gears,  singularities  of  surfaces  accompanied  by  undercutting  in  the  process 
of  generation,  the  phenomena  of  envelope  of  lines  of  contact,  the  principles  for  generation  of  conjugate 
surfaces,  and  others.  Special  attention  has  been  paid  to  the  algorithms  for  computer  aided  simulation 
of  meshing  and  tooth  contact.  !! 

This  edition  has  been  complemented  with  the  results  of  research  recently  performed  by  the  author 
and  his  doctoral  students.  The  book  is  supplied  with  sample  problems  and  problems  proposed  for 
the  reader  to  solve  that  the  author  believes  will  be  helpful  for  the  study  of  the  book. 

The  manuscript  of  this  book  has  been  used  as  a  textbook  for  two  courses  (Theory  of  Gearing  and 
Advanced  Theory  of  Gearing)  that  have  been  taught  by  the  author  for  graduate  and  undergraduate 
mechanical  engineering  students  at  The  University  of  Illinois  at  Chicago. 

The  author  would  like  to  express  his  deep  gratitude  to  the  National  Aeronautics  and  Space  Admin¬ 
istration  and  to  the  United  States  Army  who  have,  by  numerous  grants,  sponsored  the  work  that  went 
into  the  preparation  and  publication  of  this  book  and  a  significant  portion  of  his  research  efforts  since 
coming  to  the  United  States  of  America.  In  particular,  the  author  is  grateful  to  Mr.  Erwin  V.  Zaretsky, 
Mr.  Gilbert  J.  Weden,  and  Mr.  Dennis  P.  Townsend  for  their  encouragement  and  support  of  the 
publication  of  this  work.  The  progress  of  the  work  was  continuously  overseen  by  Dr.  John  J.  Coy. 
who  also  provided  sound  advice  and  counsel  throughout  the  project.  A  thorough  technical  review 
was  conducted  by  Mr.  Robert  F.  Handschuh,  which  resulted  in  helpful  corrections  and  a  fine  index. 
The  author  also  thanks  Mr.  Steven  B.  Brunn  for  his  editorial  suggestions  and  help  in  the  preparation 
of  the  manuscript  for  publication. 


Faydor  L.  Litvin 

The  University  of  Illinois 

at  Chicago 


Dedicated  to  my  Parents 
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Chapter  1 


Coordinate  Transformation 


1.1  Introduction  to  Coordinate  Transformation 

Consider  a  set  of  Cartesian  systems  5,  (jr„.y,.z,),  S2  (.t2,y2,:2) . S„  (xn,y„,z„).  Point  M 

is  specifled  in  these  systems  by  coordinates  M  (jt,. M  (x 2,y2,z2) . M  (x„, y„,z„). 

Coordinate  transformation  is  a  set  of  relations  which  associate  point  coordinates  of  one  system 
with  the  point  coordinates  of  other  systems.  For  instance,  through  coordinate  transformation  we 

may  relate  the  given  set  (*,,)>, .Z,)  with  (Jr*,y*.Z»),  (*  =  2,3 . n).  It  will  be  shown  below  that 

the  relations  between  sets  of  coordinates  depend  on  the  location  of  the  origins  of  the  considered 
systems  and  on  the  orientation  of  their  respective  axes. 

Coordinate  transformation  is  a  powerful  technique  of  engineering  mechanics.  It  may  be  used 
to  study  the  motion  of  rigid  bodies  and  their  kincmatical  and  dynamic  characteristics,  which  are 
associated  with  different  coordinate  systems.  In  the  theory  of  gearing,  coordinate  transformation 
will  be  applied  in  the  following  ways: 

(1)  For  determining  the  equations  of  (a)  the  path  traced  out  by  a  point  of  a  moving  body,  (b) 
the  surface  traced  out  by  a  line  rigidly  connected  to  a  moving  body,  and  (c)  the  locus  of  surfaces 
generated  by  a  surface  rigidly  connected  to  the  moving  body. 

(2)  For  expressing  equations  of  a  given  surface  (line)  in  several  different  coordinate  systems 
which  belong  to  the  same  rigid  body. 

Coordinate  transformation  will  be  considered  for  systems  with  (1)  common  origin  and 
noncoincident  coordinate  axes  and  (2)  noncoincidcnt  origins  and  noncollinear  coordinate  axes. 
Coordinate  transformation  is  studied  in  matrix  presentation.  Properties  of  matrices  and  matrix 
operations  are  summarized  in  appendix  A. 


1.2  Systems  of  Coordinates  With  a  Common  Origin 

Consider  a  rigid  body  which  is  free  to  rotate  about  a  fixed  axis.  We  set  up  two  coordinate  systems 
as  follows:  Sf(xf,yf.zf),  which  is  rigidly  connected  to  the  frame— the  fixed  coordinate  system,  and 
Sg  (xt,yf,ze).  which  is  rigidly  connected  to  the  body— the  moving  coordinate  system  (fig  1.2.1). 
Systems  S^and  5e  are  located  such  that  they  share  a  common  origin  and  their  axes  xyand  xK  coincide 


<*t  (b) 

Figure  1.2.1. 

with  the  axis  of  rotation.  To  identify  a  point  M  in  the  rigid  body,  we  use  the  position  vector1 
(fig.  1.2.1(a))  rt  *  OM,  which  may  be  expressed  as  a  3x  I  matrix 


(1.2.1) 


Assume  that  the  body  is  rotated  by  an  angle  (fig.  1.2.1(b)).  Point  M  is  still  specified  by  its 
original  coordinates  in  system  Sr  but  must  now  be  identified  by  new  coordinates  in  system  5/. 
The  new  coordinates  are  given  by  the  matrix 


MM  = 


•*/(«,) 

MM 

MM 


(12.2) 


where  <bt  is  the  angle  formed  by  axes  zj  and  zf  (or  by  axes  \y  and  y„). 

To  express  coordinates  (xf,yf,Zf)  in  terms  of  (xt,yg,zt)  and  the  angular  parameter  <t>„,  let  us 
represent  the  two  position  vectors  r„  and  rf  in  terms  of  the  unit  vectors  and  Cartesian  components 
of  their  respective  coordinate  systems 

r» =  y*if 

rf  =  xf\[  +  >y  j/  +  zfV.; 

Since  r,  and  relocate  the  same  point,  they  are  equal  (i.e.,  r, 
and  (1.2.4),  we  obtain 

x j  [r  *F  )/ if  "F  Zj  Ity  x.jj  'Fy^Jj  "F  ^ ( 1 .2.5) 


(1.2.3) 

(1.2.4) 

=  ry),  and  by  using  equations  (1.2.3) 


1  Henceforth,  a  quantity  denoted  in  the  form  AB  has  (ho  meaning  of  a  vector  which  spans  the  line  segment  AB  and  points 
from  A  to  B  Funher,  AB  denotes  the  magnitude  of  vector  AB 


Z 


Wc  now  multiply  each  side  of  equation  (1.2.5)  successively  by  unit  vectors  I \f,  jy,  and  ky  and  obtain 


the  following  three  expressions: 

•M1/*1/)  +  +  Z/0/*ky)  =  *,(*/*  U  +  y,0/*j,)  +  zf(ly*k,)  (1.2.6) 

xfiif  1/)  +  >y(j/*j/)  +  Zy(Jy*  ky)  =  jr,(Jy*  Ij)  +  y„(jy*  j,)  +  zti}g  •  k,)  (1.2.7) 

2y(ky»ly)  +  >/(ky*Jy)  +  Zy(ky*ky)  =  JT,  (  ky  •  I,  )  +  >,  (  ky  •  j,  |  +  Z,(ky*k,)  (1.2.8) 

Since  unit  vectors  iy,  jy,  and  ky  are  mutually  perpendicular,  we  may  write 

ly«iy=  1  •/*j/=0  ly»ky=0etc.  ( 1 .2.9) 

Equations  (1.2.6)  to  (1.2.9)  now  yield  three  linear  equations 

xf  =  x>Uf'i*)  +VH*)  +  z*(‘/,k*)  (1-2.10) 

>/=x»(J/***)  +  VJ/*J*>  +  2,(j/«k,)  (1.2.11) 

2/  =  W1*)  +>»(k/*j*)  +z,(  kyk,)  (1.2.12) 

which  may  be  represented  in  matrix  form  as 


■  xf 

iy*  1,  ly*j„  iy*  k, 

['>1 

y. / 

= 

J/*l*  if  it  j/*k. 

* 

.  2/- 

.  ky*l,  ky*j j,  ky*k, 

■  2*  - 

(1.2.13) 


It  may  be  verified  from  figure  1.2.1(b)  that  the  3x3  matrix  in  equation  (1.2.13)  is  given  by 


1  0  0 
0  cos  <t>g  sin  <t>g 
0  -  sin  <t>g  cos  <t>g 


and  thus  matrix  equation  (1.2.13)  becomes 


'  xf 

yr 

= 

-  2/. 

1  0  0 
0  cos  <j>g  sin  <t>g 
0  -  sin  <t>t  cos  <t>„ 


or  in  a  shortened  form 


Matrix 


[ryl  =  milM 


[*-/*]  = 


a I!  fl12  al3 

d 22  @2^ 


(1.2.14) 


(1.2.15) 


(1.2.16) 


(1.2.17) 


fl.!i  a?: 


uniquely  describe*  the  transformation  of  coordinate*  to  the  new  coordinate  system  Sf  from  the  old 
coordinate  system  S,.  The  subscripts  fg  in  Lfn  indicate  the  order  of  such  a  transformation  (i.e., 
to  /  from  g,  the  new  coordinate  system  being  denoted  by  the  left-hand  subscript). 

It  is  noted  that  each  element  of  matrix  [L^]  is  the  scalar  product  of  two  unit  vectors  which  belong 
to  systems  Sf  and  St.  For  instance,  element  a:i  may  be  represented  as 

fljl  «  J,.  |f  s  jfig  cos  (j/.I,)  °  cos  (j/.l,) 

where  cos  (J^.l,)  is  the  cosine  of  the  angle  formed  by  new  axis  number  2  (axis  yf)  and  old  axis 
number  1  (axis  xt).  This  quantity  is  known  as  the  direction  cosine  of  unit  vectors  \f  and  if.  To 
generalize  this,  we  say  that  the  elements  of  [Lfg\  are  of  the  form  at,  (k  =  1 ,2,3;  f  -  1 ,2,3),  where 
au  is  the  direction  cosine  of  the  new  unit  vector  k  and  old  unit  vector  f;  unit  vectors  i,  j,  and  k 
correspond  to  the  numbers  1,  2,  and  3,  respectively.  Consequently, 


*  J/*  kf  -  cos  (j/.k„)  and  =  kf*  lf  =»  cos  (k/,1,) 

With  all  of  the  results  derived  above,  matrix  equation  (1.2.13)  may  now  be  expressed  in  the  general 
form 


xl 

flu 

fl|2 

flu 

yf 

= 

fl21 

«22 

fl23 

zf  - 

.  fl31 

flj2 

fl«  . 

This  matrix  equation  represents  a  system  of  three  linear  equations  which  relates  the  set  of  new 
coordinates  (Xf.yj.zj)  with  the  set  of  old  coordinates  ixvyvzg)  and  direction  cosines  au(k  =  1,2,3; 
f  =  1,2,3)  of  the  transformation  matrix  [Lft\. 

The  matrix  method  of  coordinate  transformation  works  equally  well  between  rigidly  connected 
systems  and  between  systems  which  move  relative  to  one  another,  if  we  deal  with  two  rigidly 
connected  systems,  all  elements  of  \L^]  are  constant  and  point  M  in  one  system  is  seen  as  the  same 
point  in  the  other  system,  although  point  M  is  specified  with  different  sets  of  coordinates  in  each 
system.  If,  however,  one  coordinate  system  moves  relative  to  the  other,  some  elements  of  [Lft\ 
vary  in  the  process  of  motion,  and  point  M  of  the  moving  system  traces  out  a  path  in  the  fixed 
system.  Referring  to  figure  1.2.1(b).  the  angle  <t>„  changes  in  the  process  of  motion  and  thus 
elements  of  matrix  equation  (1.2.2)  will  vary  with  <t>r  Accordingly,  point  M  of  system  5,  traces 
out  a  curve  in  system  Sf  whose  coordinates  are  a  function  of  <t>g  and  are,  in  fact,  coordinates  of 
a  circle.  It  will  be  shown  in  section  1,4  that  the  matrix  method  of  coordinate  transformation  is 
a  valuable  tool  for  deriving  the  equations  of  curves  and  surfaces. 

Once  it  is  known  how  to  transform  coordinates  from  system  5,  to  system  Sf,  it  is  useful  to 
develop  the  reverse  operation,  coordinate  transformation  from  Sf  to  Sr  which  may  be  represented 
as  follows: 


M  =  (1-2.19) 

Matrix  |L^J,  the  operator  of  the  reverse  transformation,  is,  in  fact,  the  inverse  of  matrix  [Lft ). 
It  may  be  proven  that  the  determinant  of  a  general  transformation  matrix  \Lfg\  is  equal  to  unity 
and  therefore  its  inverse  will  always  exist.  It  may  also  be  shown  that  transformation  matrix  [Lfg\ 
is  an  orthogonal  matrix;  that  is.  its  transpose  and  inverse  are  identical 


4 


M-I**lr-I  b\'x 


(1.2.20) 


For  instance,  referring  to  figure  1.2.1(b),  matrix  [L^ ]  may  be  obtained  as  the  transpose  of 
matrix  (1.2.14);  thus 


I**  I  =  lAfrl  = 


0  sin  <bt 


(1.2.21) 


Since  [L^\  is  the  inverse  of  matrix  we  may  write  that 

1^11^1  =  1^11^1  =  1/1  (1.2.22) 

where  (/)  is  the  3x3  unit  (identity)  matrix.  Similarly,  by  equations  (1.2.20)  and  (1.2.22)  we  get 

=  \LfKWLfAT  (1.2.23) 

Still  further,  it  must  be  pointed  out  that  while  a  general  transformation  matrix 


an  ol2  a n 

I**I  = 

Oi|  022  a2i 

= 

0)1  0)2  O)) 

!/•!*  i/*J, 

J/*«,  J,*J,  Vkr 
k/*‘x  k/*J*  k/*k»  . 


(1.2.24) 


consists  of  nine  elements,  only  three  of  them  are  independent.  This  results  from  the  fact  that  the 
nine  elements  of  [Z^fJ  are  related  by  six  orthogonality  conditions,  which  arc  as  follows; 


of l  4*  flj;  +  fljj  -  1  iit|  4  ex §2  “F  —  1  ex 3 1  4^  +  oij)  —  I  (1.2.25) 

fllla2t  +  U|^22  4-  Ulyt2t  =  0  ex |  |Uj|  +  +  0|)0))  —  0  eX; |C*X|  +  (122°  12  +  a22a»  =  0 


(1.2.26) 


Equations  (1.2  25)  demonstrate  that  each  unit  vector  of  the  new  system  has  unit  length,  while 
equations  (1.2.26)  ensure  that  the  three  new  axes  are  mutually  perpendicular. 

To  perform  successive  coordinate  transformations,  we  need  only  follow  the  product  rule  of  matrix 
algebra.  For  instance,  the  following  matrix  equation 

I  rni  =  If-nl/i-llHZ-dl  —  !><n— 2)1  •  •  ■  IMUcilhl  0  2.27) 

represents  the  successive  transformation  of  point  coordinates,  specified  in  system  Si%  to  5;.  to 
.  .  .  ,  to  Sn. 

Example  problem  1.2.1  By  using  the  method  of  successive  coordinate  transformation  described 
above,  derive  the  transformation  matrix  (Z.,e)  for  systems  5,,  Sp.  S/.  and  5,  shown  in  figure  1.2.2. 
Write  the  three  equations  which  relate  (r,.v,,;f)  with  (r^V],;,).  Find  the  inverse  matrix  \L^\. 


Figure  1.2.2. 


Solution.  Transformation  matrices  are  as  follows: 


10  0 

cos  7  0  sin  7 

l**l« 

0  cos  4{  sin 

l^  = 

0  1  0 

0  -sin  $t  cos 

-sin  7  0  cos  7 

COS  $1 

sin 

0  ' 

** 

'  */ 

-sin 

COS  «i 

0 

w- 

>» 

'/=* 

0 

0 

1  j 

.  . 

-  . 

Matrix  multiplication  yields 


*12  *1.1 

*22  *23 

.  *.■ 

^32  bys 

cos  7  cos  0|  —sin  7  cos  <t>\  sin  d,  sin  7  cos  cos  <t>f 
+  sin  <J|  cos  <t>t  +sin  <J|  sin  0, 

-cos  7  sin  <t>i  sin  7  sin  sin  6,  -sin  7  sin  <>,  cos  <t>r 
+cos  d,  cos  d,  +cos  <J|  sin  <£, 

-sin  7  -cos  7  sin  <>,  cos  7  cos  <$, 


Coordinates  (X|,y,.r,)  and  (xt,yt.:t)  are  related  by  equations 
X]  =  b|  \Xt  +  +  bjxZf  y,  =  b2|.rf  +  622.3**  +  bi)Zr  z  \  —  6i|jr_  +  +  6 


The  inverse  matrix  [Z.t,|  may  be  determined  as  the  transpose  of  the  matrix  \Lig\ 


‘  *i. 

*21 

*11 

*1 2 

*22 

*12 

.  *11 

*21 

*11  . 

1.3  Coordinate  Systems  With  Noncoincident  Origins 
and  Noncollinear  Axes 

Consider  a  rigid  body  which  moves  in  space.  System  Sm  is  rigidly  connected  to  the  moving  body 
and  5,  is  a  fixed  coordinate  system  (fig.  1.3.1).  Point  M  of  the  body  is  specified  by  the  position 
vector  OJA  =  r„(.rm,vw.^,)  and  its  instantaneous  position  in  space  S„  is  determined  by  the  position 
vector  r„(j t„.y„zn).  Position  vector  indicates  the  initial  position  of  point  when 

systems  Sm  and  5,  coincide. 

Point  M  of  the  moving  body  traces  out  a  path  in  space  S„,  whose  instantaneous  point  is 
represented  by  the  position  vector  r„.  Components  of  r,  are  given  by  the  following  functions: 

■*«  2.  {xm,ym,  zm,<t>)  (1.3.1) 

where  4>  is  the  variable  parameter  of  motion.  These  functions  (1.3.1)  may  be  derived  through  the 
technique  of  coordinate  transformation. 

The  position  vector  r„  may  be  represented  as 

r,  -  +  TU? -  +  rm  (1.3.2) 

Equation  (1.3.2)  yields 

*X  +  +  zjtn  -  +  yl°m)i»  +  +  xjm  +  ym}„  +  z„K  (1-3.3) 

Here  x„<0*',  yl°m),  zi°m)  determine  the  position  of  origin  Om  in  system  S„;  l„,  j„,  k„.  and  im, 

jm,  k„  are  the  unit  vectors  of  systems  S„  and  Sm  respectively. 


Figure  1.3.1. 


We  now  multipiy  each  side  of  equation  ( 1 .3.3)  successively  by  unit  vector*  (,.  J.,  anJ  k..  Taking 
into  account  that 


we  obtain  three  linear  equations 

*.**«.(!«  ••»)  +  y«(l.‘J..)  +c«(l«* K)  +  *l°m* 

y.  +  y»,(J„*J«)  +  z«(J.,*0  +  yj0*’  (1.3.4) 

z.  =*Jt«(K,»i«)  +  +  zi°m) 

which  nuy  be  represented  in  matrix  form  as  follows: 


‘  A, 

’  an 

0\2 

on  ' 

’  al«  ' 

y» 

a2l 

022 

*23 

ym 

+ 

a24 

.  2.  . 

.  Oil 

on 

a33  . 

_  _ 

.  a34  . 

As  noted  in  section  1.2,  a  general  element  ak,  ( k  =  1.2.3:  (  =  1.2.3)  is  the  direction  cosine  of 
new  unit  vector  k  and  old  unit  vector  t  unit  vectors  I,  j.  k  correspond  to  the  numbers  1,  2,  and  3. 
respectively.  Elements  aUl  au,  and  034  represent  the  new  coordinates  xl°'K  y}°m>,  and  zi0"1 
of  the  old  origin  Om\  that  is.  the  location  of  the  old  origin  in  the  new  coordinate  system. 

Coordinate  transformation  (eq.  ( 1 .3.5))  requires  mixed  matrix  operations  where  both  multiplication 
and  addition  of  matrices  must  be  used.  Matrix  representation  of  coordinate  transformation  will 
need  only  multiplication  of  matrices  if  position  vectors  are  determined  by  homogeneous  coordinates. 
These  coordinate  transformations  were  applied  to  spatial  linkages  by  Denavit  and  Hancnberg  (1955) 
and  to  spatial  gears  by  Litvin  (1955).  Homogeneous  coordinates  of  a  point  in  three-dimensional 
space  are  determined  by  four  numbers  (jr'.y which  are  not  equal  to  zero  simultaneously 
and  of  which  only  three  are  independent.  Assuming  I'  *0,  regular  coordinates  and  homogeneous 
coordinates  are  related  as  follows: 


With  t'  =  1.  a  point  may  be  specified  by  homogeneous  coordinates  such  as  (x.y.z.t  =  1),  and  thus 
linear  equations  (1.3.4)  may  be  represented  as 


•r,  =  ouxm  +  a]2ym  +  +  autm 


y*  =  o2ixm  +  a22ym  +  a2iz„  +  a2,t„ 


(1.3.7) 


Zn  =  o},xm  +  a  k2ym  +  +  aMt„ 


1 


The  matrix  representation  of  equation  system  (1.3.7)  is 


au  a u  a,5  au 
a2l  <*22  a2J  aU 
aii  a32  a)J  a34 
0  0  0  1 


(1.3.8) 


or  in  shortened  form 


I',]  -  [MnJ\rm\ 


(1.3.9) 


Unlike  transformation  (1.3.5),  coordinate  transformation  (1.3.8)  needs  only  one  type  of  operation - 
multiplication  of  matrices. 

Let  us  now  develop  the  inverse  coordinate  transformation,  from  system  S„  to  system  S„.  which 
may  be  expressed  by  the  following  linear  equations: 


xm  =  *llx«  +  *I2>'|!  +  *l.3i«  +  *14** 
>'m  —  *2lX(l  +  *’lV„  +  *  2iZ„  +  biJH 
Zm  —  ^ll1,  +  ftjjy.  +  *V3mi  +  *34*11 


(1.3.10) 


=  *„  =  1 


The  matrix  representation  of  equation  (1.3.10)  is 


*11  *12  *u  *u 

*21  *22  *23  *24 

*31  *32  *33  *34 

0  0  0  1 


(1.3.11) 


triJ  = 


(1.3.12) 


The  inverse  coordinate  transformation  exists  indeed,  if  the  system  of  linear  equations  (1.3.7) 
has  a  unique  solution  for  unknowns  x„,y„.z„.im  (in  terms  of  xn,yn,z„.i„  and  elements  otf 
(k  =  1 ,2,3;  f  =  1 .2,3.4)).  For  this  the  determinant  of  the  coefficient  matrix  must  differ  from  zero; 
that  is. 


det  Af_  = 


an  a  ,2  a, 4 


fljj  Q  22  ^23 


a31  a32  a33  a34 

0  0  0  1 


a  II  al2  a13 
=  Oi|  fl;;  5*^0 


(1.3.13) 


a,,  a,  2  aJ3 


p 


If  inequality  (1.3.13)  is  observed,  new  coordinates  may  be  expressed  in  terms  of 

and  elements  bkl  of  the  matrix  (Afm]  (eq.  (1.3.1 1)).  Therefore,  inequality  (1.3.13)  is 
the  requirement  for  existence  of  an  inverse  matrix. 

Let  us  now  express  elements  bu  of  matrix  |AfM]  in  terms  of  elements  auo f  given  matrix  [M^\. 
The  product  of  the  given  matrix  and  its  inverse  yields 

(1.3.14) 

where  [ / J  is  the  4x4  unitary  matrix.  It  results  from  equation  (1.3.14)  that 
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011 
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0 
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1 

(1.3.15) 


where 


*u  * 

*24  = 

by 4  * 

and  au  are  elements  of  matrix 


—  (0\  14  +  +  fl}|Ov») 

~  +  U22“24  +  0320.14) 

—  (Uiy»i4  +  a2iau  +  a„au) 
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0|4 

021 
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024 

03 1 

032 

0.13 

014 

0 

0 

0 

1 

(1.3.16) 


(1.3.17) 


Equations  (1.3.15)  and  (1.3.16)  may  be  derived  in  a  rigorous  manner  as  follows: 

Step  /.—Set  up  the  3x3  submatrix  \Lnm\  from  [Af„m]  and  determine  its  transpose  { L r.  which 
is  equal  to  the  submatrix  [L^].  where 
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(1.3.18) 

Ma'rix  equations  (1.3.18)  determine  nine  elements  bkr  in  terms  of  elements  ak,  (k  =  1.2.3: 
f=  1.2.3). 

Step  2.—  To  express  elements  bu,  b:i,  and  bk4  in  terms  of  elements  au.  multiply  elements  of 
corresponding  columns  of  known  add  the  products,  and  change  the  sign  of  the  final  result 

as  it  is  shown  in  the  following  expressions: 


*14  =  ~  (<*II<*I4  +  <*2I<*24  +  Oy,tlU)-‘ 


*24  3  ~  <^12^*14  +  <*22<*24  +  0J2<H«)- 
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As  noted  in  section  1.2.  the  matrix  method  of  coordinate  transformation  works  equally  well  between 
rigidly  connected  coordinate  systems  and  between  systems  which  move  relative  to  one  another. 
If  systems  Sm  and  S„  are  rigidly  connected,  all  elements  of  matrices  [Af„„|  (and  thus  |AfTOl)  are 
constant.  Consequently,  point  M  in  one  system  is  seen  as  the  same  point  in  the  other  system,  although 
M  is  specified  with  different  coordinates  in  each  system.  If,  however,  one  coordinate  system  moves 
relative  to  the  other,  some  elements  of  \Mnm)  vary  in  the  process  of  motion,  and  point  M  of  the 
moving  system  traces  out  a  path  in  the  fixed  system. 

To  perform  successive  coordinate  transformation,  we  need  only  follow  the  product  rule  of  matrix 
algebra.  For  instance,  the  matrix  equation 

lrrl  ~  . I^3:ll^f  i)Iri)  (1.3.19) 

represents  successive  coordinate  transformation  from  system  5)  to  S2,  from  S:  to  5? . to  Sr. 

To  perform  a  transformation  of  vector  components,  we  need  only  apply  3x3  submatrices  [/.], 
which  may  be  obtained  by  eliminating  the  last  row  and  last  column  of  the  corresponding  matrix 
[M],  This  results  from  the  fact  that  vector  components  (projections  on  coordinate  axes)  do  not  depend 
on  the  location  of  origin  of  the  coordinate  system. 

The  transformation  of  vector  components  of  vector  A  from  system  Sm  to  5„  is  represented  by 
the  matrix  equation 

M,l  =  \L„„\\AJ  (1.3.20) 

where 

<*n  <*12  °i3 

[A„]  =  A,n  [f'Prml  =  <*21  <*22  <*23 


L  A- 


djl 


Example  problem  1.3.1  Gears  1  and  2  rotate  about  axes  zf  and  j,  (fig.  1.3.2),  which  form  a 
crossing  angle  y  and  shortest  axes  distance  C.  Consider  coordinate  systems  S,.  S2,  and  Sf,  which 
are  rigidly  connected  to  gear  I,  gear  2,  and  (he  frame,  respectively.  The  auxiliary  system  Sp  is 
also  rigidly  connected  to  the  frame. 

By  using  the  method  of  successive  coordinate  transformations  described  above,  determine  the 
transformation  matrix  [M2X\  for  systems  S,.  Sf,  Sp,  and  S2,  which  are  shown  in  figures  1.3.2  and 
1.3.3.  Obtain  the  three  equations  which  relate  (x2,y2.z2)  with  (-t i ,>’i . ’i ) •  Find  the  inverse  matrix 
t«nl. 


*t 


Figure  1.3.3. 


Solution.  The  transformation  matrices  are  as  follows: 


[M, ,) 


cos  0t  -  sin  0|  0  0 

sin  0)  cos  0)  0  0 

0  0  10 

0  0  0  1 


(1.3.22) 


0  0  C 

cos  7  -  sin  y  0 
sin  y  cos  y  0 

0  0  1 


(1.3.23) 


cos  02  sin  02 
-  sin  02  cos  02 

[**|  = 

0  0 

0  0 

The  matrix  product  is  thus 

cos  0|  cos  03  -  sin  0!  cos  02  -  sin  y  sin  02  C  cos  02 

+  cos  y  sin  0,  sin  02  +  cos  y  cos  0t  sin  02 

-  cos  0)  sin  0 2  sin  <t>\  :.in  <t>2  -  sin  7  cos  02  -  C  sin  02 

=  +  cos  y  sin  0,  cos  02  +cos  y  cos  </>,  cos  02 

sin  y  sin  <t>\  sin  y  cos  0,  cos  y  0 

0  0  0  1 

(1.3.25) 


0  0  ' 
0  0 
I  0 
0  1 


(1.3.24) 


Coordinates  U2.y2.Z2)  and  (X|,yiZi)  are  related  by  the  equations 

=  X|(cos  0|  cos  02  +  cos  y  sin  0*  sin  <t>2) 

+  V|(  -  sin  0|  cos  02  +  cos  7  cos  0,  sin  0;) 

-  Z|  sin  7  sin  <t>2  +  C  cos  <t>2 

y2  =  x t(  -  cos  0|  sin  <t>2  +  cos  7  sin  0]  cos  0:)  (1.3.26) 

+  \’i(sin  0,  sin  <t>2  +  cos  7  cos  0,  cos  02) 

—  Z|  sin  7  cos  0:  -  C  sin  <t>2 


z2  =  X|  sin  7  sin  0i  +  V|  sin  7  cos  0,  +  cos  7 


The  invent  matrix  [M l2]  is  given  by 


COS  0,  COS  <t>i 


-  cos  sin  $2 


+  cos  y  sin  sin  $2  +  cos  7  sin  cos  $2 

-  sin  4tcos  <t> 2  sin  4>\  sin  <t>2 

+  cos  y  cos  sin  <t>2  +  cos  y  cos  cos  <t>2 


-  sin  y  sin  $2 
0 


-  sin  y  cos  $2 
0 


sin  y  sin  -  C  cos  ] 
sin  y  cos  C  sin 


cos  y 
0 


0 

1 


(1.3.27) 


Coordinates  (X|.jt|.Z|)  are  expressed  in  terms  of  {x2,y2.Z2)  by  the  following  equations: 

xt  =*  x2(cos  cos  +  cos  y  sin  <t>{  sin  <t>2) 

+  y2(  -  cos  sin  <t>2  +  cos  y  sin  <t>\  cos  <t>2) 

+  z2  sin  7  sin  4>i~  C  cos  <t>  1 

y,  s  x2(  -  sin  ^1  cos  <t>2  +  cos  7  cos  4>t  sin  <i>2) 

+  y2(sin  ^1  sin  <t>2  +  cos  7  cos  cos  <t>2)  (1.3.28) 

+  z2  sin  7  cos  <t>\  +  C  sin  0| 

Zi  =  -  x2  sin  7  sin  <t>2  -  y2  sin  7  cos  <b2  +  z2  cos  7 
'1  ='2=1 

1.4  Generation  of  Curves  and  Surfaces  in  Matrix  Representation 

In  some  cases,  curves  (surfaces)  applied  in  engineering  mechanics  may  be  determined  as  a  locus 
of  points  (lines)  generated  by  a  point  (line)  of  a  moving  body.  Equations  of  such  curves  or  surfaces 
may  be  derived  by  following  the  rules  of  coordinate  transformation. 

Figure  1.4.1(a)  shows  an  extended  epicycloid.  This  curve  is  generated  by  point  M,  which  is 
connected  to  the  plane  of  circle  A  (of  radius  p )  as  it  rolls  over  circle  1  (of  radius  r).  Points  M„ 
and  M  represent  two  positions  of  the  generating  point;  A  and  1  are  the  movable  and  fixed  centrodes. 


Figure  1.4.1. 


The  same  extended  epicycloid  may  be  generated  in  coordinate  system  if  both  centrodes  move 
(fig.  1.4.1(b))  and  their  angles  of  rotation  0  and  9  are  related;  thus 

i  r 

—  ax  — 

e  P 

We  set  up  coordinate  systems  SJxa.ya,zJ  and  5 ) ( x ,  ,v , , z t )  rigidly  connected  to  the  rolling  circles 
A  and  1  and  the  fixed  coordinate  system  S/(x,.yf,Zf). 

Equations  of  the  generated  curve  may  be  derived  with  the  matrix  equation 

I'll  -  [A fM  =  [Af./HAJyjK]  (1.4.1) 

where  column  matrices  [rj  and  [r,]  represent  the  coordinates  of  the  generating  point  and  the 
generated  curve,  respectively;  matrices  [M)a]  and  [M\f\  describe  coordinate  transformation  from 
Sa  to  Sf  and  from  5^  to  5| .  Here 

"  °  1  [ 

W  =  -a  [r,J  =  y,  [Mxf] 

1  J  1 

cos  0  sin  0  0 

[Mja\  =  -  sin  0  cos  0  r  +  p  (Mla)  = 

0  0  1 


cos  ( 0  +  0)  sin  (0  +  0)  (r  +  p )  sin  0 
-  sin  (0  +  0)  cos  ( <t>  +  0)  (r  +  p)  cos  0 
0  0  I 


cos  0  sin  0  0 
-  sin  0  cos  0  0 
0  0  I 


(14.2) 

where  a  =  OJA  (fig.  1.4.1  (b)).  Matrix  equation  (1.4.1)  and  expressions  (1.4.2)  yield 

X|  =  (r  +  p)  sin  0  -  a  sin  (0  +  0)  y,  =  (r  +  p)  cos  0  -  a  cos  (0  +  0)  (1.4.3) 

Because  of  rolling  we  have  that 

P0  =  r0  (1.4.4) 

and 

0  =  -  0  (1.4.5) 

P 

Equations  (1.4.3)  and  (1.4.5)  represent  the  extended  epicycloid  with  functions 

JT,(0)  V  |  ( 0 )  0,<0<0;  (1.4.6) 

The  alternative  way  of  determining  these  functions  is  based  on  the  vector  equation  (fig.  1 .4.1(a)) 

+  OaM  (1.4.7) 

Multiplying  both  sides  of  this  vector  equation  successively  by  unit  vectors  i,  and  j,  of  coordinate 
axes  r,  and  v,.  we  get 
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xt  m  OjA  •  lt  *  0\Oa  •  i,  +  OJA  •  l|  *  (r  +  pi)  sin  £  —  a  sin  ($  +  i) 


yt  “  0,M  »J|  «  OtOa  «J,  +  OJA  •  j,  =  (r  +  p)  cos  <t>  -  a  cos  ($  + 

These  equations  concur  with  equations  (1.4.3). 

Generally,  we  are  able  to  use  two  alternative  methods  to  generate  plane  curves.  However,  the 
great  advantage  of  the  matrix  method  of  cur  e  and  surface  generation  becomes  more  obvious  for 
the  case  of  surface  generation.  In  the  following  example,  a  plane  curve  L  generates,  in  screw  motion, 
a  surface  called  a  helicoid  (fig.  1.4.2(a)),  which  may  be  represented  as  a  locus  of  lines  L.  The 
angle  of  rotation  4  and  the  axial  displacement  s  are  related  by  the  equation 


s  =  p\’ 


(14.8) 


Here  p  is  the  parai.^ter  of  screw  motion— the  pitch  of  the  screw— and  is  given  by 


h 


P 


2r 


(1.4.9) 


where  h  is  the  axial  displacement  corresponding  to  one  complete  revolution. 

Assume  that  the  plane  curve  L  is  given  in  coordinate  system  Sa{x0.ya)  (fig.  1 .4.2(b))  by  equations 

=  -U0)  ya  =  v„(0)  z,  =  0  0,  s  0  <;  (1.4.10) 

where  parameter  6  is  the  independent  variable.  The  generated  surface  is  determined  in  the  coordinate 
system  5,  with  the  matrix  equation 

I'll  =  [Mu\\ra\  (1.4.11) 

where 


■  *1  ■ 

cos  ^ 

-  sin  4 

0 

0  ‘ 

l 

’  xje) ' 

V| 

sin  4 

cos  4 

0 

0 

>«w 

I'll  = 

\MU\  = 

l'J  = 

Z| 

0 

0 

1 

pt 

0 

1 

0 

0 

0 

1 

1 

r  Helicoid 


Figure  1.4  2. 
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Matrix  equations  (1.4.11)  and  (1.4.12)  yield 


X\  =  xj8)  cos  ^  -  ya(8)  sin  4  )'i  =  xj9)  sin  4  +  y„(0)  cos  4  Zt  =  p4  (1 .4. 13) 

where  9t  S0S02  and  4\  s^s^2.  Equations  (1.4. 13)  represent  the  generated  helicoid  with  surface 
coordinates  8  and  4-  By  surface  coordinates  it  is  meant  that  a  point  on  the  surface  is  uniquely  specified 
by  the  given  values  of  6  and  4- 

Problem  1.4.1  A  surface  of  revolution  is  generated  by  rotation  of  a  plane  curve  about  the  fixed 
axis  j,.  Figure  1.4.3  shows  the  axial  section  of  the  surface.  The  generating  curve  (fig.  1.4.4(a)) 
is  represci  ted  in  coordinate  system  SJixa,ya,zJt  by  equations 

xa=xa(6)  ya  -  0  z,,  =  Z<,(d)  (1.4.14) 

The  angle  of  rotation  4/  (fig.  1 .4.4(b))  lies  within  the  interval  Os  ^£2*.  Using  the  matrix  method 
of  surface  generation,  determine  the  equations  of  the  generated  surface. 

Answer. 

x |  =  xa(6)  cos  4/  >')  =  x„(6)  sin  4  z,  =  za(8)  (1.4.15) 

where  9t  S0S02  and  0<  <  2t. 


Figure  I .4.4. 
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Problem  1.4.2  With  the  condition*  of  problem  1.4.1,  determine  the  equation*  of  the  surface 
generated  by  a  tcgment  of  a  circle  with  center  C  (fig.  1.4.5). 

Answer. 


JT|  *  (if  co*  $  +  Cx)  co*  ^  y,  *  (a  cos  8  +  C,)  sin  ^  i|  ■  a  sin  8  +  C,  (1.4.16) 

where 

0,s  6s9l  0s^s2t  C,<0  C.<0 

Problem  1.4.3  With  the  conditions  of  problem  1 .4.2.  determine  the  equations  for  the  conical  surface 
generated  by  a  segment  of  a  straight  line  which  forms  an  angle  I80*~a  with  axis  xa  (fig.  1.4.6). 
Coordinates  x„,  j,  of  a  point  M  of  the  straight  line  are  represented  as  functions  of  parameter  8. 

Answer. 


.T|  *  (d  -  8  cos  a)  cos  ^  yt  *  (d  -  8  cos  a)  sin  i  Z\  *  8  sin  or  (1.4. 17) 

Problem  1.4.4  A  spherical  surface  may  be  represented  as  a  particular  case  of  the  surface  represented 
by  equations  (1.4.16).  Determine  equations  of  a  spherical  surface  which  is  centered  at  Oa  (fig. 
1.4.5). 

Answer. 


r,  =*  a  cos  8  cos  4/  yt  =  a  cos  8  sin  £|  =  a  sin  8  (1.4.18) 

where  0s6s2x  and  0s^s2r. 


Problem  1.4.5  A  screw  surface  is  generated  by  a  straight-lined  edge  AOu  of  a  blade  (fig.  1 .4.7(a)). 
While  the  blank  of  the  screw  rotates  with  angular  velocity  w.  the  blade  translates  with  velocity 
v  in  the  direction  of  axis  tf.  The  velocities  v  and  w  are  related  with  the  equation 


h 

V  =  pul  =  —  o> 

2x 


(1.4.19) 


where  p  is  the  pitch  of  the  screw  and  h  is  the  lead  of  the  thread  (h  is  the  axial  displacement  of 
the  blade  corresponding  to  one  complete  revolution  of  the  thread). 

The  straight  line  OirA  forms  an  angle  a  with  axis  xa.  and  coordinates  .r„,  v0  are  represented  by 
functions  r0(u),  ^(u).  Determine  the  equations  of  the  generated  screw  by  using  the  matrix  method 
of  surface  generation.  The  coordinate  systems  used  are  shown  in  figure  1.4.7(b). 


(bl 


Figure  1.4.7. 


Answer. 


x,  =*  u  cos  a  cos  9  =  u  cos  a  sin  6  Z)  =  -  u  sin  a  +  p6  (1.4.20) 

where  u,£ugu2  and  0sds2x. 

Problem  1.4.6  With  the  main  conditions  of  problem  1.4.5,  assume  that  a  left-handed  screw  surface 
is  generated  instead  of  a  right-handed  screw  surface.  Derive  new  equations  from  equation  (1 .4.20) 
for  this  surface. 

Answer.  Only  the  coordinate  zj  is  changed;  thus  z*  =  -  u  sin  a  -  pQ. 

Problem  1.4.7  With  the  main  conditions  of  problem  1.4.5,  assume  that  edge  CD  (fig.  1.4.7(a)) 
of  the  blade  generates  the  screw  surface  belonging  to  the  other  side  of  the  thread  space.  Derive 
equations  of  this  surface  from  equation  (1.4.20). 

Answer.  Change  the  sign  before  sin  a,  which  yields  the  change  of  z,  only;  thus  Z|  =  u  sin  a  +  p6. 
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Chapter  2 


Transformation  of  Motion 


2.1  Parallel  Axes  of  Rotation 

Consider  that  two  planar  links  I  and  2  rotate  in  opposite  directions  about  their  respective  centers 
O ,  and  Oj  with  angular  velocities  w'"  and  (fig.  2.1.1).  In  the  most  general  case,  the  ratio 
of  angular  velocities  changes  in  the  process  of  motion  and  may  be  represented  by  the  function 

'"12=—  =/<«i)  /(«&,)  €  C1  a«t>,<b  (2.1.1) 

<jJ  *■ 

where  <>|  is  the  angle  of  rotation  of  link  I . 

The  instantaneous  center  of  rotation,  denoted  /,  is  the  point  in  the  plane  of  motion  at  which  the 
relative  linear  velocity  of  the  links  v„  ;;  (or  v/;/|)  is  equal  to  zero.  The  relative  velocity  may  be 
represented  as 


V/t  /:  =  */■  ~  (2.1.2) 

or  as 

v/2  /I  =  v/2  “  v/l  (2. 1.3) 


Here 


v„  =  u>'"  x  (T\ 7  and  v/;  =  ui':'  x  Chi  (2.1.4) 

are  the  linear  velocities  of  links  1  and  2.  respectively,  at  their  common  point  /.  and  C)J  and  Chi 
are  position  vectors  drawn  from  points  0,  and  0:  to  point  /.  respectively. 

Equations  (2.1.2)  and  (2.1.3)  show  that  the  relative  velocity  (or  v/:  /|)  is  zero  if 


v/i  =  v/: 


(2.1.5) 


1 

Figure  2.1.1. 


Consequently,  the  instantancou>  center  of  rotation  is  the  point  at  which  linear  velocities  v;,  and 
v/2  have  the  same  direction  and  magnitude.  For  velocities  v„  and  v/2  to  have  the  same  direction, 
the  instantaneous  center  of  rotation  /  must  be  located  on  the  straight  line  drawn  through  centers 
0,  and  02.  For  the  magnitudes  of  v„  and  v/2  to  be  equal  (i.e.,  |v,||  =  |v/2|).  point  /  must  be 
located  such  that 


<V  w 


(2> 


(2.1.6) 


The  location  of  the  instantaneous  center  of  rotation  on  line  0t02  is  determined  by  the  following 
equations: 


,<ll 


Oil  iii’ 

— pr  =  m12(^i)  02l  +  0\l  =  C 

0\l  iji 


(2.1  7) 


where  C  is  the  distance  between  centers  0,  and  02,  henceforth  known  as  the  center  distance 
(fig.  2.1.1).  It  may  be  easily  verified  that  if  the  ratio  ml2  is  not  constant  the  instantaneous  center 
of  rotation  /  moves  along  line  0|02  as  the  links  rotate.  It  follows  that  point  /  is  fixed  in  space 
if  m,2  is  constant. 

Figure  2.1.1  shows  links  1  and  2  being  rotated  in  opposite  directions,  whereby  the  instantaneous 
center  of  rotation  /  lies  between  centers  Ot  and  02.  If  links  1  and  2  rotate  in  the  same  direction, 
point  /  is  located  outside  line  segment  0|02  (fig.  2.1.2).  For  this  case,  assuming  that  ui(l)>u),:i, 
we  get 


02l  -  0,/  =  C 


(2.1.8) 


Considering  the  motion  of  links  in  a  three-dimensional  space,  we  may  say  that  the  relative  motion 
of  links  I  and  2  is  rotation  about  the  instantaneous  axis  of  rotation  /  /  (figs.  2.1.1  and  2.1.2).  Axis  /-/ 
passes  through  point  /  and  is  parallel  to  the  link  axes  of  rotation.  The  relative  angular  velocity 
of  link  I  with  respect  to  link  2  is  given  by 


i  sr  - 


-I—-*-  0, 


I  —  — -  — - I 

l  (^(12)  ,  ^(ll .  (^<2l 


*11  •  *12 


Figure  2.1.2. 


(2.1.9) 


A  particular  case  of  motion  transformation  is  shown  in  figure  2.1.3.  Here  link  2  translates  with 
linear  velocity  v<Jl,  while  link  1  rotates  about  point  0(  with  angular  velocity  w'1'.  Vector  equation 
vn  *  V/2  yields  that  (1)  the  instantaneous  center  of  rotation  /  is  located  on  a  straight  line  0,n.  which 
is  drawn  through  point  O,  perpendicular  to  vector  v,:i  and  (2)  the  distance  O,/  is  determined  by 
the  equation 


O,/  =  —r  «/<«,)  /(«,)  €  C'  as^sb 


(2.1.10) 


In  this  case,  the  motion  of  link  1  relative  to  link  2  is  rotation  about  axis  /-/  with  angular  velocity 

=  w<i> 

In  the  process  of  link  motions,  the  instantaneous  center  of  rotation  (which  is  a  point  in  the  plane 
of  motion)  traces  out  a  path  on  each  link.  The  locus  of  instantaneous  centers  of  rotation  in  a  coordinate 
system  rigidly  connected  to  a  movable  link  is  known  as  the  link  centrode.  Link  centrodes  roll  over 
each  other  without  sliding  because  the  relative  velocity  v,,.7:  at  their  point  of  contact  (point  l ) 
is  equal  to  zero  by  definition. 


j‘1?i  ,  ,.,w . 


Figure  2.1.3. 


Figure  2.1.4. 

Figure  2.1.4  shows  three  coordinate  systems,  S|(x,,y,),  S2(x2,y2),  and  Sf(xf,yj),  which  are  rigidly 
connected  to  links  1  and  2  and  the  frame,  respectively.  Links  1  and  2  rotate  in  opposite  directions. 

Let  us  denote  the  lengths  0,/  and  02l  by  and  r2(<t> j).  The  cen trade  of  link  1  (i.e.,  the  locus  of 
points  /  in  coordinate  system  S|(X|,y,))  is  determined  by  the  following  matrix  equation  (fig.  2.1.4): 

h]  -  [AfyJIry ] 

or  by 


X,  ]  r  cos<D,  sin  <t>\  0  ]  [  0 

y\  =  —  sin  0,  cos  <t>\  0  r,(0,)  (2.1.11) 

1  J  0  0  1  J  [  1 


This  yields 

Jti  =  r,  (0,)  sin  <6,  y,  =  r,  (<*>,)  cos  d>,  (2.1.12) 

Equations  (2.1.12)  represent  the  centrode  of  link  1  as  a  polar  vector  function  r,(<f>,)  with  a 
variable  magnitude.  Here  is  the  angle  formed  by  vector  r,(0,)  and  axis  y,. 

On  the  basis  of  equations  (2.1.7),  the  magnitude  |r,|  =  0,/  may  be  determined  with  the 
following  equation: 

_  O;/  C-r, 

ff\  j2  W  |2 

This  yields 


23 


where 


'i  - 


C 

m,  2  +  1 


WI2($|)  “  ^2) 


a  s  <pt  S  b 


Equations  of  gear  centrodes  may  also  be  represented  in  polar  form.  Choosing  axis  y,  as  the  polar 
axis  (fig.  2.1.5(a)),  we  get 


C 

+  1 


0i  *  0|  mi2(^|)fC'  a  s  s  f>  (2.1.13) 


The  polar  angle  0,.  formed  by  vector  rt  and  the  polar  axis,  is  equal  to  the  angle  of  rotation  of 
gear  1  but  is  measured  in  the  direction  opposite  that  of  gear  I  rotation. 

The  centrode  of  gear  2  is  the  locus  of  instantaneous  centers  of  rotation  /  in  the  coordinate  system 
Sj(x2lyj)  (fig.  2.1.4).  Equations  of  this  centrode  are  given  by  the  matrix  equation 

I':)  =  \Mv)[r,\ 


or  by 


'  *2  ' 

cos  0;  -  sin  02  C  sin  02 

’  0 

yi 

= 

sin  02  cos  02  -  C  cos  02 

r,(0,) 

i 

0  0  1 

I 

This  yields 

Xi  =  [C  -  r|(«,)l  sin  02  )i  =  -  (C  -  r,(0,)l  cos  02 


(2.1.14) 


(2.1.15) 


>1 


Figure  2.1.5 


Vector  02l  and  the  negative  y2  axis  form  die  angle  <i>2  (fig.  2.1.4). 

Angles  of  gear  rotation  <t>2  and  <>,  are  related  by  the  following  equation 


Jo  ml2<^l) 


(2.1.16) 


which  results  from  the  expression  of  the  ratio  function 


n*i2(^i) 


d$  i 
„,<•>  di 

<a'2>  dti 
dt 


i 

d<t>2 


Equation  (2.1.17)  yields 


d<t>2  = 


d4>i 

«12(«l) 


p  d* , 

Jo 


(2.1.17) 


Centrode  2  may  also  be  represented  in  polar  form.  Choosing  the  negative  axis  as  the  polar 
axis,  we  get 


r2  —  O-J  =  C  —  r,(0,) 


<7  _  c  m,;(d>i) 

otI2(^|)  4-  1  +  1 


The  polar  angle  0;  (fig.  2. 1 .5(b))  is  equal  to  the  angle  <t>2  but  is  measured  in  the  direction  opposite 
that  of  gear  2  rotation.  Thus,  the  polar  representation  of  the  gear  2  centrode  in  terms  of  <>,  is 


_  "io(*i) 

r2  =  C - — — 

m|3(<*,)  +  1 


m,,(0|)€  C1 


a  S  4>t  S  b 


p  dO,, 

Jo 


(2.1.18) 


Centrodes  1  and  2,  which  are  in  rolling  contact,  are  shown  in  figure  2.1.6.  Here  it  is  assumed 
that  the  maximum  angle  of  gear  rotation  is  less  than  360*  and  the  centrodes  are  open  curves.  If 
m,;  is  not  equal  to  a  constant,  the  link  centrodes  correspond  to  those  of  noncircular  gears.  If  m]2 
is  equal  to  a  constant,  the  centrodes  correspond  to  those  of  circular  gears  and  are  known  as  pitch 
circles.  Since  centrodes  roll  over  each  other  without  sliding,  the  centrode  arcs  MM\  and  MM2, 
corresponding  to  the  related  angles  0,  and  0:,  have  equal  lengths.  Also,  the  sum  of  centrode  radii 
is  constant,  that  is. 


r,(0,)  +  r2(62)  =  C 


(2.1.19) 


If  we  assume  that  links  1  and  2  rotate  in  the  same  direction  (fig.  2.1.2)  and  that  w'"  >  u>,2), 
we  get 


021  _  C  +  r, 

IT 


(2.1.20) 


Figure  2.1.6. 


Centrales  I  and  2  are  represented  by  the  following  equations: 

Q 

r,  = -  0,  *  $ i  mi^jKC1  a  S  S  h  (2.1.21) 

m,2<<fr,)  -  I 

mi’(<6i)  f*1  d<$\  , 

r2  =  C - - -  8i  =  <t>i=  I  -  w,2((^|)«C  a  H  S  b  (2.1.22) 

~  l  Jo  m12^|) 

Let  us  now  determine  the  link  centrodes  which  correspond  to  the  transformation  of  motion  shown 
in  figure  2.1.3.  Coordinate  systems  5,.  Si,  and  Sy(fig.  2.1.7)  are  rigidly  connected  to  links  1  and 
2  and  the  frame,  respectively.  Let  us  denote  the  distance  0,1  as  follows: 


(2.1.23) 


where  8  is  the  polar  angle  measured  from  axis  v,  in  the  direction  opposite  that  of  gear  1  rotation. 

Figure  2.1.8  shows  the  centrodes  of  a  noncircular  gear  (1)  and  its  corresponding  rack  (2).  These 
centrodes  are  known,  respectively,  as  the  pitch  curve  and  the  pitch  line.  If  function  has  a 


27 


*1 


constant  value  for  all  0  (as  with  a  spur  gear  and  its  rack),  centrode  I  is  a  circle  (called  the  pitch 
circle),  and  centrode  2  is  a  straight  line  (called  the  pitch  line). 

Problem  2.1.1  Given  the  following: 

( 1 )  The  relationship  of  the  gear  rotation  angles 

02  m - - - - -  0  S  S  0|. m,, 

<J2  +  <>J0t 

(2)  02. max  *  01. man 

(3)  The  magnitudes  of  the  ratio  function  m|2(0|)  at  0t  =  0  and  0,  =  0| 

(4)  The  center  distance  C 

(5)  The  gears  rotate  in  opposite  directions. 

Derive  gear  centrode  equations  (2.1.12)  and  (2.1.15),  and  calculate  them  by  assuming 
0i. m»x  =  02. max  =  5*73,  ml2(0)  =  1/2.5,  and  ml2(0,  m,,)  =  2.5. 

Hint:  The  key  to  this  solution  is  the  ratio  function 


m)2(0i) 


(a2  +  a  ,i0 1): 

02 


Coefficients  a2  and  03  are  related  as  follows: 


m,2<0)  =  a2 


0|.n;xx 


1  —  a2 
a\ 


Problem  2.1.2  Given  the  function 

j(0)  =  a0  +  />  sin  0  O<0<2t 

which  relates  the  rack  translation  s  and  the  gear  angle  of  rotation  0:  (1)  derive  equations  for  the 
rack  and  gear  centrodes.  and  compute  them  by  assuming  a  =  2  in.  and  b= 0.2  in.  and  (2)  find  the 
coefficient  b  for  which  the  centrodes  are  a  straight  line  and  a  circle. 


Him:  The  key  for  solution  is  the  function 

*  a  +  b  cos 

When  b  =  0,  the  gear  centrode  is  a  circle  of  radius  a,  and  the  rack  centrode  is  a  straight  line  tangent 
to  this  circle. 


2.2  Intersected  Axes  of  Rotation 

Consider  two  rigid  bodies  1  and  2  which  rotate  about  axes  Oa  and  Ob  with  angular  velocities 
and  respectively.  Axes  Oa  and  Ob  are  intersected  and  form  the  angle  y  (fig.  2.2.1). 

To  determine  the  relative  motion  of  the  bodies  at  one  instant,  let  us  fix  one  of  them,  for  instance 
body  I,  and  consider  the  motion  of  body  2.  In  order  to  fix  body  1  and  not  change  the  relative 
motion  of  the  two  bodies,  we  rotate  each  body  about  axis  Oa  with  the  angular  velocity  (  - 
Body  2  takes  part  in  the  following  two  rotations:  (1)  about  axis  Oa  with  angular  velocity  (  - 
and  (2)  about  axis  Ob  with  angular  velocity  o><21.  The  resultant  angular  velocity  represents  the 
relative  angular  velocity  of  body  2  with  respect  to  body  1 .  Thus. 

w<2"  =  w(2)  +  (  _  W(D)  =  w<2>  _  w(.)  (2  2. 1) 

It  is  easily  verified  that  this  instantaneous  relative  motion  is  simply  the  rotation  of  body  2  about 
axis  01  with  angular  velocity  wau  (fig.  2.2.1).  Similarly,  we  may  consider  the  instantaneous 
relative  motion  of  body  I  with  respect  to  body  2.  In  this  case,  body  2  is  fixed  while  body  1  rotates 
about  the  same  axis  Ol  with  angular  velocity 

w02)  =  W(D  _  w(2)  =  _W(2II 


b 

Figure  2.2.1. 
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Axis  01  is  known  as  the  instantaneous  axis  of  relative  rotation.  This  axis  forms  angles  >|  and 
y2  with  axes  of  rotation  Oa  and  Ob,  respectively.  These  angles  may  be  expressed  in  terms  of  the 
angular  velocity  ratio  m,2  and  the  angle  y  (fig.  2.2.1)  as  follows: 


sin  y2  <•> 
sin  71  u 

Expanding  equations  (2.2.2)  yields 


'  "*I2 


yt+yimy 


sin  (y-7i)  sin  7  cos  -  cos  y  sin  yi 


sin  >, 


sin  y, 


and 


cot  y,  = 


mu  +  cos  y 
sin  y 


(  u>m' 

r:=^. 


■") 


Similarly,  we  may  derive  expressions  for 

1  +  cos  y  I  +  m,  >  cos  7 


cot  73  = 


sin  7 


m13  sin  7 


(2.2.2) 


(2.2.3) 


(2.2.4) 


where 


I 


•  1 1 

U,‘ 


The  location  of  the  instantaneous  axis  of  rotation  may  also  be  determined  as  the  locus  of  points 
M  at  which  the  linear  velocity  vectors  of  both  fsxlies.  vl!l  and  v1*1.  are  equal.  Thus, 

*  r  =  u>,:'  x  r':'  (2.2.5) 

Here  r'1’  (/  =  1 .2)  is  the  position  vector  drawn  to  point  M  from  an  arbitrary  point  on  the  axis  of 
rotation  of  body  /  (/  =  1.2).  Since  the  point  from  which  vector  r ‘ '  ;•>  drawn  may  be  chosen 
arbitrarily,  so  long  as  it  lies  on  the  axi-  ot  rotation  i.  let  us  choose  i rig.  2  2  1) 


Here  pu'  is  ihe  position  vector  Jrawn  perpendicular  to  the  axis  of  rotation  of  body  i. 

It  results  from  equation  12  2  5i  that  vectors  v‘"  and  v':'  are  perpendicular  to  the  plane  II  drawn 
through  axes  (  i  and  Ob.  Consequentlv .  the  instantaneous  axis  of  relative  rotation  Ot  belongs  to 
plane  II  Due  u>  the  equation 


we  get  u-  ])i‘u  ■-  a.’-'p 


This  Yields  the  relation 


W(D  p<2>  OM  Sjn  Sj„ 

12  u<2>  fl(>>  OM  sin  sin  y{ 

which  coincides  with  equation  (2.2.2). 

The  location  of  the  instantaneous  axis  of  rotation  0/  does  not  change  in  the  process  of  body 
motion  if  rotation  axes  Oa  and  Ob  form  a  constant  angle  y  and  the  angular  velocity  ratio  is  constant. 
As  bodies  1  and  2  rotate  about  their  respective  axes,  they  roll  (without  sliding)  over  each  other 
about  an  imaginary  line  of  tangency,  axis  01.  Thus  we  may  determine  certain  surfaces  in  bodies 
I  and  2  which  roll  over  each  other.  Extending  the  concept  of  centrodes  to  three-dimensional  space, 
the  locus  of  instantaneous  axes  of  rotation  in  a  coordinate  system  rigidly  connected  to  a  movable 
body  is  known  as  the  body  axode.  The  rolling  surfaces  described  previously  are,  in  fact,  the  axodes 
of  links  I  and  2.  For  instance,  if  links  I  and  2  rotate  with  a  constant  angular  velocity  ratio  m,? 
and  if  7= constant,  then  the  corresponding  body  axodes  are  cones  with  vertex  angles  of  271  and 
272,  respectively.  Here  71  and  72  are  related  by  equation  (2.2.2). 

The  equations  for  body  axodes  may  be  determined  using  the  matrix  representation  of  coordinate 
transformation.  Figure  2.2.2  shows  fixed  coordinate  systems  Sf(xf,yy,Z/)  and  Su(.ru, >•„,;„),  which 
are  rigidly  connected  to  the  frame,  and  coordinate  system  •S|(jr,,yl,j1),  which  is  rigidly  connected 
to  rotating  body  1.  Axis  Z/  is  the  instantaneous  axis  of  rotation,  which  is  expressed  by  the  matrix 


['/]» 


'  O' 

0 


u 


(2.2.6) 


where  u=  \  OKi\ ;  parameter  u  specifies  the  location  of  a  point  M  on  axis  Zf. 

The  locus  of  instantaneous  axes  of  rotation  in  coordinate  system  S,  is  represented  by  the  matrix 
equation 

Ir,]  =  lLlf)[rf)  =  [Lu\[La,\[r,] 


cos  -  sin  <t>  1  0  ' 

cos  71  0  -  sin  71  ' 

0  ' 

= 

sin  <b\  cos  <t>i  0 

0  1  0 

0 

O 

O 

sin  71  0  cos  7t 

u 

'  ’  '  !  j 

I  ■[ 

I  i 

! 

This  yields 

I  * 

x,  *»  —  m  cos  sin  y,  yt  -  -  u  sin  di  »in  yi  z(  ■  «  cos  >|  (2.2.8) 

Equations  (2.2.8)  represent  a  cone  with  axis  of  symmetry  and  vertex  angle  2>i  (fig.  2.2.3); 

m  ”  OM  and  di  are  surface  coordinates  which  determine  the  location  of  a  point  M  on  the  cone  v 

surface.  Similar  coordinate  transformations  yield  that  the  locus  of  the  instantaneous  axes  of  rotation  \ 

if  in  coordinate  system  S2(x2.y2.;2)  represents  a  cone  with  apex  angle  2y2.  (System  S2(x2.y2,r2)  is 
rigidly  connected  to  moving  body  2.)  The  cones  with  apex  angles  2?'  and  2y2  are  known  as  the 
pitch  cones  of  links  I  and  2,  respectively. 

Problem  2.2.1  Consider  the  transformation  of  motion  between  intersected  axes  by  which  the  surface 
of  pitch  cone  2  becomes  a  plane.  Determine  y  and  m2(. 

Hint:  Apply  equations  (2.2.4)  and  (2.2.2). 

Answer. 


y  m  90*  +  >|  m2,  -  sin  y, 


2.3  Crossed  Axes  of  Rotation:  Relative  Velocity 

Consider  two  bodies  1  and  2  which  rotate  about  crossed  axes  with  angular  velocities  and 
w11',  respectively  (fig.  2.3.1).  The  axes  form  an  angle  y,  and  the  shortest  distance  between  them 
is  0,0.  =  C.  Suppose  M  is  a  point  which  is  common  to  both  rotating  bodies.  The  velocity  vlh 
of  point  M  of  body  I  is 


v * 1  *  =  (j**1  x  r"1 


(2.3.1) 
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Figure  2.3.1. 


where  r<n  is  a  position  vector  drawn  to  point  M  from  an  arbitrary  point  on  the  line  of  action  of 
<*>"’  (e.g.,  point  0|)  (fig.  2.3.1).  Similarly,  we  have 

v<2)  =  u,2>  x  p(2>  (2.3.2) 

where  p,2)  is  a  position  vector  drawn  to  point  M  from  an  arbitrary  point  on  the  line  of  action  of 
ut2)  (e.g.,  point  02 )  (fig.  2.3.1).  The  relative  velocity  v,l2)  is 

r02,  .  voi  _  y(2>  =  ^0)  x  r<i»)  _  (w<2>  x  p<2>)  (2.3.3) 

Accordingly, 

V(2I)  -  v<2)  _  V(D  _  ^w(2)  x  p(2)^  _  ^u(l)  x  r(l>j  _  _  V(I2) 

Relative  velocity  v<12’  is  defined  in  physical  terms  as  the  velocity  of  point  M  of  body  1  as  seen 
by  an  observer  at  point  M  of  body  2.  Similarly,  v<2U  is  the  velocity  of  a  point  on  body  2  as  seen 
by  an  observer  on  body  1 . 

We  may  develop  useful  expressions  for  relative  velocities  v,l2)  and  vl2,)  by  replacing  the  sliding 
vector  w(2)  to  point  Ot.  It  is  known  from  theoretical  mechanics  that  the  sliding  vector  w‘:i  may 
be  replaced  by  an  equal  vector  «,2)  which  passes  through  point  0,  and  a  moment 

m  =  R  x  «<2'  (2.3.4) 

where  R  is  a  position  vector  drawn  from  point  0,  to  anj'  point  on  the  line  of  action  of  w(2).  For 
instance,  we  may  choose  R=0,02.  Note  that  the  moment  m  has  the  units  and  physical  meaning 
of  linear  velocity.  By  replacing  «,2)  which  passes  through  point  Oz  with  an  equal  vector  passing 
through  point  0,  and  moment  m,  we  may  represent  the  velocity  v,2)  as 
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From  figure  1.3.2,  we  have 


[£./]- 


co*  tin  0,  0 
-tin  0,  co*  0,  0 
0  0  I 


(2.3.14) 


Expression*  (2.3.12)  to  (2.3.14)  yield 

[v|'»]  - 

(->/  co*  0|  +  jy  sin  0|)(ia<n  -  w(2)  cos  y)  -  j^w'2*  sin  y  cos  0,  -  Cw'2’  cos  y  sin  0, 

Oy  sin  0t  +  Xy  cos  0|)(«am  -  w(2'  cos  y)+  ZfW{1)  sin  y  sin  0,  -  Co>{2)  cos  y  cos  0, 

.  (xy  +  CVJ|  sin  y 

(2.3.15) 


The  coordinate  transformation  from  5|  to  Sf  is 


xf 

cos  0(  —  sin  4|  0 

"  *i  ' 

y/ 

SB 

sin  0,  cos  0|  0 

>i 

.  y. 

0  0  1 

.  «i  . 

and  thus 

xf  =  x,  cos  0,  -  y,  sin  0(  jy  =  x,  sin  0,  +  yi  cos  0, 
Equations  (2.3.15)  and  (2.3.17)  yield 


(2.3.16) 


Zf  =  z,  (2.3.17) 


-y,  (w"’-  w(2)  cos  y)-i,w<2)  sin  y  cos  4,  -C«,2)  cos  y  sin  0, 
Xi(<o,l)-<i><21  cos  y)  +  i|<»>{2)  sin  y  sin  0t— Co><2)  cos  y  cos  0, 

.  (xt  cos  0,  -  yt  sin  0,  +  C)<*,IZ)  sin  y 


(2.3.18) 


Although  equations  (2.3. 17)  and  (2.3. 18)  were  derived  for  gearings  with  crossed  axes,  they  may 
be  applied  for  gear  mechanisms  with  parallel  and  intersecting  axes  also.  In  the  case  of  parallel 
axes  of  rotation  with  opposite  directions  of  rotation,  we  set  y  =  t.  In  the  case  of  intersecting  axes 
of  rotation  with  opposite  directions  of  rotation,  we  set  C  =  0  and  change  the  sign  of  ul2>.  We 
emphasize  that  both  axes  of  rotation  are  now  located  in  the  plane  xy  =  0  (fig,  2.3.2). 

Problem  2.3.1  Consider  rotation  transformed  between  gears  which  rotate  in  the  same  direction 
on  parallel  axes.  (1)  Change  equations  (2.3. 12)  for  relative  velocity  vj12'  to  make  them  applicable 
to  this  case.  (2)  Prove  that  the  relative  velocity  is  zero  for  points  which  belong  to  the  instantaneous 
axis  of  rotation. 


M 


Answer.  Set  7- 180*  and  change  the  sign  of  u,2\  or  set  7- 0.  The  relative  velocity  v},2>  i*  zero 
for  points  where 

These  points  belong  to  the  instantaneous  axis  of  rotation. 

ProMem  2.3.2  Consider  the  rotation  between  intersecting  axes  (fig.  2.3.2).  (I)  Change  equations 
(2.3. 12)  to  make  them  applicable  to  this  case.  (2)  Prove  that  the  relative  velocity  v}121  is  zero  for 
points  on  the  instantaneous  axis  of  rotation. 

Answer.  Set  C  *  0.  and  change  the  sign  for  uQl.  Vector  v(,2)  is  zero  for  points 

xv  «  0  and  tan  7, 

V 

which  belong  to  the  instantaneous  axis  of  rotation. 


2.4  Crossed  Axes  of  Rotation:  Screw  Axis  of 
Relative  Motion 

Consider  again  the  rotation  of  two  bodies  about  their  crossed  axes  with  angular  velocities  ui"1 
and  w'2)  (fig.  2.4.1).  The  relative  motion  of  body  1  with  respect  to  body  2  may  be  represented 
as  a  motion  with  two  components,  (1)  rotation  about  axis  Zz  with  angular  velocity  (— «t:))  and 
(2)  rotation  about  axis  r,  with  angular  velocity  wm.  The  resultant  motion  may  be  represented  as 
a  screw  motion  about  some  axis  s-s  (fig.  2.4.1).  The  screw  motion  of  a  body  is  a  general  case 
of  spatial  motion  which  is  represented  as  a  rotation  about  and  a  translation  along  a  single  axis  called 
tire  screw  axis. 

Let  us  replace  vectors  «,n  and  (-ui(2>)  to  a  point  B  which  is  located  on  the  shortest  distance 
between  the  axes  of  u>U)  and  w,:i  (line  segment  0,0;).  Vector  w1".  which  passes  through  point 
0,.  is  substituted  by  an  equal  vector  which  passes  through  point  B,  and  the  moment 

m(  =  x  w'11  =  x  u)"’  (2.4.1) 
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Similarly,  vector  -fa)'21,  which  passes  through  point  02,  is  substituted  by  an  equal  vector  -fa)'2’, 
which  passes  through  point  B,  and  the  moment 

m2  •  SOI  x  (-««>)  =  ( 0JT2  -  x  (-fa>«»)  (2.4.2) 

Consequently,  vectors  fa)"’  and  -fa)'2’,  which  pass  through  points  0\  and  02,  respectively,  are 
substituted  by  the  vector 

w02)=w(i)+  (-«'2))  =  fa>">  -  ««>  (2.4.3) 


and  the  moment 

m  =  in,  +  m2  =  (-0J2J  x  w"’)  +  [Ofi2  -  (Tjtj  x  (  -  fa>,2))  (2.4.4) 

Notice  that  both  the  magnitude  and  direction  of  moment  m  depend  on  the  location  of  point  B,  whereas 
the  vector  fa)"2’  does  not  depend  on  this  location. 

Summarizing,  we  may  say  that  the  resultant  motion  of  body  1  with  respect  to  body  2  is  the  rotation 
with  angular  velocity  fa)"2’  about  an  axis  which  passes  through  point  B  and  a  translation  with  the 
linear  velocity  represented  by  equation  (2.4.4). 

Choosing  a  certain  location  of  point  B,  we  may  represent  the  resultant  relative  motion  as  a  screw 
motion;  that  is,  rotation  with  angular  velocity  fa)"21  about  axis  s-s  and  sliding  along  this  axis  with 
velocity  m.  This  occurs  if,  by  a  certain  location  of  point  B,  vector  m  is  collinear  to  vector  fa)"2’. 
The  location  of  point  B  may  be  determined  from  the  equation 

fa)"2’  x  m  =  0  (2.4.5) 


We  set  up  the  coordinate  system  SAxf.Vf.Z/)  rigidly  connected  to  the  frame  and  represent  vector 

(12*  j  j  •  j  j 

as 
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«,l2)  -  -  u0)  sin  y}/  +  («(l*  -  co*  7)^  (2.4.6) 

The  moment  ■  is  represented  as  follows: 


V  if  kf 

V  if  kf 

1 

O 

O 

+ 

-  (C  +  xy)  0  0 

0  0  w,n 

0  —  «,2)  sin  7  -  <*><2)  co*  7 

-  C«i»<2>  cos  7  +  xy 

. 

-  w<2>  cos  7)  j  Jy  +  (C  +  xy)w*2*  sin 

where  xy  determines  the  location  of  point  B  on  axis  xy.  Due  to  the  collinearity  of  w(l2>  and  m,  we  get 

(2.4.8) 


«,2)  sin  y 


w,n  -  wl2)  cos  y 


C«<2)  co*  y  -  jy^<i»,h  -  «<2)  cos  7)  (C  +  xr^w  sin  7 
Equation  (2.4.8)  yields 

m2,(m:,  -  cos  7) 


xjm~C 


1  -  2m2i  cos  7  + 


(2.4.9) 


where 

w<2> 

m2,“Jrn 

The  line  of  action  of  the  instantaneous  axis  of  screw  motion  coincides  with  the  line  of  action 
of  w(l2>.  Consequently,  the  axis  of  screw  motion  s-s  is  located  in  a  plane  which  is  perpendicular 
to  axis  xy  and  determined  by  coordinate  xy.  The  direction  of  the  axis  of  screw  motion  in  this  plane 
is  determined  by  the  ratio 


yJ  »  !£jL.  „  w:i  sin  7 

if  ul}2>  I  -  m2 1  cos  7 


(2.4.10) 


The  collinear  vectors  of  rotation  about  and  translation  along  the  screw  axis.  w|l2>  and  m,  may 
be  related  as  follows: 


m  =  pva2>  (2.4.11) 

Here  p  is  the  so-called  screw  parameter.  If  the  screw  parameter  is  positive  (negative),  vectors  m 
and  u(l2>  point  in  the  same  (opposite)  direction  and  the  screw  is  said  to  be  right-  (left-)  handed. 

Equation  (2.4.11)  yields 


P  = 


m.j  _  mi  |  stn  7 

w!/2’  1  -  2mi|  cos  7  +  m\ 


(2.4.12) 
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Equations  (2.4.9),  (2.4.10),  and  (2.4.12)  determine  the  location  and  direction  of  the  screw  axis 
of  relative  motion  and  the  screw  parameter  of  motion.  If  body  2  rotates  in  a  direction  opposite 


the  one  shown  in  figure  2.4.1,  the  sign  of  m2 1  must  be  changed  in  equations  (2.4.9),  (2.4.10). 
and  (2.4.12). 

It  must  be  emphasized  that  the  screw  axis  of  relative  motion  is  fixed  in  space  only  if  the  ratio 
mu  is  constant  Knowing  that  the  relative  motion  between  two  gears  may  be  represented  as  a  screw 
motion,  we  can  develop  a  corresponding  vector  field  for  the  vectors  of  relative  linear  velocity  vjl2>. 
This  vector  field  may  be  represented  as  a  locus  of  an  infinitely  large  number  of  coaxial  cylinders 
whose  axes  coincide  with  the  axis  of  screw  motion  (fig.  2.4.2).  At  any  point  of  a  cylinder  a  helix 
is  traced  out  by  the  screw  motion.  The  vector  of  relative  velocity  v}'2)  is  always  tangent  to  this 
helix.  We  recall  that  vector  vj121  may  also  be  determined  analytically  by  equation  (2.3.12). 

Problem  2.4.1  Considering  equations  (2.4.9),  (2.4. 10),  and  (2.4.12)  (1)  prove  that  the  instantaneous 
axis  of  screw  motion  becomes  an  instantaneous  axis  of  rotation  for  parallel  axes  of  rotation  and 
(2)  find  the  location  of  this  axis. 

Answer.  For  the  case  when  the  direction  of  «<2)  is  opposite  to  the  direction  of  «<l),  take  7=  180*. 
Then 


P  =  0 


xf=  ~C 


m2 1 

I  +  m2) 


Uyf  ~  0 


The  instantaneous  axis  of  rotation  is  parallel  to  axis  Zf. 

If  the  directions  of  «<2)  and  «(l)  coincide,  take  7  =  0.  Then 


p=0 


c  tn;,(m2l  -  1) 

1  -  2m2i  +  m2 1 


u \f  =  0 


The  instantaneous  axis  of  rotation  is  parallel  to  axis  Zf. 

Problem  2.4.2  Using  the  conditions  of  problem  2.4.1,  consider  the  case  of  intersecting  axes  of 
rotation. 
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V. 


*1 


Expressions  (2.5. 1)  and  (2.5.3)  to  (2.5.6)  yield  the  following  equations  for  the  hyperboloid  surfaces 
of  revolution: 

j,  *  -  r0  cos  4|  -  «  sin  0  sin  <>i  y\  =  r0  sin  <*,  -  u  sin  0  cos  0,  Z|  =  u  cos  0  (2.5.7) 

x2  =  (C  -  r„ )  cos  -  u  sin  (0  +  7)  sin  <t>2 

(2.5.8) 


“  -  (C  -  r0)  sin  <t>2  -  u  sin  (0  +  7)  cos  Z2  *  u  cos  (0  +  7) 


Here  r0  =  -  xf,  and  u  and  <£,(/  =  1,2)  are  surface  coordinates. 

The  axial  section  of  a  hyperboloid  cut  by  a  plane  drawn  through  axis  z,  (for  instance,  a  plane 
determined  by  y,  =  0  (/'  =  1 ,2))  represents  a  hyperbola.  The  equations  of  the  hyperbola 
corresponding  to  hyperboloid  I  are  thus 


*1 


rf)  rg  cor  0 


-  1 


(2.5.9) 


where  Z|  =0.  We  find  that  x(  =  ±  rn  and  r0  is  the  radius  at  the  throat  of  the  hyperboloid.  Similarly, 
we  find  that  an  axial  section  of  hyperboloid  2  is  also  a  hyperbola,  and  the  radius  of  the  throat  is 
equal  to  C-r0. 

Figure  2.5.2  shows  two  contacting  hyperboloids  of  revolution.  The  line  of  tangency  of  the  two 
hyperboloids  is  the  instantaneous  axis  of  screw  motion.  The  relative  motion  of  the  two  hyperboloids 
is  rolling  with  sliding  about  and  along  the  instantaneous  axis  of  screw  motion. 
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Chapter  3 


Planar  Curves 


3.1  Planar  Curves:  Definitions  and  Representations 

The  concept  of  a  plane  curve  is  usually  based  on  intuition,  but  it  must  be  based  on  strict  definitions 
proposed  in  the  field  of  differential  geometry.  (See  the  books  by  Zalgaller.  1975  and  Goetz.  1970.) 
We  begin  with  the  mapping  (transformation)  of  a  set  X  of  elements  x(x  €  X )  into  a  set  T  of  elements 
y(y  €  Y).  The  symbol  €  denotes  that  the  element  belongs  to  the  set.  Mapping  may  be  illustrated 
schematically,  as  shown  in  figure  3.1.1.  Choosing  an  element  x„  we  determine  the  unique  element 
y,  which  corresponds  to  x,.  The  mathematical  essence  of  mapping  set  X  into  set  Y  is  a  set  of  rules 
which  associate  an  element  y  €  Y  with  an  element  x  €  X. 

A  curve  may  be  represented  in  parametric  form  or  by  an  explicit  or  implicit  function  which 
associates  the  coordinates  of  curve  points.  A  plane  curve  in  parametric  representation  is  defined 
as  the  continuous  transformation  of  an  open  interval  a<9<b  (here  9  is  the  parameter)  into  two- 
dimensional  space.  This  transformation  may  be  represented  as  follows: 

r(0)  €  C°  6*G  (3.1.1) 

Here 

r<0)  =  xi$)\  +  y(0)j  (3.1.2) 

where  1  and  j  are  unit  vectors  of  given  coordinate  axes.  The  symbol  C°  denotes  that  x(6)  and  yid) 
are  continuous  functions  and  G  denotes  the  open  interval  ( a,b ).  The  mapping  (3.1.1)  may  be 
illustrated  schematically  as  shown  in  figure  3.1.2.  A  unique  point  Af,  of  the  curve  corresponds 
to  a  given  value  of  the  parameter  9,. 

The  concept  of  a  simple  curve  is  based  on  mapping  with  a  one-to-one  correspondence  between 
parameter  9,  and  point  Af,  of  the  curve.  A  unique  point  Af,  of  the  curve  corresponds  to  the  given 
parameter  9,.  and  a  unique  parameter  9 ,  corresponds  to  the  given  curve  point  Af,.  The  mapping 
illustrated  in  figure  3.1.3  does  not  represent  a  simple  curve  because  two  different  parameters  9 , 
and  9;  correspond  to  the  same  point  Af  of  the  curve. 

Consider  the  curve  shown  in  figure  3.1.4,  which  is  generated  by  point  C  of  figure  ABCD  as 


its  segment  DB  rolls  without  sliding  over  the  circle  of  radius  rb.  This  curve,  known  as  an  extended 
involute,  is  an  example  of  i  nonsimple  curve  because  its  point  M  corresponds  to  two  different 
parameters  0,  and  that  is,  DM  -  r(0i)  =  r(02). 

Sometimes  transformation  (3.1.1)  may  determine  a  simple  curve  if  the  interval  ( a,b )  is  sufficiently 
limited.  In  the  above  case,  the  extended  involute  curve  becomes  a  simple  curve  if,  by  limiting 
$,  only  one  branch  of  the  curve,  for  instance  CMN,  is  generated. 

A  parametric  curve  is  said  to  be  a  regular  curve  if 

r (tf)€C‘  i>*0  9iG  (3.1.3) 


where 
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*- Extend*  Involute  curvt 


By  r#  *  0.  we  have 

W  + 1*1*0  *  =  ^  *  =  ^~  (3.1.4) 

au  uu 

Consequently,  both  derivatives  are  not  equal  to  zero  simultaneously.  The  symbol  C1  in  (3.1.3) 
denotes  that  functions  x(d)  and  yid)  have  continuous  derivatives  to  the  first  order,  at  least. 

Sometimes  it  is  desirable  to  change  a  given  curve  parameter  for  another  one.  Two  parametric 
representations 


r(0)  €  C°  BiG 
R(u)  €  C°  u  (  E 


(3.1.5) 


determine  the  same  curve  and  are  said  to  be  equivalent  if  there  exists  a  continuous,  strongly  monotonic 
function  B(u)  in  the  interval  £  such  as 


R(u)  =  r(0(u))  (3.1.6) 

The  definition  of  6(u)  as  a  strongly  monotonic  function  in  the  interval  £  means  that  8(u)  increases 
(or  decreases)  as  u  increases  in  £. 

Two  parametric  representations  of  the  same  regular  curve  are  equivalent  if  (I)  both  parametric 
representations  are  regular,  which  may  be  represented  as 

r  (B)tC'  **0  0€C  (3.1.7) 

R(u)  €  C1  R„  *  0 

dR 

where  R„  =  — ,  and  (2)  there  exists  a  function  such  that 
du 


u  t  E 


(3.1.8) 


(■)  Represent!' km  I. 
(b)  Represenutkm  2. 

Figure  3.1.5. 


8(u)  ( C1  6„  *  0  r(8(u))  =  R (u)  (3. 1 .9 

Example  3.1.1  Consider  the  following  two  parametric  repre.icntations  of  an  involute  curve: 
Representation  1.— In  figure  3.1.5(a) 

r(8)  =  -It—  [sin  (jnv  0)1  +  cos  (inv  0)j)  inv  9  =  tan  6-0  ~-<9<-  (3.1.10 

cos  9  22 

Equation  (3.1.10)  may  be  derived  as  follows: 


OM  = -  x  -  OM  sin  ^  y  =  OM  cos  ^ 

cos  0 

MoB  =  rh( ^  +  9)  MB  =  rb  tan  8  M()B  =  MB  i  =  tan  8-9  -  inv  8 

Representation  2.— In  figure  3.1.5(b) 

R(«)  =  r*(sin  u-u  cos  u)i  +  (cos  u  +  u  sin  «)j)  -oo<u<oo  (3.1.11) 
To  develop  this  equation,  we  use  the  following  relations: 

OM  =  UW+  BM  x  =  (UW>\^  +  (z?M.i) 

y  =  (pW> j)  +  MB  =  M()B  =  rtM 

Parametric  representation  (3.1.11)  may  be  derived  from  equation  (3.1.10)  by  changing  the 
parameter  8  for  parameter  u  by  using  a  continuous,  strongly  monotonic  function 


9(u )  =  arctan  u 


-oo  <  u  <  00 


(3.1.12) 


Substituting  9  by  arclan  u  in  equation  (3.1.10).  we  get  that  equation  (3. 1 .6)  is  indeed  observed. 
Relation  (3.1.12)  may  be  verified  by  the  drawings  of  figure  3.1.5,  which  yield 


MB -r*  tan*  (fig.  3.1.5(a)) 
MB  -  MJi  -  ryx  (fig.  3. 1 .5(b)) 


Another  representation  of  a  curve  is  based  on  application  of  the  implicit  function.  An  equation 


*Jt,y)«0  (x.y)tG  (3.1.13) 


docs  not  necessarily  represent  a  plane  curve.  Rather,  it  merely  represents  a  set  of  points  in  the 
(jr.y)  plane.  Some  of  these  points  may  be  isolated,  and  some  may  form  a  curve.  Equation  (3. 1.13) 
can  represent  a  curve  if,  in  addition  to  equation  (3. 1 . 13),  the  following  requirements  are  observed: 

♦(jr.y) « C1  |+,|+|*y|*0  (3.1.14) 

Here 

,  ^  .  ,  W 

m  —  and  dr  -  — 

dx  dy 

The  requirement 


toll  +  Id., I  *  o  (3.1.15) 


means  that  at  least  one  partial  derivative  differs  from  zero  at  every  ooint  on  the  curve  (j^.y,,). 

Requirements  (3.1.14)  result  from  the  Theorem  of  Implicit  Function  System  Existence.  (See 
appendix  B.)  Regarding  equation  (3.1.13),  this  theorem  states  the  following:  If  equation  (3.1.13) 
is  satisfied  at  the  point 

/’-UoO’b)  (3.1.16) 

and  at  least  one  partial  derivative,  for  instance  <t>v,  differs  from  zero  at  this  point,  then  equation 
(3.1.13)  may  be  solved  in  the  neighborhood  of  P  by  a  function 

y(x)iC'  Xo-6<x<Xq  +  5  v0  -  h  <  y  <  >•„  +  h  (3.1.17) 


which  represents  a  simple  and  regular  curve  in  the  neighborhood  of  P.  Here  5  and  h  are  small 
positive  numbers  which  limit  the  neighborhood  of  point  P. 

Remark:  If  the  other  partial  derivative  <t>x  differs  from  zero  at  point  P.  the  set  of  points  (3.1.13) 
represents  a  simple  and  regular  curve  in  the  neighborhood  of  P  as  follows: 
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io~4<x<i<,  +  i 


(3.1.18) 


1  \ 


i 


*0)  €  C' 


y0-h<h<y<y0  +  h 


Example  problem  3.1.2  A  set  of  points  which  belong  to  the  circle  of  radius  r  is  represented  by 
the  equation 

4(x.y)  •  x}  +  y2  -  r}  •  0  -rSrSr  -r  S  y  S  r  (3.1.19) 

Determine  (I)  whether  mapping  (3.1.19)  is  a  simple  curve  and  if  it  is  not,  (2)  the  additional 
requirements  necessary  for  equation  (3.1.19)  to  represent  a  simple  curve. 

Solution.  Mapping  (3. 1 . 19)  is  not  a  simple  curve  because  elements  x  and  y  arc  not  in  one-to-one 
correspondence  By  a  given  element  x  we  get 

y  -  ±^r2-x2  (3.1.20) 


that  is,  two  elements  of  Y 

>1  *  ^ r 2  -  x2  and  y2  =*  -  ^r2  -  x2  (3. 1 .21) 

correspond  to  one  element  of  X.  Similarly,  by  a  given  element  y  we  get 


x=‘±^r2-y2  (3.1.22) 

that  is.  two  elements  of  X  correspond  to  one  given  element  of  Y.  The  set  of  points  (3.1.19)  may 
be  represented  by  four  simple,  regular  curves  on  the  basis  of  the  inequality 


kl+  W*o 


(3.1.23) 


where  4>t  -  2x  and  <JV  =  2y. 

Vtrtiom  1.— In  figure  3.1.6(a),  the  four  curves  are  as  follows: 


(a)  Ven.ion  I. 
(b>  Version  2. 

Figure  VI  f» 
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Cum  I  (♦,  *  0) 


-r<x<r 


ymyf? TP 

Cum  2  (4y  *  0) 

y  •  -  'Jr2  -  x1  -r  <  x  <  r 

Curve  3  (*,  *  0) 

x  -  -  yJ  -4  <  y  <  4 

Curve  4  (*,  *  0) 

x  -  -  vV  -  y2  -4  <  y  <  4 
where  4  it  a  small  positive  number. 

VrrrioM  2.— In  figure  3.1.6(b),  the  four  curves  are  as  follows: 
Curve  1  (4i  *  0) 

x  m  'Jr1  -  y1  -r  <  y  <  r 

Curve  2  (4,  *  0) 

x  -  -  'Jr2  -  y1  -r  <  y  <  r 

Curve  3  (<py  *  0) 

y  -  'Jr2  -  x 1  -4  <  x  <  4 

Curve  4  ($y  *  0) 


y  *  -  'Jr2~-~x1  -4  <  x  <  4 


Figure  3.1.7. 


Problem  3.1.1  Suppose  that  circle  2  of  radius  p  rolls  without  slipping  inside  circle  I  of  radius 
r  (fig.  3. 1 .7).  In  the  process  of  motion,  point  M  of  circle  2  traces  out  a  hypocycioid.  By  p  *>  r/2, 
the  hypocycioid  becomes  a  straight  line  which  coincides  with  the  y-axis  and  may  be  represented  as 

y*rco*0  0  <  •  <  2»  (3.1.32) 

Equation  (3.1.32)  may  be  derived  from  the  following  relations  (fig.  3.1.7): 

(I)  Due  to  pure  rolling. 


rf«p^  N(]n  « NM  (3.1.33) 

Equation  (3.1.33)  yields  that 

(3.1.34) 

P 

(2)  Considering  triangle  O^MN,  we  get 

180' -if  ^  ^ 

0,MN  = - -—Z=9o‘-0  MOO,=9  OMN  *  90'  OM  -  r  cos  9  (3.1.35) 

Determine  if  mapping  (3.1.32)  represents  a  simple  curve. 

Answer.  Mapping  (3. 1 .32)  docs  not  represent  a  simple  curve  because  y  and  9  are  not  in  one-to-one 
correspondence. 

Problem  3.1.2  With  the  conditions  of  problem  (3. 1.1).  limit  the  interval  for  9  in  mapping  (3. 1 .32) 
so  that  it  represents  a  simple  curve. 

Answer.  Mapping  (3.1.32)  represents  a  simple  curve  if  9  is  limited  to  the  range  0  <  9  <  r. 

Problem  3.1.3  The  path  traced  out  by  point  M  (fig.  3.1.7)  may  be  represented  as 

y  =  u  -r<u<r  (3.1.36) 

where  u  =  r  cos  9  and  0  <  9  <  2t.  Are  parametric  representations  (3. 1 .32)  and  (3. 1 .36)  equivalent? 


Answer.  The  parametric  representations  above  are  not  equivalent  because  the  function  u(9)  is  not 
strongly  monotor.ic  on  the  interval  0  <  9  <  2x. 

Problem  3.1.4  Using  the  conditions  of  problem  (3.1.3),  limit  the  interval  for  9  to  make  the  parametric 
representations  equivalent. 

Answer.  The  interval  for  9  is  0  <  9  <  t. 

Problem  3.1.5  The  equation 

x2  y2 

f(x,y)  =  —  +  J--  1=0  —a<x<a  -b<y<b  (3.1.37) 

a  b l 

represents  a  set  of  points  which  form  an  ellipse.  Does  mapping  (3.1 .37)  represent  a  simple  curve 
or  several  simple  curves? 
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Awwcr.  Considering  xaii  regular  parameter,  we  get 


y- 


-a  <  x  <a 


Considering  y  as  a  regular  parameter,  we  get 


y  - 


-b  <y  <b 


(3.1.38) 


(3.1.39) 


Mappings  (3. 1 .38)  and  (3. 1 .39)  represent  a  two-to-one  correspondence.  Therefore,  the  set  of  points 
(3.1.37)  does  not  form  a  simple  curve. 

The  set  of  points  (3.1.37)  represents  four  simple  and  regular  curves  of  two  versions  if 


V 

3/ 

dx 

+ 

ay 

*0 


<  x  <  bj 


7i  <  y  <  72 


(See  example  problem  (3.1.2).) 

Problem  3.1.6  The  parametric  representation  of  an  ellipse  is 

x- a  cot  9  y  =  b  sin  8  0<8<2r  (3.1.40) 

Does  mapping  (3.1.40)  represent  a  simple  curve? 

Answer.  Mapping  (3. 1 .40)  represents  a  simple  curve  because  point  fr.y)  and  parameter  9  are  in 
one-to-one  correspondence. 


3.2  Tangent  and  Normal  to  a  Plane  Curve 

The  concept  of  a  tangent  line  to  a  plane  curve  is  based  on  the  so-called  limiting  positions  of 
rays  (Zalgaller.  1975). 

Consider  a  set  of  rays  which  are  drawn  through  a  curve  point  M  and  its  neighboring  curve  points 
Af,  (i  =  l,2..  .  .,«).  As  points  approach  point  M,  all  rays  come  to  some  limiting  position.  In 
the  case  shown  in  figure  3.2.1(a),  there  are  two  limiting  rays  with  coinciding  lines  of  action.  These 
two  rays  form  the  tangent  to  the  curve  at  point  M. 

Point  M  is  known  as  a  regular  point  of  the  curve.  Only  one  limiting  ray  exists  at  the  curve  point 
M  shown  in  figures  3.2.1(b)  and  (c);  only  a  half  tangent  exists  at  these  points.  Point  M,  shown 
in  figures  3.2.1(b)  and  (c).  is  known  as  a  point  of  regression— a  so-called  singular  point  of  the 
curve.  The  definition  of  regular  and  singular  points  of  a  curve  are  as  follows: 

Parametric  Representation 

A  point  of  a  curve 


ri0)€C’  9(G  (3.2.1) 

at  which  rt  *  0  is  called  a  regular  point.  Points  such  that  the  derivative  rt  does  not  exist  or  r s  =  0 
are  called  singular  points. 


Figure  3.2. 1. 


Implicit  Function  Representation 

Considering  a  set  of  points  represented  by  the  equation 

<t>(x.y)=0  <4€C'  (x,y)  €  G  (3.2.2) 

we  say  that  regular  points  are  points  where  the  partial  derivatives  of  function  <t>( x.y)  satisfy  the 
following  inequality. 


fel  +  Kl  *  0  (3-2.3) 

Singular  points  of  the  set  (3.2.2)  are  such  that  (4,  =  0  and  A  =  0  simultaneously.  A  curve  has 
a  unique  tangent  at  a  regular  point. 

The  tangent  to  the  parametric  curve  at  a  point  M  is  represented  by  vector 

T  =  i>  =  jr»J  +  yd  (3.2.4) 

drawn  through  point  M.  The  positive  direction  of  the  tangent  corresponds  to  the  direction  of  increasing  9. 
Suppose  that  a  curve  is  given  in  implicit  form  as 

<t>(x ,y)  =  0  <4  €  C1  (x,y)  €  G  | <4,|  +  >v|  ^  0  (3.2.5) 


The  tangent  vector 


T  =  Tj  +  Ty  j 


(3.2.6) 


is  determined  with  the  equation 


Tx<t> ,  +  TA  =  0 


(3.2.7) 
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Equation  (3.2.7)  may  be  derived  a*  follow*: 

(!)  Due  to  the  tangency  of  vector  T  and  the  plane  curve 


*  Tj 

(2)  Differentiation  of  equation  (3.2.5)  give* 

+  6ydy  m  0  (3.2.9) 

Equations  (3.2.8)  and  (3.2.9)  yield  equation  (3.2.7). 

Figure  3.2.2(a)  show*  the  tangent  of  a  plane  curve  at  its  point  M;  D  is  a  point  of  the  tangent. 
The  position  vector 


05  -  ATI  +  KJ 


(3.2.10) 


may  be  determined  as  follows: 

0ZF«5W+#Z5-jrf+>j  +  Xr(r,l  +  TJ)  (3.2. 11) 


where 


MD  =*  a/T 

Here  Xr  *  0  is  a  scalar  factor  to  equate  vector  T  with  MD.  Equations  (3.2.10)  and  (3.2.11)  yield 

X«jr  +  Xrr,  K=y  +  Xrry  (3.2.12) 


or 


x-jt  r-y_0 

T.  “  Ty 


(3.2.13) 


where  ( x.y )  are  the  coordinates  of  point  M.  For  a  curve  represented  in  parametric  form,  we  get 


X  -  x (8)  Y  -  y($)  dd  dv 

- =  0  x,  =  -  y,  =  -j 

x%  >’#  dx  dd 

For  a  curve  represented  by  an  implicit  function  (eq.  (3.2.5)),  we  get 

(X  -  x)d>x  +  (Y  -  >•)<*>,  =  0 
The  unit  tangent  vector  T  may  be  represented  as 


(3.2.14) 


(3.2.15) 


r 


T  T  _ l_ 

W'  y/T2,  +  7j~y/T\  +  T; 


(T,  i  +  rj> 


(3.2.16) 


At  the  point  of  regression  a  curve  has  a  half  tangent  (one  limiting  ray  only,  figures  3.2.1(b)  and 
(c)).  Limiting  our  discussion  to  parametric  curves,  we  say  (Rashevsky.1956)  (I)  a  point  of  regression 
exists  if  r,  =  0  and  rm  *  0  and  (2)  the  direction  of  the  tangent  is  determined  by  vector  rM. 
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(II 


(bl 

Figure  3.2.2. 


Example  3.2.1  An  involute  curve  R(u).  represented  by  equations  (3.1.1 1),  is  considered.  These 
equations  yield 

R„  *  rh(u  sin  ui  +  u  cos  uj)  R«.  =  ^[(sin  u  +■  u  cos  u)i  +  (cos  u  -  u  sin  u)JJ  (3.2. 17) 

At  «  s*  0.  R»  it  0,  and  such  points  are  regular.  At  the  point  corresponding  to  u  =  0,  we  have 

R .(O)  =  0  R  JiO)  =  rrf  (3.2. 18) 

This  point  (point  M0.  fig.  (3. 1 .5))  is  singular  (R„  =  0)  and  is  a  point  of  regression  (R^,  *  0).  The 
half  tangent  determined  by  R„,  is  directed  along  the  positive  y-axis. 

The  normal  to  a  plane  curve  is  perpendicular  to  its  tangent  and  may  be  represented  by 

N  =  Txk  or  N  =  kxT 


Here  k  is  the  unit  vector  of  the  z-axis. 

The  direction  of  the  normal  depends  on  the  order  of  factors  in  the  cross  product.  Henceforth, 
we  will  use  the  equation 


1 

J 

k 

Ty 

N  =  T  x  k  = 

Tx 

Ty 

0 

=  ~TX 

0 

0 

1 

0 

(3.2.19) 


\ 

\ 


OE  =  X  i  +  Yj 


OM  =  ,rl  +  vj 


ME  =  X.v,V(i  +  XyVvj 


(3.2.22) 


7 
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Equations  (3.2.21)  and  (3.2.22)  yield  X  -  x  +  AyV„  K  -  y  +  AyVr,  and 

N, 


(3.2.23) 


For  a  curve  represented  in  parametric  form  by  equation  (3.2.1)  and  in  implicit  form  by  equation 
(3.2.2)  we  get.  respectively, 


X-m  |  Y-yjB) 

y»  ** 


(3.2.24) 


X-x  Y-y 
*.  ~  4, 


(3.2.25) 


Some  curves  which  are  applied  as  gear  tooth  shapes  are  generated  by  the  rolling  of  circle  2  of 
radius  p  over  circle  I  of  radius  r.  These  circles  can  be  in  internal  or  external  tangency .  In  particular, 
a  straight  line  may  be  applied  instead  of  circle  2.  The  curve  is  generated  by  a  point  which  is  rigidly 
connected  to  circle  (straight  line)  2,  which  rolls  over  circle  I . 

Figure  3.2.3  shows  a  plane  curve  (an  extended  epicycloid)  which  is  traced  out  by  point  M:  M 
is  rigidly  connected  to  circle  2.  At  every  instant  the  relative  motion  of  circle  2  with  respect  to 
circle  I  may  be  represented  as  rotation  about  the  instantaneous  center  /  with  the  angular  velocity 

+  w<» 


where 


dyf/ 

It 


u 


Hi 


de 

dt 


Figure  3.2.3. 


/ 


We  may  easily  determine  the  tangent  T  and  the  normal  N  to  the  curve  at  point  M  by  using  the 
following  considerations: 

(1)  While  circle  2  rotates  about  /  through  an  angle  d<t>.  point  M  moves  along  the  tangent  T  to 
the  curve.  Thus  T  is  perpendicular  to  Ml. 

(2)  The  direction  of  the  normal  N  at  point  M  coincides  with  Ml  and  is  directed  from  M  to  /  according 
to  the  cross  product 


N-Txk 


Problem  3.2.1  Derive  the  equations,  tangent,  normal,  and  unit  normal  of  the  extended  epicycloid 
(fig.  3.2.3(a)).  Investigate  the  existence  of  singular  points. 

Answer.  Equations  of  the  extended  epicycloid  are 

x  m  (r  +  p)  sin  9  -  a  sin  (9  +  4)  y  =  (r  +  p)  cos  6  -  a  cos  (9  +  4)  (3.2.26) 

where 


a~02M  4,  =  -9 

P 


The  tangent  is  represented  as 

T,  *  x,  =•  (r  +  p)[cos  9  -  m  cos  (9  +  4)1  Ty  =  »  =  -  (r  +  p)[sin  9  -  m  sin  (9  +  4)] 

(3.2.27) 


where 


a 

m  =  - 
P 

An  extended  epicycioid  has  no  singular  points.  If,  however,  m  =  1,  whereby  the  generated  curve 
is  an  ordinary  epicycloid,  singular  points  occur  at  positions  where  9  =  2 rn(plr)  ( n  =  0,1,2,  .  .  .). 
The  normal  is 


N,  =  »  =  -  (r  +  p)(sin  9  -  m  sin  {9  +  ^)J  Ny  =  —  xt  =  -  (r  +  p)[cos  9  -  m  cos  (9  +  4)] 

(3.2.28) 


The  unit  normal  is 


sin  9  -  m  sin  (9  +  4) 
^1  —  2m  cos  4  + 


cos  9  -  m  cos  ( 9  +  4) 
■^1—2 m  cos  4  +  m2 


(3.2.29) 


Simple  equations  for  the  unit  normal  vector  n  may  be  derived  considering  that  n  is  directed  along 
vector  W7  (fig.  3.2.3(b)).  Thus. 


n,  =  sin  (9  +  4  +  A)  nv  =  cos  (0  +  ^  +  M 


(3.2.30) 


S5 


tin  f 

l  ■  . 

m  -  co*  i 


0s'^s2t 


(3.2.31) 


To  get  equation  (3.2.31).  consider  the  triangle  IMO 2  (fig.  3.2.3(b)). 


3.3  Curvature  of  Plane  Curves 


A  parametric  curve  it  represented  by 


Ktf)  €  C1 


(3.3.1) 


Consider  two  neighboring  points  M  and  N  of  the  curve  which  correspond  to  8  and  6  +  A8, 
respectively  (fig.  3.3.1(a)).  The  length  of  the  arc  between  points  M  and  N  is  At,  and  Aa  is  the 
angle  between  the  tangent  vectors  at  M  and  N. 

The  limit  of  the  ratio  Aa/Ar  as  point  N  approaches  point  M  is  known  as  the  curvature  (denoted 
as  *)  of  the  curve  at  point  M.  We  may  also  consider  the  limit  of  the  inverse  ratio  Ar/Aa,  which 
is  known  as  the  radius  of  curvature  (denoted  as  pc)  of  the  curve  at  point  M.  Here  pc  is  the  radius 
of  the  limiting  circle  which  is  drawn  through  point  M  and  two  neighboring  points  N\  and  N2  as 
they  approach  point  M  (fig.  3.3.1(b)).  The  center  of  this  circle  is  called  the  center  of  curvature. 

The  so-called  Frenet's  trihedron  is  formed  by  three  unit  vectors— the  unit  tangent  vector  r.  the 
principal  normal  vector  n.  and  the  binormal  vector  b  (fig.  3.3.2).  The  principal  normal  vector 
n  lies  in  plane  II  in  which  the  plane  curve  is  located.  The  binormal  vector  b  lies  in  plane  H,  which 
is  perpendicular  to  plane  II.  These  three  unit  vectors  form  a  right-handed  trihedron. 

Consider  two  trihedrons,  (r.  n,  b)  and  (r\  n',  b),  which  are  located  at  neighboring  points  M 
and  N  of  the  curve.  The  motion  of  trihedron  (T,  n,  b)  which  is  to  be  coincided  with  trihedron 


T<»-\  /  . —  T<8  ♦  A9I 


Figure  3.3. I. 
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(T n ' ,  b)  may  be  represented  as  a  motion  of  two  components.  These  components  arc  (1 )  translation 
along  the  curve  from  M  to  N  (unit  vectors  r,  n,  b  of  the  trihedron  keep  their  original  directions) 
and  (2)  rotation  about  b  (trihedron  T,  n,  b  coincides  with  trihedron  r' .  it',  b). 

The  velocity  in  translational  motion  is 


v 


(3.3.2) 


(3.3.3) 


Here  l  is  time  and  0(t)  is  a  strongly  monotonic  function  (a  linear  function  in  the  simplest  case). 
The  angular  velocity  is 

W  =  wb  (3.3.4) 

and 

,  ,  da 

M=—  (3.3.5) 

dl 

where  da  is  the  angle  between  the  tangents  at  points  M  and  N. 

The  dir  :ci. ons  of  vectors  r  and  n  do  not  change  by  translation,  but  '.hey  do  change  by  rotation. 
The  linear  velocity  of  the  tip  of  the  unit  vector  n  is 


it  =  a  x  n  = 


T  n  b 

0  0  (ji 

0  1  0 


=  -  UIT 


(3.3.6) 


Considering  the  function  n(0),  we  get 


dO 

n=n<,—  (3.3.7) 
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where  ■#  -  dnldt. 

Equations  (3.3.6)  and  (3.3.7)  yield 


(3.3.8) 


The  unit  tangent  vector  r  may  be  expressed  as 


T  M  ds 
dt 


It  results  from  equations  (3.3.8)  and  (3.3.9)  that 


da 

~rT» 


ds 

It 


According  to  the  definition  of  curvature,  we  have 


da 

da  dt 

K  =  -  m  - 

ds  Js 
dt 


Equations  (3.3.10)  and  (3.3.11)  yield 


n»  *  -  «r, 


(3.3.9) 


(3.3.10) 


(3.3.11) 


(3.3.12) 


If  we  consider  equation  (3.3. 12)  and  (he  projections  of  n«  and  rf  on  two  orthogonal  axes  (x,y), 
we  get 


K  =  -  hi  = 

*»  yt 


(3.3.13) 


where  n«  =  n#,l  +  j  and  r,  =  jr*i  +  v>j.  The  sense  of  the  curvature  depends  on  the  location  of 
the  center  of  curvature  C  on  the  normal.  The  center  C  is  located  on  the  positive  normal  if  *  >  0. 

Another  equation  for  curvature  may  be  derived  by  considering  the  linear  velocity  T  of  the  tip 
of  unit  vector  T. 


T  n  b 


T  =  (il  X  T  = 


0  0  w 


=  uin 


(3.3.14) 


I  0  0  i 
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Considering  function  r(8),  we  get  that 


(3.3.15) 


where  r,  -  dr/d$. 

Equations  (3.3.14)  and  (3.3.15)  yield 


d» 


(3.3.16) 


It  results  from  the  equation 


ds 

dt 


that 


d6 


ds 

dt 


*  \r,\ 


(3.3.17) 


Substituting  dOtdt  in  equation  (3.3.16)  and  considering  equation  (3.3.17),  we  get 

da 

7*  dt 

—  » — n*«m  (3.3.18) 

|r«l  ds 

dt 


which  yields 


UX  ^  T»y 

|r*|nx  I  r*l«v 


(3.3.19) 


where  r#  =  r^i  +  7>v  j.  Equations  (3.3.13)  and  (3.3.19)  may  be  applied  to  determine  the  curvature 
of  a  curve  given  in  parametric  representation. 

A  kinematic  representation  of  curvature  equations  may  be  developed  as  follows.  Instead  of  equation 
(3.3.12),  we  may  apply 


d6 

■■ 

dt 


de 

-  <r»— 
dt 


nr  = 


-  tv, 


(3.3.20) 


The  subscript  r  denote*  that  the  velocity  in  relative  motion  with  respect  to  the  curve  is  considered 
(the  velocity  of  a  point  which  moves  along  the  curve).  Equation  (3.3.20)  yields 


(3.3.21) 


A  second  kinematic  representation  of  curvature  is  based  on  the  equation 

■  *v,-0  (3.3.22) 

which  results  from  the  collinearity  of  vectors  vr  and  r.  Differentiation  of  equation  (3.3.22)  gives 

(«,•»,)  +  (n*n,)  -0 


or 


-n.n,  (3.3.23) 

where  a,  *  vr  is  the  acceleration  of  the  point  which  moves  along  the  curve.  Equations  (3.3.21) 
and  (3.3.23)  yield 


a,»n 

«  - - 

»r*V 


(3.3.24) 


To  simplify  the  expression  for  the  acceleration  ar,  we  may  assume  that  tf(r)  is  a  linear  function 
and  ddldi  is  constant.  By  d6ldt  not  being  constant,  a  tangential  component  a,'0  of  the  acceleration 
occurs  but  it  does  not  change  the  result  of  the  scalar  product  in  equation  (3.3.24)  because 

a,*'*  •  n  »  0 


The  acceleration  a.,  where  d$ldt  is  constant,  may  be  derived  as  follows: 


and 


(3.3.25) 


Let  us  now  derive  the  equations  of  curvature  for  a  curve  given  by  a  function  in  explicit  form 

\{x)  €  C2  x,<x<x2  (3.3.26) 
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or  in  inylicit  form 


F(x.y)  «  0  FtC*  |F,|  +  |F,|  *  0 
The  curvature  is  represented  by 

da 

«  *  — 

ds 

For  the  curve  given  by  equation  (3.3.26),  we  have 


dx 

tan  a  *  —  =  v, 
dx 


(3.3.2- 


(3.3.28 


(3.3.29 


ds  =  \'dx2  +  dy2  =  ^|  +  y]dx 
Differentiating  equation  (3.3.29)  we  get 


'  A  d'yA  A 

-  da  -  — ;  dx  =  yu  dx 


cos*  a 


dx 2 


and 


(3.3.30 


da  =  cos2  ory„ dx  =  - i-j—  yudx  = 

1  +  tan2  a  (|  +  y2) 

Equations  (3.3.28),  (3.3.30),  and  (3.3.31)  yield 


dx 


(3.3.31; 


('♦4'" 


(3.3.32) 


For  the  curve  represented  by  equation  (3.3.27),  we  get  F,dx  +  Fydy  =  0.  Assuming  that  Fr  it  0. 
we  get 


dy  F, 
dx =  Fy 

d2y  2F ,F vF ,,  -  F;F„  -  Fx, F; 


(3.3.33) 


0.3.35) 


and 

lF,F,Fn  -  F*F„  -  FUF2, 
(Fl  +  F])m 

Differentiating  equation  (3.3.33),  we  consider  that 

F i  -  F,(x.y)  Fy  «  F,lx.y ) 


and 


9  dy  Fx  9  dy  Fx 

S «'  -  f“  +  F4  •  F“  -  r"7,  £  <f’’  ■  *  F”t  -  -  e”T, 

Problem  3.3.1  Given  an  involute  curve  represented  by  equation  (3.1.  II).  Develop  the  equation 
of  curvature  by  using  equations  (3.3.13)  and  (3.3.19).  Be  sure  that  the  results  match. 

Answer. 


« 


I 


Problem  3-3.2  With  the  conditions  of  problem  (3.2.1 ).  find  the  curvature  of  an  extended  epicycloid 
and  ordinary  epicycloid  using  the  unit  normal  equations  (3.2.30),  and  curvature  equations  (3.3.13). 


Answer. 


cos  (9  +  ^  +  X) 


r  r(m  cos  ^ 
1  +  -  +  -- 


1)  cos2  X| 


(m  -  cos  i)1 


( r  +  p)|cos  9  -  m  cos  (9  +  \l>)) 


where 


a  ,  sin  $ 

m  —  -  tan  X  = 


m  —  cos  \l> 


For  an  ordinary  epicycloid,  m  =  1,  X  =  90*  -  ^/2,  and 


2p  +  r 


4 o(r  +  p)  sin  — 
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Chapter  4 


Conjugate  Shapes 


4.1  Generation  of  a  Locus  of  Planar  Curves 

Consider  a  gear  train  of  gears  I  and  2  which  transforms  rotational  motion  between  parallel  axes 
with  the  given  function 


**(*,)  €C'  a<*,<b  (4.1.1) 

Here  4,  and  <*2  are  the  angles  of  gear  rotation.  We  set  up  the  following  coordinate  systems: 

52(x2,y2).  rigidly  connected  to  gears  I  and  2,  respectively,  and  .Syfxy.yy),  rigidly 
connected  to  the  frame  (fig.  4. 1 .1(a)).  We  assume  here  tiiat  the  shape  of  gear  tooth  1  is  a  simple 
regular  curve  which  is  given  in  parametric  representation  in  coordinate  system  5t  as  follows 
(fig.  4.1.1(b)): 


r,(0)€C'  —  #0  0tG  (4.1.2) 

dd 

The  problem  to  be  solved  is  to  determine  the  shape  of  the  tooth  of  gear  2  (£2)  which  will  provide 
conjugate  action  when  in  mesh  with  gear  tooth  I .  Gears  are  said  to  have  conjugate  tooth  shapes 
if  they  transform  motion  by  a  prescribed  function  (eq.  (4.1.1)).  To  solve  this  problem  we  must 
find  (1)  the  locus  of  planar  curves  generated  by  the  given  curve  in  coordinate  system  52 
and  (2)  the  envelope  E2  of  the  locus  of  planar  curves  (the  shape  of  gear  tooth  2).  The 
determination  of  the  envelope  E2  is  considered  in  section  4.2. 

Although  we  shall  limit  our  discussion  to  the  case  with  <t>2(<t>\)  as  a  linear  function,  the  following 
results  may  be  extended  to  the  case  where  tt>2(<t> i)  is  a  nonlinear  function  and  the  angular  velocity 
ratio  is 


mn  = 


constant 
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The  mam*  representation  of  the  locus  of  planar  curves  E,  may  be  represented  by  the  equations 
r,(9)-jr,(fl)l,  +  y,(0)J,  r,(0)«C' 


*t 

de 


dy , 

d9 


*  0  0€  G 


\r2\  -  !*h  \\r>  I 


(4.1.3) 


(4.1.4) 


Here 


IM*)| 


V|<0) 

I 


is  the  matrix  of  coordinates  of  the  given  shape  E,  and  |Af;l|  is  the  matrix  which  represents  the 
coordinate  transformation  from  system  5,  to  S2 .  Elements  of  this  matrix  depend  on  angles  of 
rotation  4,  and  *2.  Taking  into  account  that  $2  and  are  related  by  the  function  (4.1.1).  we  can 
say  that  elements  of  matrix  lAf.,1  may  be  expressed  solely  in  terms  of  The  locus  or  planar 
curves  I*  may  be  represented  as  follows: 

r2(0,d|)«C''  —-*0  9  €  C  a<<j>t<h  (4.1.5) 


For  the  case  *hown  in  figure  4.1.1(a),  we  have 
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o»2  r  | 

m7\  *  —  **  —  *  constant 
w,  r2 


**  **21^1 

where  r(  and  r2  are  centrooe  radii  and  the  matrix  | A/^il  i* 


cos  02  -  sin  02  C  sin  02 

'  COS  0, 

-  sin  0)  0  ’ 

lA/2.1  -  ItfyllM/ll  - 

sin  02  cos  02  -  C  cos  02 

sin  0, 

cos  0(  0 

0  0  1 

0 

0  1 . 

cos  (0|  +  02)  -  sin  (0!  +  02) 

C  sin  02  "j 

! 

m 

sin  (0,  +  02)  cos  (0,  +  02) 

- 

C  COS  02 

(4.1.6) 

0  0 

1 

Expressions  (4.1.4),  (4.1.6),  and  (4.1.2)  yield 

Xi(6,<t>)  =  x,(A)  cos  (0,  +  <>2)  -  yi(A)  sin  (0,  +  0:)  +  C  sir  02 
y2(6.<t>)  =  x,(A)  sin  ( 0,  +  02)  +  >>i(0)  cos  toi  +  $2)  ~  C  cos  02 


(4.1.7) 


Ari 

AA 


3,V| 

AA 


*0 


A  €  (7 


a  <  0  <  b 


Here  0  ■  0j,  and  02  is  determined  by  the  given  function  0;(0,)-  Equations  (4. 1 .7)  represent  the 
locus  of  regular  curves  (gear  1  shapes)  which  is  generated  in  coordinate  system  S2. 

By  a  fixed  value  of  0,,  equations  (4.1.7)  represent  a  single  curve  of  the  locus  whose  location 
in  coordinate  system  52  depends  on  the  value  of  0|.  The  partial  derivative 


— ^  =  — — 12  +  “  j2 
AA  AA  2  AA 


(4.1.8) 


V2 


Figure  4. 1 .2. 
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» the  tangent  vector  at  any  point  of  this  curve  (fig.  4. !  .2).  Here  lj  and  Jj  are  unit  vectors  of  the 
coordinate  axes  of  system  S2.  By  a  fixed  value  of  0.  equations  (4. 1 .7)  represent  the  path  which 
is  traced  out  in  coordinate  system  S2  by  a  single  point  of  curve  Et  (fig-  4.1.2).  Here  6  is  the 
parameter  of  motion  of  the  generated  path.  Different  paths  are  traced  out  by  different  points  on 
curve  E|.  The  location  of  these  points  on  curve  E,  depends  on  the  chosen  parameter  9.  The  partial 
derivative 


*1 

to 


to  to 


(4.1.9) 


represents  the  tangent  to  the  path  which  is  generated  by  a  point  on  curve  E,  as  it  moves  relative 
lo  system  5j  (fig.  4.1.2).  Considering  the  time  derivative  equivalent  of  equation  (4. 1 .9).  we  get  that 


dr  2  dd 

to  <fr 


dr  j  to  d.Vj  to 

- Ij  4* - Jj 

a*  dt  a*  dr 


(4.1.10) 


where  v}12’  is  the  velocity  of  a  point  of  curve  E;  in  its  motion  relative  to  coordinate  system  S2 
(represented  in  system  S2). 

Consider  a  case  where  the  given  shape  is  represented  in  coordinate  system  5|(X|,yi)  by  an 
implicit  function  as  follows: 

/■(*,.y.)«0  (xt.y, )  €  A  FtC'  |fj  +  |Fj  *  0  (4.1. II) 

We  may  derive  the  locus  of  planar  curves  generated  in  coordinate  system  S2  through  the  equations 

-*1  *  g\ (x-..yj.d)  yt  *  ftfxj.yj.d)  (4.1.12) 

which  expresses  the  coordinate  transformation  from  coordinate  system  S2  to  5,.  The  matrix 
representation  of  equations  (4.1.12)  is 


lr,J  -  |Af,:)|r:J  (4.1.13) 

Here  [A/,2J  is  the  inverse  of  matrix  (Af;ij.  Equations  (4.1.11)  and  (4.1.12)  yield 

tf(x2,yj.d)  -  F(x,{x2.y2.<t>).  y, (xj.vj.^))  =0  (4.1.14) 

(x2,y2)iE  //€  C  |//l2|  +  | //v2 1  *0 

Equations  (4.1.14)  represent  the  locus  of  plane  curves  generated  in  coordinate  system  S2. 

Problem  4.1.1  Consider  the  coordinate  systems  shown  in  figure  4. 1 .3(a).  The  shape  of  the  rack 
tooth  is  represented  in  coordinate  system  S2  (fig.  4.1.3(b))  by  the  equations 

x2  =u  sin  >'2  —  u  co*  tc  -u\  <  u  <  u2  02M  =  u  (4.1.15) 

The  displacement  s  of  the  rack  and  the  angle  of  gear  rotation  d  are  related  by 


s 

4> 


=  r 


(r  is  constant) 


Figure  4.1.3. 


Find  equations  of  the  locus  of  shapes  which  is  generated  in  coordinate  system  S\ .  The  shape  is 
represented  by  equation  (4.1.15). 

Answer. 


jr,  *  u  sin  (&.  +  $)  +  r  (sin  4  —  $  cos  $)  ^ 


(4.1.16) 


y,  *  u  cos  (4>c  +  $)  +  r  (cos  4  +  sin  0)  j 
where  ~u  <  u  <  u2  and  a  <  4  <  b. 

ProMem  4.1.2  Consider  the  locus  of  curves  represented  by  equations  (4. 1 .7).  Assume  that  i) 
is  a  linear  function  given  as 


$2  =  r»2 1 - 

W|  r2 

Determine  a  general  expression  for  the  relative  velocity  v^l2).  Prove  that  vjl2)  is  equal  to  zero  at 
the  pitch  point  /—the  point  of  tangency  of  centrodes  (fig.  4.1.1(a)). 

Answer. 

vjl2)  ==  [—  or,  sin  ($,  +  <t>2)(u (  +  t^)  -  y,  cos  (<fi,  +  <f>2)(u>,  +  u2)  +  Co>2  cos  <f>2]  i2 

+  [x,  cos  (<>,  +  +  u^)  -  yi  sin  (<#>,  +  +  u>2)  +  Cu^  sin  02j  j2  (4.1.17) 

To  prove  that  v|l2)  =  0  at  the  pitch  point  /,  substitute  jrt  and  yt  by  (fig.  4.1.1(a)) 

x,  =  r,  sin  <*,  y,  =  r,  cos  6, 


and  take  into  account  that  C  =  r(  +  r2  and  =  w2r2. 


4.2  Envelope  of  a  Locus  of  Planar  Curves: 

Parametric  Representation 

Equation*  (4. 1 .5)  and  (4. 1 .7)  represent  a  locus  of  regular  planar  curves.  Simplifying  our  notation, 
we  may  represent  the  locus  of  curves  in  a  coordinate  system  S(x,y)  as  follows: 

r <*,*)€  C'  r#nO  9tC  a<4<b  (4.2.1) 


Here 


-  x(0,*)l  +  y(0,P)J  (4.2.2) 

where  I  and  j  denote  the  unit  vectors  of  coordinate  axes  x  and  y. 

With  the  fixed  parameter  of  motion  Pq,  the  function  r(0,Po)  represents  the  position  vector  of 
a  curve  point  which  corresponds  to  the  parameter  9.  Parameter  of  motion  4o  determines  the 
location  of  the  curve  in  the  coordinate  system  5(x,y) .  Henceforth,  we  assume  that  the  curve  locus 
(eq.  (4.2.1))  is  generated  by  the  motion  of  a  nonchanging  curve.  However,  in  the  most  general 
case,  vector  function  (4.2. 1 )  may  represent  a  locus  of  planar  curves  which  changes  in  the  process 
of  motion.  Vector  functions  r(0.^")  and  r(9,<t^2))  represent  two  such  curves  which  differ  not  only 
by  their  locations  but  also  by  their  shapes.  All  the  results  found  in  this  chapter  hold  true  for  both 
cases  above. 

Figure  4.2. 1  shows  a  locus  of  planar  curves  1,2,3,  4,  etc.  The  envelope  of  a  locus  of  planar 
curves  is  the  simple,  regular  planar  curve  which  is  in  tangency  with  every  curve  of  the  locus.  This 
geometric  concept  of  an  envelope  must  be  based  on  strict  definitions  proposed  in  the  field  of 
differential  geometry  by  Zalgaller  (1975).  Favard  (1957).  and  other  authors.  These  definitions  state 
the  necessary  and  sufficient  conditions  for  uie  existence  of  a  piece  of  the  envelope  in  the  neighbor! lood 
of  a  point  (0o.$o). 

The  necessary  conditions  of  envelope  existence  determine  points  on  the  locus  of  curves  in  the 
neighborhood  of  point  <0o.$o)  at  which  the  curves  can  be  in  tangency  with  the  piece  of  the  envelope 
if  the  envelope  exists.  The  sufficient  conditions  of  envelope  existence  determine  the  requirements 
by  which,  if  observed,  the  piece  of  the  enve'ope  really  exists  as  a  simple,  regular  curve.  Although 
in  most  applications  in  the  Theory  of  Gearing  we  may  limit  our  investigation  to  necessary  conditions 
only,  cases  do  arise  where  both  the  necessary  and  sufficient  conditions  must  be  used  to  guarantee 
the  existence  of  a  piece  of  an  envelope  at  point  (fle^o)- 

A  piece  of  the  envelope  of  a  locus  of  planar  curves  (4.2.1)  is  a  regular  curve 

R(«)€C'  R**0  <t>t(a,b)  (4.2.3) 

such  that  it  is  in  tangency  with  at  least  one  of  the  curves  of  the  locus  at  any  value  of  <t>.  The 
correspondence  between  parameters  6  and  is  set  up  by  the  equation 
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/(*,*)  -  0  f,*0 


(4.2.4) 


The  whole  complex  of  envelope  pieces  which  are  determined  separately  in  the  neighborhood  of 
individual  points  (0o,,.<fc}n),  •  •  •  represents  the  envelope  in  totality. 

Theorem  The  necessary  condition  of  envelope  existence  is  established  by  the  following  theorem. 
Assume  that  the  locus  of  curves  (eq.  (4.2.1))  has  an  envelope  (eq.  (4.2.3))  in  the  neighborhood 
of  point  (0n.4>o).  This  point  corresponds  to  the  point  of  tangency  between  curve  r(0,£,>)  of  the  locus 
and  the  envelope  R(4).  Then  the  point  (0o.4o)  (parameters  of  value  90,d> 0)  must  satisfy  the  equation 

/(*.*)  *  (k  r,  r,J  =  0  (4.2.5) 

Here  k  is  the  unit  vector  of  the  i-axis  which  is  perpendicular  to  the  planar  curves  (eq.  (4.2.1)). 

The  aim  of  this  theorem  is  to  develop  a  relation  between  parameters  (6,<t>)  in  equations  (4.2.1) 
by  which  a  curve  of  the  locus  may  be  in  tangency  with  the  envelope.  By  choosing  a  point  on  the 
planar  curve  (choosing  the  parameter  0n),  we  can  find  the  corresponding  parameter  by  using 
equation  (4.2.5).  The  position  vector  r(0oAi)  determines  the  point  of  tangency  of  the  curve  r(0.0o) 
with  the  envelope  R (<t>).  (Here,  is  fixed.) 

Proof:  Suppose  that  I  and  II  are  two  infinitesimally  close  positions  of  the  same  curve,  and  M  and 
Nan  their  points  of  tangency  with  the  envelope  (fig.  4.2.2).  By  taking  into  account  that  function 
(4.2.3)  represents  the  envelope,  the  displacement  of  the  point  of  tangency  MN  along  the  envelope 
may  be  determined  as 


dR  =  R id<t> 


(4.2.6) 


where 


r.-£(r,«) 


As  the  planar  curve  comes  to  position  II,  a  different  point  (point  N )  comes  into  tangency  with 
the  envelope.  The  old  point  of  tangency  on  the  curve  (point  M)  moves  to  point  M' .  The  arc  MM' 
is  the  displacement  of  the  curve  point  M  with  the  curve  (the  parameter  of  motion  <t>  changes  while 
the  parameter  6  is  fixed).  The  arc  M'N  is  the  displacement  of  the  point  of  tangency  along  the  curve 
(the  parameter  6  changes  while  the  parameter  <t>  is  fixed).  The  resulting  displacement  MN  may 
be  represented  as 

'MN  =  MM>  +  M7N  (4.2.7) 


By  using  the  function  r(9.<t>).  we  represent  the  resulting  displacement  by 

dr  =  r0dd>  +  tqdd  (4.2.8) 

where  r^d<t>  =  MM^  and  rsd6  =  M'N. 

Due  to  the  continuity  of  tangency  of  the  iocus  curves  with  the  envelope,  we  have 


R  <,d<j>  =  Tf/dd)  +  r  sd6  (4.2.9) 

Vector  R0  represents  the  tangent  vector  to  the  envelope  and  vector  r„  represents  the  tangent  vector 
to  the  curve  of  the  locus.  By  definition  of  an  envelope,  vectors  R0  and  r„  must  be  collinear  at 
the  point  of  tangency.  Since  we  consider  a  locus  of  regular  curves  only,  we  have  r>  0.  Thus, 


equation  (4.2.9)  may  be  observed  if  and  only  if  r4  it  cotlinear  to  r«  and  R*  The  collinearity  of 
these  three  vectors  yields  that 


r#  x  r«  -  • 

which  may  be  also  represented  as 


P(*,y) 

Dit.*) 


*#  y* 

«/(*»-  0 
y* 


(4.2.10) 


(4.2.11) 


On  the  basis  of  equation  (4.2. 10),  another  form  of  the  relation  between  8  and  d  may  be  developed. 
Tne  normal  N  to  a  planar  curve  may  be  represented  as 

N  -  r,  x  It 

where  k  it  the  unit  vector  of  the  axis  which  is  perpendicular  to  the  plane  of  the  planar  curve.  Since 
N  is  perpendicular  to  the  tangent  vector  r«,  and  because  r#  and  rt  are  collincar,  we  get 

This  yields 

(i>  k  r*J  -  0 

or  (since  the  scalar  triple  product  is  equal  to  zero) 

(k  r,  rj  -/(*.*>  -  0  (4.2.12) 

The  sufficient  conditions  of  envelope  existence  is  given  by  the  following  theorem. 

Theorem  Consider  a  locus  of  planar  curves  given  as 

r{8,4)  €  C1  r,  *0  OtG  a  <  <t>  <  b  (4.2.13) 

If  at  a  point  (0o.4o)  (he  following  requirements  are  observed 

/(*,*)  -  (k  r,  r,J  =  0  (4.2.14) 

ft  *  0  (4.2.15) 

T  =  r4ft  -  r,ft  *  0  (4.2.16) 

then  the  envelope  exists  in  the  neighborhood  of  that  point  and  is  a  regular  curve. 

Proof:  Due  to  the  requirement  (4.2.15),  the  equation  (4.2.12)  possesses  a  unique  solution  as 

8{<t>)tC'  (4.2.17) 

(See  app.  B.)  With  function  (4.2.17),  the  vector  function  r (8,<f>)  may  be  represented  as 

r(6(<t>),4>)  =  R(<*>)  (4.2.18) 
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The  tangent  vector  to  the  curve  (eq.  (4.2.18))  is 


R*  -  r  A  +  % 


(4.2.19) 


Differentiation  of  the  identity 


fim -*)  -  0 


yields 


/A  ♦4-  o 

and  thus 

-  -7  Oi  *  0)  (4  2.20) 

ft 

Substituting  into  equation  (4.2.19)  and  considering  expression  (4.2.20),  we  get 


R*  ■  -  rtj  +  r4-T 
ft 


(4.2.21) 


Due  to  equation  (4.2. 14),  vectors  r,  and  r,  are  collinear.  Vectors  R,  and  r(  are  collinear  due  to 
equation  (4.2.19).  Thus,  the  curve  R(0)  is  in  tangency  with  the  curve  rf0,0o).  Due  >o  inequality 
(4.2. 16),  R(0)  represents  a  regular  curve.  This  curve  is  the  envelope  and  may  be  represented  by 


rtf,*)  M*)“[kVj-0 


(4.2.22) 


Example  problem  4.2.1  Consider  the  locus  of  straight  lines  represented  by  the  equations  shown 
in  (4. 1 . 16).  which  are  repeated  here  for  convenience  (the  subscript  1  has  temporarily  been  dropped) 


x(m,0)  =  u  sin  (0C  +  0)  +  r(sin  0  -  0  cos  0 ) 
y(u,0)  m  u  cos  (0C  +  0)  +  r(cos  0  +  0  sin  0) 


(4.2.23) 


where  -  u,  <  u  <  u2  and  a  <  <b  <  b.  Determine  the  necessary  and  sufficient  conditions  of 
envelope  existence. 


Solution.  The  necessary  condition  of  envelope  existence  (eq.  (4.2.12))  is 


f(u,<t>)  =  [k  r*  r«J  =  0 


which  yields 


/(«.0)  = 


x„  y, 
x*  y* 


sin  (0r  +  0)  cos  (0r  +  0) 

u  cos  (0r  +  0)  +  r0  sin  0  -  u  sin  (0r  +  0)  +  r<t>  cos  0 


=  -«  +  r0  sin  =  0 


(4.2.24) 
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"'arwijo**  - 


The  first  of  the  sufficient  condition*  of  envelope  existence,  inequality  (4.2.  IS),  is  observed  because 

/.  -  -  1  *  0 

The  tangent  T  to  the  envelope  is  (use  equations  (4.2. 16)  and  (4.2.24)) 

T  -  rjm  -  rj4  -  (xj,  -  xj,)i  +  (yj.  -  yj4) j 

■  -  r^(sin  V'r  cos  (tfv  +  +  sin  4|  +  sin  sin  (^,.  +  $)jl 

4-  r^[sin  sin  (^,  +  $)  -  cos  -  sin  cos  (^r  +  $)jj  (4.2.23) 

Equations  (4.2.25)  yield  that  T,  -  0  and  7",  *  0  by 

<t>  -  -  tan  +r  (4.2.26) 

The  value  of  u,  which  corresponds  to  the  value  of  <t>,  is  (see  equation  (4.2.24)) 

u  *  -  r  tan  <!>c  vu  '!/c  (4.2.27) 


Consequently,  a  piece  of  the  envelope  does  not  exist  in  the  neighborhood  of  the  point  with  the 
values  of  u  and  <t>  above.  At  all  other  points  the  envelope  exists  and  may  be  represented  by  equations 
(4.2.23)  and  (4.2.24).  These  equations,  after  eliminating  parameter  u,  yield 


x  =»  r  sin  $  -  r$  cos  cos  ($  +  ^, )  ' 
y  =  r  cos  <>  +  r0  cos  \f/c  sin  (9  +  ) 


(4.2.28) 


To  prove  that  the  envelope  is  an  involute  curve,  let  us  apply  a  new  coordinate  system  Sr(x„yr ) 
whose  axis  xr  forms  a  constant  angle  q  *  inv  (4>,)  *  tan  —  y fv  with  the  xt  axis  of  coordinate 
system  5lUI,yi)  (fig.  4.2.3). 

The  matrix  representation  of  coordinate  transformation  is 


\r,\  =  \Mr  ,Hr,J  (4.2.29) 

y*  yi 
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Here 


’  X  ' 

co*  q  tin  q  0 

I'.)- 

>’ 

and  (A/,|J  - 

-  tin  q  cos  q  0 

.  1 . 

0  0  1 

(4  2.30) 


(4.2.31(a)) 


where  x  and  y  are  represented  by  equations  (4.2.28).  Equations  (4.2.28)  to  (4.2.30)  yield 

x,  -  r  sin  (6  +  q)  -  r*  cos  6C  cos  (6  +  +  q)  ^ 

y,  *  r  cos  (6  +  q)  +  r6  cos  sin  ($  +  ^,  +  q) 

Using  substitutions 

6  +  tc  +  9  *  6  +  tf'r  +  inv  (\f>)  *  6  +  tan  ■  8 
and  $  *  0  —  tan  ^  and  6  +  q  *  9  —  ^r,  we  get 

x,  =  r*  sin  0  -  r*0  cos  0  ' 

y,  =  rh  cos  0  +  rtf  sin  0 


(4.2.31(b)) 


where  rh-  r  cos  ^r.  Equations  (4.2.31(b))  represent  an  involute  curve  which  corresponds  to  the 
base  circle  of  radius  rh  (fig.  4.2.3). 

Problem  4.2.1  Consider  a  gear  mechanism  formed  by  gear  1  and  rack  2  (fig.  4. 1 .3(a)).  Coordinate 
systems  S,,  S2,  and  Sf  are  rigidly  connected  with  gear  1.  rack  2.  and  the  frame,  respectively.  The 
shape  of  the  gear  tooth  is  an  involute  curve  represented  by  the  equations 

x,  =  rh  sin  0  -  r,fl  cos  0  y,  --  rh  cos  9  +  rh9  sin  6  (4.2.32) 


where  0  <  6  <  0, . 

The  translation  of  rack  2  and  the  rotation  of  gear  1  are  related  by  the  equation 


s  =  r6  =  -~  <)>  (4.2.33) 

cos 

Derive  equations  of  the  locus  of  involute  curves  generated  in  coordinate  system  52,  and  find 
necessary  and  sufficient  conditions  for  the  existence  of  the  envelope.  Develop  equations  of  the 
envelope. 

Answer.  The  locus  of  involute  curves  generated  in  coordinate  system  S2(x2,v2)  is  represented  by 
the  following  equations  (the  subscript  2  in  x2  and  y2  is  omitted  for  simplification) 

x  =  x,  cos  <f>  -  y,  sin  <t>\  +  r6  =  rh  sin  (6  -  6)  -  rh9  cos  (0-6)  +  nfr') 

(  (4.2.34) 

y  =  X,  sin  6  +  V|  cos  <t>  -  r  =  rh  cos  (6  -  6)  +  r^9  sin  (9  -  6)  —  r  \ 

where  0  <  9  <  9t  and  a  <  <t>s  <  b.  The  necessary  condition  of  envelope  existence,  equation 

(4.2.14),  is  as  follows: 
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/(#»  -  cot  -  cot  (•  -  4)  -  0  (0*0) 


(4.2 .33) 


Thu*,  0  -  d  -  +f.  Inequality  (4.2.15) 


ft  -  tin  (0  -  4)  *  0 


(4.2.36) 


i*  observed,  if  i,  *  0.  (See  eq.  (4.2.35).) 

The  tangent  vector  T  (see  expression  (4.2.16)  is  given  by 


T,  -  xj,  -  xrft  -  rk  sin1  Un  +r  *  0 
Ty  -  yji  -  >'*/«  -  rk  sin2  i,  *  0 


(4.2.37) 


Since  inequality  (4.2.16)  is  observed,  the  envelope  exists  and  may  be  represented  by  equations 
(4.2.34)  and  (4. 2. 35),  which  yield 


x  *  r*  inv  cos  +  r*d  sin  i,  tan  ' 
y  *  -  r*  inv  sin  ^ r  +  r>d  sin 


(4.2.38) 


where  4  is  the  shape  parameter  and  inv  4r  *  tan  •  Equations  (4.2.38)  represent  a  straight 

line  which  forms  an  angle  of  ^ , .  with  the  Vraxis.  This  straight  line  is  the  shape  of  the  rack  tooth 
which  is  conjugate  to  the  involute  curve  (the  shape  of  the  gear  tooth). 


Problem  4.2.2  Given  the  conditions  of  problem  4.2.1,  consider  the  case  when  r  »  rk  and  •*  0. 
Prove  that  the  envelope  docs  not  exist  as  a  regular  curve.  What  kind  of  rack  tooth  shape  do  equations 
(4.2.38)  now  represent? 

Answer.  The  envelope  does  not  exist  as  a  regular  curve  because  none  of  the  inequalities  (eq.  (4.2.37)) 
are  observed.  Equations  (4.2.38)  represent  the  rack  tooth  “shape"  which  is.  in  fact,  a  single  point 
(x  *  0.  y  =  0).  This  point  generates  an  involute  curve  if  the  rack  is  the  tool  and  the  gear  is  to 
be  cut  (fig.  4.2.4). 


4.3  Envelope  of  a  Locus  of  Planar  Curves:  Representation 
in  Implicit  Form 

Consider  the  equation 

F  (x,y.d)  ■  0  (x.y)  €  G  a<$<b  (4.3.1) 


The  equation 


F(x.y.d o)  =  0  (4.3.2) 

(do  is  fixed)  represents  a  simple  regular  curve  in  the  neighborhood  of  the  point  (x^Vo)  if  at  this 
point  the  following  requirements  are  observed: 

F(x.y.do)  €  C'  IF, |  +  |F,|  *0  (4:3:3); 

If  the  requirements  of  equation  (4.3.3)  are  observed  lor  different  values  of  do,  then  equation 
(4.3.1)  represents  a  locus  of  locally  simple  regular  curves  (in  the  neighborhood  of  the  point 
(xo.  v0.d0))  The  envelope  of  this  locus  is  defined  as  follows:  A  piece  of  the  envelope  of  a  locus 
of  curves  is  such  a  regular  curve  represented  by 
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R(*)  -  *(*)!  +  y(*)j  R(«)«C' 


*  0 


(x,y)  €  G  a  <  <b  <  b 


(4.3.4) 


which  if  in  Ungency  with  curves  F(x.y,^)  for  every  value  of  <^j. 

Theorem  The  necessary  condition  for  existence  of  the  envelope  is  given  by  the  following  theorem. 
Assume  that  at  the  point  (JCo.y0.6o)  equation  (4.3.1)  and  requirements  (4.3.3)  are  observed.  If  the 
envelope  indeed  exists  in  the  neighborhood  of  the  point  (x<>,yo«$o).  this  point  belongs  to  the  set 

F.(x,y,<j>)  =  0  (4.3.5) 


where 


Proof:  Assume  that  just  the  partial  derivative  Ft  differs  from  zero  at  the  point  (xo,y0,to)-  Then, 
as  is  stated  by  the  Theorem  of  Implicit  Function  Existence  (app.  B),  equation  (4.3. 1 )  (by  observing 
requirements  (4.3.3))  may  be  solved  as  a  function 

y(x,<t>)  €  C1  (4.3.6) 

in  the  neighborhood  of  the  point  (x0,.v0.^o)’  w'th  function  (4.3.6),  equation  (4.3.1)  becomes  an 
identity 


F{x,y(x,<F),<^j  m  0 


and  its  differentiation  yields 


Fm  +  Fyyx  -  0 


(4.3.7) 


(4.3.8) 
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F*  +  -  0 


(4,3.9) 


Consequently, 


ry 

IF,  0  0) 

(4.3.10) 

y ^  Fy 

(F,  0  0 ) 

(4.3.11) 

Function  y(x,4n)  (9o  >*  the  fixed  value  of  p)  represents  a  single  curve  of  the  locus  in  the 
coordinate  system  S(x.y).  Here  x  and  y  are  coordinates  of  the  curve  point  whose  position  vector 
may  be  represented  as 

r(x.yU,*o))  -  [ri  +  y(x.*o)j]  « c'  U.y) « G  (4.3.12) 

If  we  allow  the  value  of  ♦  to  vary  from  p  «  do.  we  get  the  following  vector  equation: 

r(x,y(jr.p))  *  £d  +  y(x,p)j]  f  C'  (x.y)  €  G  a  <  P  <  b  (4.3.13) 

Let  us  now  differentiate  equations  (4.3.12)  and  (4.3.13)  and  get 

Ar-4*(l  +  yJ)  (4.3.14) 

dr-dxi  +  (y,dx  +  y^P)J  (4.3. 15) 

Since  Pq  is  fixed  in  equation  (4.3. 12).  vector  Sr  represents  the  infinitesimal  displacement  of  a  point 
along  the  curve.  Further,  since  p  is  a  variable  parameter  in  equation  (4.3.13),  vector  represents 
the  infinitesimal  displacement  of  a  point  both  along  and  with  the  curve.  (See  fig.  4.2.2.)  For  a 
piece  of  the  envelope  of  locus  (4.3. 13)  to  exist  in  die  neighborhood  of  the  point  (xo.y0)  and  for 
the  envelope  to  be  in  continuous  tangency  with  the  locus,  vectors  Sr  and  dr  must  be  collinear. 
Due  to  this  collinearity  we  may  write 


dx  y,  dx  +  ly/p 
it  yjbx 


where  X  0  0.  It  is  easily  seen  from  this  equation  that 

y,dP  -  0 


(4.3.16) 


(4.3.17) 


Equations  (4.3.17)  and  (4.3.11)  yield 

~^</p  =  0  (F,  0  0)  (4.3.18) 

Fy 

It  is  clear  that  </p  0  0  because  the  changing  values  of  p  correspond  to  different  points  on  the  envelope. 
Consequently,  equation  (4.3.18)  may  be  observed  if  and  only  if  the  partial  derivative  Ft  =  0. 

Sufficient  Conditions  of  Envelope  Existence 

Theorem  Consider  a  locus  of  curves 
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Assume  that  at  the  point  (x<>.W>.*o)  the  following  requirements  are  observed: 
Fix**** o)-0  |Ft|  +  |F,|»*0  F#-  0 


0(*.y)  “ 


*0 


(4.3.20) 


where 

F«mi  [F#-y-*>]  F« -  ry  fa'-H  F*  -  £  KH 


A  piece  of  the  envelope  indeed  exists  in  the  neighborhood  of  the  point  (£o.)’o,A>)<  aod  it  is  a  simple, 
regular  curve  which  may  be  represented  by  the  following  equations: 

FU.y.*)  -  0  F.(x,y.4>)  *  0  (4.3.21) 

Proof:  Assume  that  at  the  point  (xb,y0.*o).  the  equations 

F(jr,y,*)«0  F.(x,y,4>)  -  0  FtC2  F*€C' 

are  observed,  and  the  inequality 


A 


WV*  0 

D(x,y) 


is  also  observed.  Due  to  this  inequality,  equations  F  =  0  and  F+-  0  may  be  solved  as  functions 

(*<*).  >(*)}«  C1  (4.3.22) 

in  the  neighborhood  of  the  point  (xo,y0,<k,)-  These  functions  represent  a  curve 

R(«)  *jr(«)l +y(0)j  [*(*).  >(*)](  C  (4.3.23) 

which  exists  in  the  neighborhood  of  point  Cro.Vo.Ao)- 
Let  us  now  prove  that  the  envelope  is  in  tangency  with  single  curves  of  the  locus  in  the 
neighborhood  of  the  point  (^.yo.^n)  and  that  it  is  a  regular  curve.  Considering  functions  (4.3.22) 
and  equation  (4.3.1)  we  get  the  following  two  identities: 

F (x(<i>),y(<t>),<t>)  -  0  FiC2  (4.3.24) 

Fi(x(<t>),y(<t>).<t>)  -  0  F*€C'  (4.3.25) 


Differentiation  of  identity  (4.3.24)  with  respect  to  <t>  yields 


(4.3.26) 


Taking  into  account  that  F4  ■  0  (cq.  (4.3.20)),  we  get 

F,*4  +  Ffy  -  0 

Similarly,  differentiation  of  identity  (4.3.23)  yield* 


F«xt  +  F„y,  +  F„  -  0  (4.3.27) 

Equation*  (4.3.26)  and  (4.3.27)  represent  a  system  of  two  linear  equation*  in  unknown*  xt  and 
y#.  The  solution  of  these  two  equations  for  xt  and  y4  is  as  follows: 


(4.3.28) 


(4.3.29) 


It  results  from  equations  (4.3.28)  and  (4.3.29)  that 

kl  +  |y*|  *  o  (4.3.30) 

because  F *  0,  A  *  0,  and  |F,|  +  jfv|  *  0.  (See  eq.  (4.3.20).)  Consequently,  the  curve 
(eq.  (4.3.23))  is  a  regular  curve. 

It  is  easy  to  prove  that  equation  (4.3.26)  represents  the  tangency  of  the  envelope  with  the  curves 
of  the  locus  in  the  neighborhood  of  the  point  {Xq.yo.to).  These  curves  are  indeed  in  tangency  if 
their  tangent  vectors  are  collinear. 

The  tangent  vector  to  the  envelope  given  by 

=  r(«)l  +  y(<t>)j 


is  represented  by 


t=jr*I+y*j  (4.3.31) 

A  curve  of  the  locus  is  represented  by  the  equation 

F{x.y,M  =  0  |F,|  +  |F,|  *  0  (4.3.32) 


Recalling  equation  (3.2.9),  we  may  express  project  ton*  of  the  tangent  r  to  this  curve  at  follow*: 


If  vector*  t  and  T  are  collinear,  their  projection*  are  related  by 


(4.3.33) 


m  -J- 

t.  T, 

Equation*  (4.3.34),  (4.3.31),  and  (4.3.33)  yield 


ft. 


(4.3.34) 


(4.3.35) 


Relation  (4.3.35)  results  directly  from  equation  (4.3.26),  and  the  envelope  is  indeed  in  tangency 
with  the  locus  curves.  Since  the  curve  represented  by  equation  (4.3.23)  is  a  regular  curve  and  since 
it  it  in  tangency  with  the  curves  of  the  locus  in  the  neighborhood  of  the  point  (a<),y0,^o),  it  is  indeed 
a  piece  of  the  envelope. 


4.4  Envelope  of  Planar  Curve  Locuk:  Kinematic 
Method  of  Determination 

The  necessary  conditions  of  envelope  existence  may  be  interpreted  kinematically.  This 
interpretation  simplifies  the  synthesis  of  planar  gearings.  The  necessary  condition  for  envelope 
existence  is  given  by  equation  (4.2.12)  which  is 

/(0.d)-N*r,  =  lr#kr*)=«0  (4.4.1) 

This  equation  expresses  the  requirement  that  at  points  of  tangency  of  the  curves  of  the  locus  (1) 
with  their  envelope  (2),  the  normal  N  to  the  curve  of  the  locus  is  perpendicular  to  vector  r*.  As 
noted  in  section  4.2,  vector  represents  (lie  linear  velocity  of  a  point  M  of  curve  (I)  with  respect 
to  point  M  of  the  envelope  (2);  here  M  is  the  point  of  tangency  of  curves  1  and  2.  Taking  this 
into  account,  we  may  represent  equation  (4.4.1)  as  follows: 

N.y«*>=/(0>(*)  =  O  (4.4.2) 

or  as 

N.v'2"  =/(M)  =  0  (4.4.3) 


where  v(JI1  =  -  v(1J). 

The  scalar  product  (4.4.2)  or  (4.4.3)  is  an  invariant  property— it  does  not  depend  on  the  coordinate 
system  in  which  it  is  applied.  Usually  we  apply  three  coordinate  systems;  5 1  and  5:,  rigidly 
connected  to  gears  1  and  2,  respectively,  and  Sf,  rigidly  connected  to  the  frame.  Vectors  of  the 
scalar  product  (4.4.2)  or  (4.4.3)  may  be  represented  in  any  of  these  three  systems. 

Equations  (4.4.2)  and  (4.4.3)  are  known  in  the  Theory  of  Gearing  as  equations  of  meshing.  The 
most  simple  method  for  determination  of  this  equation  is  based  on  the  kinematic  properties  of  planar 
motion. 


We  begin  with  determination  of  the  relative  velocity  v"2'  for  the  situation  shown  in  figure  4.1.1. 
Gears  1  and  2  route  about  axes  zt  and  zj  (they  are  not  shown  in  figure  4.1.1)  with  angular 
velocities 


«<h  -  «"»  k,  (4.4.4) 

«,2>  ,  _  uui  k2  (4.4.5) 

where  k,  and  k2  are  unit  vectors  of  axes  and  :2- 
Suppose  that  vector  v'12'  is  to  be  expressed  in  terms  of  components  of  coordinate  system  5|  (fig. 
4.1.1).  The  sliding  vector  u><2)  does  not  pass  through  the  origin  O,  of  coordinate  system  5|; 
therefore  we  replace  it  with  an  equal  vector  which  passes  through  point  O,  and  a  moment 


m  -  0 102  x  wl2) 


(4.4.6) 


Then  the  linear  velocity  of  a  point  of  gear  2  may  be  represented  as  follows: 

v<2>  «  x  T|)  +  (  <)|<52  x  w12^ 

Here  T|  is  a  position  vector  drawn  from  the  origin  Of  to  a  point  on  gear  2. 
The  velocity  of  a  point  on  gear  1  may  be  determined  as 


The  relative  velocity  v(l2)  may  be  represented  by  the  following  equation: 
vjl2»  -  v|"  -  vi2'  -  ^(w|"  -  u|2')  x  r,^  -  (Z7^7x  u»i2>) 


-  (u|,2>  x  r,)  -  (Wx  up) 


(4.4.7) 


(4.4.8) 


i. 

Ji 

k, 

1. 

Ji 

ki 

a* 

0 

0 

utp  +  uip 

- 

C  sin 

C  cos  $| 

0 

*i 

y\ 

0 

0 

0 

--P  1 

y,  -  wpC  cos  <*,j  1, 
x,  -  upC  sin  <$,]  J, 


(4.4.9) 


The  subscript  1  in  equation  (4.4.9)  denotes  that  vectors  are  expressed  in  terms  of  components  of 
coordinate  system  St(x|.y, ). 

Assuming  that  the  shape  of  the  gear  1  tooth  is  represented  in  parametric  form  by  equation  (4.1.3). 
we  express  the  normal  vector  N  as 


N,  =  —1,  —  — j, 
de  d« 


(4.4.10) 


Now,  the  equation  of  meshing  may  be  represented  as 


f(6,4)  •  0 


(4.4.11) 


BJl  „<I2>  _ 

ae 


3jfi ..(«» m 

aeVyl 


Here  vi(  and  vv(  are  components  of  the  vector  vjl2‘  represented  by  equation  (4.4.9). 

Similar  results  may  be  obtained  if  the  scalar  product  is  expressed  in  terms  of  components  of 
coordinate  system  Sf.  Hence,  the  matrix  of  the  normal  Sf  is  (fig.  4.1.1) 


m  -  immi  - 


cos  0t  -  sin  0t 
sin  0!  cos  0t 


■  dy,  ' 

d6 

_  *1' 

J 

ae . 

ay,  dx,  . 

—  cos  0,  +  —  sin  0! 

(Tv  Ov 

dyi  ■  ,  3jt, 

—  sin  - cos  0i 

dtf  ae 


(4.4.12) 


The  relative  velocity  \}'r‘  is  represented  by 


v/,2>  =  ( u}'2)  X  r/)  -  (  u}:') 


r «/  if 

“/  ■ 

'  '/ J/ 

k/ 

as 

~3- 

+ 

'a' 

o 

o 

- 

0  C 

0 

l  *f  y/ 

2/  J 

0  0- 

u)'2’ 

= 

-  [  («">  +  «<2') 
!  v  ' 

>7  - 

•  Ul/2>C 

«/+ 

(4.4.13) 


Coordinates  xf  and  ty  may  be  expressed  in  terms  of  jr,  and  V|  with  the  matrix  equation 

[r>j  =  [W/iJlr.J 


■  V 

cos  0)  -  sin  0i  0  "j 

'  *1 ' 

yt 

= 

sin  0|  cos  0|  0 

i 

>1 

i 

1 

o 

o 

l _ 

.  1 . 

This  yields 

xy  =  x,  cos  0!  -  Vi  sin  0t  yy  =  X|  sin  0t  +  y,  cos  0|  (4.4. 14) 

Using  the  results  from  equations  (4.4. 12)  to  (4.4. 14).  we  may  determine  the  equation  of  meshing  by 

/(0,0)  =  Nrv/l2,  =  0 


(4.4.15) 


Another  kinematic  representation  of  the  equation  of  meshing  ii  based  on  the  following  General 
Theorem  of  Plane  Gearings. 

General  Theorem  of  Plane  Gearing  Conjugate  tooth  shapes  must  be  such  that  their  common  normal 
at  point  of  tangeocy  intersects  the  line  of  rotation  centers  0,0^  (fig.  4.4. 1 )  and  divides  it  into  two 
segments,  0,1  and  0,1 ,  which  are  related  as  follows: 

— ^  «  —  «■  mu  (0,1  +  02/  *  C)  (4.4.16) 

0,1  u»i 

Here  m(2  may  be  a  prescribed  function  such  as  mi2($,)  or  a  constant. 

Proof:  Consider  that  gears  I  and  2  route  about  centers  O,  and  02  (fig  4.4.1),  respectively,  and 
that  the  given  insumaneous  angular  velocity  ratio  is  m,2.  Thus,  the  location  of  the  insuntaneous 
center  of  rotation  is  determined  by  equation  (4.4. 16),  and  the  relative  motion  of  gear  I  with  respect 
to  gear  2  is  rcution  about  point  /  (with  angular  velocity  u*12’  »  w"1  +  ul3>  if  the  gears  route  in 
opposite  directions). 

Suppose  that  the  shape  Z,  of  gear  tooth  I  is  given  and  it  is  necessary  to  determine  the  shape 
E2  of  gear  2.  We  know  that  at  the  point  of  tangency  of  shapes  L,  and  E2,  point  M,  equation  (4.4.2) 

N*v,u’  *0 

must  be  observed. 

The  relative  velocity  vIIJ)  is  given  by 

v"2i  ,  w(i2i  x  (4.4.17) 


0? 


°1 

Figure  4  4.1.  Figure  4  4  2. 
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and  is  directed  along  T,  the  common  tangent  vector  of  the  shapes.  The  normal  N  is  perpendicular 
to  the  tangent  T.  Consequently,  the  normal  drawn  at  the  point  of  the  shape  tangency  M  must  pass 
through  the  instantaneous  center  of  rotation  /. 

If  shapes  £(  and  £2  are  chosen  arbitrarily,  they  cannot  transform  rotational  motion  with  the 
prescribed  angular  velocity  ratio  m l2.  Suppose  that  ml2  must  be  a  constant  but  the  shapes  of  the 
gear  teeth  are  not  conjugate.  Figure  4.4.2  shows  such  shapes  in  two  positions.  The  normals  N(l) 
and  N'J|  at  points  of  tangency  W,  and  M2  intersect  the  center  distance  at  two  different  points 
(/),  /}).  This  is  the  sign  that  the  motion  is  transformed  with  a  nonconstant  angular  velocity  ratio. 


4.5  Conjugate  Shapes:  Working  Equations  for  Their  Determination 

The  key  to  the  problem  of  conjugated  shapes  lies  in  determining  the  equation  of  meshing 

f («.+)-  0  (4.5.1) 

As  stated  earlier,  this  equation  relates  the  parameter  8  of  the  given  shape  £t  with  the  parameter 
4  of  the  locus  generation  (curve  L,  motion). 

To  And  a  conjugate  shape  with  the  classical  methods  of  differential  geometry,  the  following 
procedure  must  be  applied: 

(1)  The  locus  of  shapes  £|,  represented  by  the  vector  function 

r 2(8,<t>)  €  C1  (4.5.2) 

must  be  determined.  This  locus  is  generated  in  coordinate  system  S2,  which  is  rigidly  connected 
to  gear  2. 

(2)  The  equation  of  meshing  (4.5.1)  given  by 


*2 
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(4.5.3) 


must  be  determined. 

Although  the  above  method  is,  of  course,  workable,  the  following  procedure  substantially  simplifies 
the  determination  of  conjugate  shapes.  To  determine  the  equation  of  meshing  (eq.  (4.5.1)),  it  is 
not  necessary  to  develop  vector  function  (4.5.2).  determine  its  partial  derivatives,  and  then  derive 
equation  (4.5.3).  Representing  the  given  shape  Eg  by 

r,(0)«C'  ^*0  8i  G  (4.5.4) 

ad 

we  just  require  that  the  normal  N,(9)  passes  through  the  instantaneous  center  of  rotation  /.  The 
shape  E|,  represented  by  equation  (4.5.4),  is  a  simple,  regular  curve. 

To  find  the  conjugate  shape  £;,  it  is  necessary  to  determine  the  following:  (1)  the  relation 
between  the  location  of  contact  points  on  shape  I,  and  the  angle  of  gear  1  rotation  <t>,  and  (2)  the 
shape  of  gear  2  tooth  £2  as  the  I  cus  of  contact  points  in  coordinate  system  S2  (rigidly  connected 
to  gear  2).  In  addition,  we  may  determine  the  line  of  action  as  the  locus  of  contact  points  in  the 
fixed  coordinate  system  Sf. 

We  shall  limit  our  discussion  to  the  case  of  a  constant  angular  velocity  ratio  m]2.  However,  the 
equations  given  below  may  be  easily  applied  to  the  case  of  m,:(<f>,)  *  constant. 

Location  of  Pitch  Point 

Coordinates  of  the  pitch  point  /  (the  instantaneous  center  of  rotation  ant'  the  point  of  tangency 
of  gear  .  entrodes)  are  represented  in  coordinate  systems  S/  and  5,  as  follows: 


I 


\ 


Xf<*0  Y,~Olm 


I  +  «,  I 

X)  *■  r,  tin  K,  «  r,  cot  4, 


The  normal  to  shape  Et  is 


1  jU  1  lil  1  i/l  *' 

w  <77  w 


(4.3.5) 

(4.5.6) 


(4.5.7) 


where  I,,  j,.  and  k,  *ri  unit  vectors  of  the  axes  of  coordinate  system  St  (JTi.yi.z, ) . 

Equation  of  Meshing 

The  normal  N,  to  shape  E|  must  pass  through  the  pitch  point  I.  Thus, 


*,(*,) -x,t» 

N.itf) 


Ki(^i)  ->i(g) 
Ny  |(4) 


-/(».♦  l) 


0 


(4.5.8) 


Equations  (4.5.6),  (4.5.7),  and  (4.5.8)  yield 

r,  sin  «,  -x,(0)  r,  cos  4,  -  y,(fl) 

- + - «/(*.*,)  =  0  (4.5.9) 

dyi  a*, 

a*  aa 

This  equation  relates  the  location  of  the  contact  point  on  I,  (parameter  0)  with  the  angle  of  gear 
rotation  <t>\. 

The  equation  of  meshing  may  also  be  derived  by  using  the  equation  of  the  normal  represented 
in  coordinate  system 


=  0  (4.5.10) 

N’f  Nyf 

Here  Xf  =  0,  Yf  =  rt,  and  (*/.>'/).  and  (Nlf,Nyf)  are  represented  by  the  following  matrix  equations: 

ty  =  Wn\\rx\  |ty  =  tfyiPM  (4.5.11) 

where  (fig.  4.5.1) 
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cos  <£, 

-  sin  0, 

I  Mfl\  = 

sin  di 
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Line  of  Action 
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The  line  of  action  is  determined  by  the  following  equations: 

=  ltyill',1  /<(U,)  =  0 


(4.5.13) 


Shape  Ej  it  determined  u  follows: 


kjl  -  -  [A/vJI^Hr.l  /(*.0,)  -  0  (4.5.13) 

Problem  4.5.1  Consider  the  Root's  blower  which  consists  of  two,  two-lobed  gears  (fig.  4.5.2(a)). 
The  shape  E,  is  a  circular  arc  of  radius  p  centered  at  point  C.  The  angle  AO,B,  corresponding 
to  the  tooth  addendum,  is  equal  to  90*.  and  parameters  a  =*  0,C,  p,  and  r  are  related  through 
the  following  equation: 


r2  +  a2  -  lar  cos  45*  “  p2 

The  shape  Et  is  represented  by  the  equations 

jt|  =  p  sin  0  y(  =  p  cos  9+a  -45*  <  0  <  45*  (4.5.14) 

Determine  (I)  the  equation  of  meshing.  (2)  the  line  of  action,  and  (3)  equations  of  the  shape 
E.,  which  is  conjugate  to  E(.  Apply  coordinate  systems  shown  in  figure  4.5.2(b). 

Answer.  The  equation  of  meshing  is 

/(0,0 |)  ■  r  sin  (5  -  0)  -  a  sin  9  *  0  (4.5. 15) 

The  line  of  action  is  represented  by 

Xf  *  p  sin  (9  -  0)  -  a  sin  0  yf  =  p  cos  (9  -  0)  +  a  cos  0  r  sin  (9  -  0)  -  a  sin  9  »  0 

(4.5.16) 


The  equations  of  shape  E2  are 

jc2  =  p  sin  (9  -  20)  -  a  sin  20  +  2r  sin  0 

y2  =  p  cos  ( 9  -  20)  +  a  cos  20  -  2r  cos  0  (  (4.5. 17) 

r  sin  (9  -  0)  -  a  sin  9  =  0 

Here  0j  ”  02  =  0  is  the  angle  of  rotation  of  gear  1  and  rt  =  r2  =  r  is  the  centrode  radius 


Chapter  5 


Plane  Gearing  Analysis 

The  essence  of  the  problem  of  plane  gearing  analysis  may  be  stated  as  follows:  The  tooth  shapes 
of  the  meshing  gears  are  defined,  and  the  distance  between  centers  of  gear  rotation  is  given.  We 
wish  to  determine  (I)  the  law  of  motion -the  relation  between  angles  of  gear  rotation  and  (2)  the 
line  of  action  of  the  gear  teeth. 

There  are  two  typical  cases  when  gearing  analysis  is  applied:  (1)  to  determine  the  kinematical 
errors  in  a  gear  mechanism  which  are  induced  by  errors  of  manufacturing  and  assembly  and  (2) 
for  the  optimal  synthesis  of  gears  (especially  for  synthesis  of  spatial  gearings).  The  optimal  synthesis 
of  gearings  is  usually  an  iterative  computational  procedure  which  requires  intermediate  analysis 
between  iterations.  Such  analysis  provides  information  on  the  achieved  results  and  is  the  basis  for 
the  next  iteration. 

The  method  of  analysis  discussed  in  this  chapter  was  first  proposed  by  F.L.  Litvin  (1968).  This 
method  may  be  applied  not  only  for  gears  but  for  most  direct-contact  mechanisms  (such  as  cam 
mechanisms). 


5.1  Equations  of  Tooth  Shape  Tangency 

Consider  again  coordinate  systems  St,  S2,  and  S(  rigidly  connected  to  gears  1  and  2,  and  the 
frame,  respectively.  Tooth  shapes  E,  and  E2  (of  gears  1  and  2)  and  their  respective  unit  normals 
are  represented  by  the  following  equations: 


r,  =  r,(0,)  r,(0,)  €  C2 


—  *0  MG, 

nn  1  1 


(5.1.1) 


n,  =  n,(0,) 


(5.1.2) 


r2  =  r2(02)  r2(02)  €  C2 


—  *  0  92  €  G2 

302 


(5.1.3) 


n2  =  n2(02) 


(5.1.4) 


(See  ch.  3,  secs.  1  and  2.)  The  transformation  of  the  point  coordinates  and  unit  normal  projections 
from  moving  systems  S,  and  S2  to  fixed  system  S(  is  given  by 


-  WH 


(5.1.5) 
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M -  M  ["•] 

(5.1.6) 

[r*]  ■  M  H 

(5.1.7) 

M  *  M  [**] 

(5.1.8) 

Henceforth,  superscripts  (1)  and  (2)  will  refer  to  tooth  shapes  E,  and  Ej,  whereas  subscripts  will 
denote  the  coordinate  system  in  which  the  shapes  are  represented.  Equations  (5.1.1)  to  (5.1.8) 
represent  the  locus  of  shapes  Eu  and  L2*  and  their  corresponding  unit  normals  in  coordinate 
system  Sf.  From  these  equations  we  get 

(5.1.9) 

«  nJ'Vfl,.*,) 

(5.1.10) 

r}2>  -  rf\0^)  €  £2 

(5.1.11) 

a}2>  =  «/2%,<h) 

(5.1.12) 

In  order  lo  be  in  tangency,  shapes  E,  and  E2  must  coincide  at  some  point  where  their  unit  normals 
are  collinear.  Hence, 


=  rf2\02,<t>2)  (5.1.13) 

=  n}2,(02'4:)  (5.1.14) 


Notice  that  equation  (5.1.13)  expresses  only  that  shapes  E,  and  E2  share  a  common  point  in  space. 
However,  this  point  can  be  either  a  point  of  tangency  or  a  point  of  intersection  of  the  two  curves. 
Only  when  both  equations  (5.1.13)  and  (5.1.14)  are  satisfied  a  point  common  to  curves  0,  and 
02  is  indeed  a  point  of  tangency. 

In  place  of  equation  (5.1.14).  the  equation 


Nj"(0,.4>|)  =  XN):,(e:.<*:) 


(5.1.15) 


may  be  used  to  express  the  collinearity  of  normal  vectors.  It  will  be  seen,  however,  that  equation 
(5.1.14)  is  the  basis  for  important  kinematic  relations  in  plane  gearings  (see  ch.  6)  and.  thus,  is 
prefen-ed.  It  is  important  to  note  that  the  directions  of  unit  normals  n)11  and  n}2’  may  either  coincide 
or  be  opposite  each  other  and  still  insure  the  tangency  of  shapes  E,  and  E2.  If  the  latter  case  is 
considered,  equation  (5.1.14)  may  still  be  observed  by  changing  the  order  of  the  factors  in  one 
of  the  cross  products  which  define  the  normal  vectors.  For  example 


Nl_ 

IN,  | 


®2 


fh 

|N2| 


(5.1.16) 
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N2  -  k2  x 
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5.2  Analysis  of  Meshing 

Equations  (5.1.13)  and  (5.1.14)  may  be  rewritten  as 


r/Vi.^t)  -  t/2>(02'^2)  =  0 

(5.2.1) 

n;v,.*,)  -  n;2,(02,<*>2)  =  o 

(5.2.2) 

By  projecting  the  above  position  vectors  and  unit  normal  vectors  on  a  set  of  coordinate  axes,  we 
obtain  a  system  of  four  scalar  equations,  only  three  of  which  are  independent.  Since  n)"  and  n)2> 
are  unit  vectors,  we  have  one  “built-in"  relation 


(5.2.3) 


Consequently,  if  one  component  of  the  unit  normal  vectors  is  equal,  for  instance,  if 


„(l>  -  »(2> 
nfx  -ltft 


(5.2.4) 


is  observed,  then  the  other  projections  are  also  equal 


„<»  -  „,2> 

nf>  ~nfy 


(5.2.5) 


Equations  (5.2.1)  to  (5.2.3)  yield  the  following  three  equations  in  four  unknowns: 

/i(0,.<M2,<fc)  =  o  /2(0i,<M2,<fc)  =  o  fi(e^,^ue1,<t>2)  =  o  (5.2.6) 

where 


The  analysis  of  plane  gearing  may  be  completed  if  equations  (5.2.6)  can  provide  three  functions 
of  one  variable  parameter,  such  as 


(»i(*iW4i).W4,))«C' 


(5.2.7) 


According  to  the  Theorem  of  Implicit  Function  System  Existence  (see  app.  B),  functions  (5.2.7) 
exist  (at  least)  in  the  neighborhood  of  a  point 


r  -  («r.*r.*2.tf) 


(5.2.8) 


if 


0)  ^./i./j)€C' 

(2)  Equations  (5.2.6)  are  satisfied  at  point  P* 

(3)  The  following  Jacobian  differs  from  zero 


ffi/i  ■/:■/)) 


0(0|.02.02) 


bA 

A 

A 

00, 
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dh 

00, 
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00, 

002 
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about 

the  i 

meshi 

(5.2.9) 


*  - - — —  •»  j/iv/invg  UIIVI 

£2:  (I)  function  02(0 1)  represents  the  relation  between  angles  of  gear  rotation -the  law  of  motion 
and  (2)  functions  0,(0,)  and  d2(<bt)  define  the  points  on  shapes  £,  and  £2.  which  are  in  tangency 
for  a  given  value  of  gear  1  rotation. 

The  line  of  action  of  contacting  profiles  £,  and  E2  is  given  by  the  functions 


r T<*f*t) 


9|  (0.) 


or  by 


rf2%-<h)  02(0 ,) 


(5.2.10) 


(5.2.11) 


In  some  cases  a  variable  parameter  other  than  0 |,  for  instance  0, .  may  be  chosen  when  solving 
equations  (5.2.6).  In  this  case,  the  solution  of  these  equations  is  given  by  the  functions 


f*i(0,).02(0|).<M0i))  €  C' 
and  the  following  Jacobian  must  differ  from  zero: 

DifJz.h) 


62,^2) 


*  0 


(5.2.12) 


(5.2.13) 


As  mentioned  earlier,  the  method  of  analysis  proposed  here  may  be  applied  not  only  for  gear 
drives  but,  in  fact,  for  most  types  of  direct-contact  mechanisms.  For  instance,  application  to  a  cam 
mechanism  with  a  flat-faced  follower  is  considered  in  problem  5.3.1. 

5.3  Computation  Process 

In  genera],  the  determination  of  functions  (5.2,7)  or  (5.2.12)  requires  an  iterative  numerical 
procedure  and  the  aid  of  a  computer.  To  start  iterations,  one  point  (eq.  (5.2.8)).  a  set  of  parameters 
(0*  ,0,"  ,02*  with  which  the  system  of  equations  (5.2.6)  is  satisfied,  must  be  known.  The  aim 

of  the  next  step  is  to  determine  a  new  point  which  satisfies  equations  (5.2.6) 


9(1) 


(5.3.1) 
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The  iterative  process  of  computation  may  be  based  on  the  following  procedure: 

(1)  Pick  a  subsystem  of  two  equations  from  the  system  of  three  equations(5.2.6). 

(2)  Assume  that  this  subsystem  is 


fiifi “  0  /j(0|.$i.02.^2)  =  0  (5.3.2) 

Consider  0,  =  <£("  as  given,  and  choose  9\  =  9\l).  Thus,  the  system  of  equations  (5.3.2)  may  be 
solved  for  92  and  Let  the  solution  be  9{'\ 

(3)  The  new  set  of  parameters  (point  (5.3.1))  is  determined  indeed  if  the  remaining  equation 

/i<Mi.M2>-0  (5.3.3) 

is  satisfied  by  the  set  (0j,\$j,\0jl\$j,)).  If  equation  (5.3.3)  is  not  satisfied,  then  a  new  value  for 
Oj”  must  be  chosen,  and  equation  (5.3.2)  must  be  solved  and  checked  with  equation  (5.3.3),  etc. 

The  above  iterative  process  is  based  on  dividing  the  system  of  three  equations  (5.2.6)  into  two 
subsystems,  two  equations  (eqs.  (5.3.2))  and  one  equation  (eq.  (5.3.3)),  and  their  separate  solutions. 

Equations  (5.3.2)  and  (5.3.3)  are  nonlinear  algebraic  equations,  and  we  must  apply  a  standard 
computer  program  for  their  solution,  for  instance,  a  program  which  is  based  on  the  Newton  algorithm 
(Korn,  1968). 

Problem  5.3.1  Consider  a  cam  mechanism  with  a  flat-faced  follower.  The  cam  profile  is  a  circle 
of  radius  p  centered  at  point  C  (fig.  5.3.1)  whose  center  of  rotation  is  Of.  The  follower  contacts 
the  cam  at  points  on  its  straight  line,  which  coincides  with  axis  x2. 

Set  up  coordinate  systems  5|(Jt|,yt)  and  S2(x2,y2),  rigidly  connected  to  links  1  and  2,  and  the 
fixed  coordinate  system  5r(jcf,>f).  Represent  conjugate  shapes  of  the  cam  and  the  follower  as 
follows: 

(1)  The  shape  of  the  cam 


jc,  =  p  cos  #i  yi  =  a  +  p  sin  9, 


(5.3.4) 


where  a  =  OfC  and 

(2)  The  shape  of  the  follower  is  given  by 

x2=92  y-  0  (5.3.5) 

The  parameter  92  is  negative  for  points  which  belong  to  the  negative  x2  axis. 

Apply  the  method  presented  in  this  chapter  and  determine  the  following  functions: 
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(1) r($),  where  0  $  4  s  2r.  which  represents  the  relation  between  parameters  of  motion  s  and  $ 

(2)  0,(^)  and  which  represent  the  relations  between  shape  parameters  and  the  parameter 
of  motion  <8 

(3)  Xf(<&)  and  >'/(<*>),  which  represent  the  line  of  action 
Directions  for  the  solution  are  as  follows: 

Step  /.—Determine  unit  normals  for  the  conjugate  shapes  in  coordinate  systems  5t  and  S;  so 
they  have  coinciding  directions. 

Step  2.— Represent  conjugate  shapes  and  theii  unit  normals  in  the  coordinate  system  5f. 

Step  /.—Develop  the  equations  of  tangency  of  the  two  conjugate  shapes  which  are  analogous 
to  equations  (5.1  13)  and  (5.1.14),  and  obtain  the  desired  functions. 

Answer. 

i  *  a  cos  $  +  p  (The  cam  mechanism  performs  harmonic  motion.) 


8\m  —  8}  «  -a  sin  $  xj— -a  sin  0  yy*p  +  a  cos  £ 


Chapter  6 


Basic  Kinematic  Relations  of  Plane  Gearings 
and  Their  Application 


6.1  Basic  Kinematic  Relations 

Consider  two  gears  which  are  in  mesh.  As  explained  in  chapter  5.  I .  for  shapes  E,  and  E2  (of 
gears  1  and  2,  respectively)  to  be  in  continuous  tangency,  the  position  vectors  and  unit  normals 
of  each  gear  must  be  equal  at  the  instantaneous  point  of  contact  of  gear  shapes  at  every  moment. 
These  requirements  are  represented  by  equations  (5. 1.13)  and  (5. 1 . 14).  Since  these  equations  are 
to  be  observed  continuously  at  any  instantaneous  point  of  contact,  we  may  differentiate  them.  This 
yields 


and 


r(,,0„*,)  =  r  ,2\82,<h) 

h<,,(0„*l)  =  hi2\e2,<t>2) 


(6.1.1) 


(6.1.2) 


Here  r<1'  (/  =  1,  2)  is  the  velocity  of  the  contact  point  in  absolute  motion  (motion  relative  to  the 
frame);  n is  the  linear  velocity  of  the  tip  of  the  unit  normal  vector  in  absolute  motion.  Equations 
(6.1.1)  and  (6.1.2)  may  be  expressed  as  follows: 


....  „  9r(l)  d<t>\ 

=  r(l’(0, .<(>,)  =  —  —  + 
d(p  j  at 


dr  a)d9i  dr  (2)dfa  dra)d62 

- I  =  ri2\e2,<t>2  = - -^  + - - 

de^  dt  d<t>2  dt  de 2  dt 


(6.1.3) 


„  3n n)d<t>,  dn dn(2)d<t>,  dnt2)  dd2 
=  n'V,.*])  =  —  —  +  ~~  =  ha\d2,<t>2)  =  - - —  + - - 


d<t>\  dt  dd,  dt 


d<t> 2  dt  dd2  dt 


(6.1.4) 


Here  t  represents  time. 

Imagine  that  trihedrons  T(l>,  n(l),  and  b(l>  (see  ch.  3.3)  are  connected  to  shape  Ef  at  shape 
contact  point  Af,  (j  =  1 ,2)  (fig.  6.1.1).  Equation  (6. 1. 1)  indicates  that  the  common  origin  of  each 


9) 


trihedron  moves  with  the  same  velocity,  while  equation  (6. 1 .2)  expresses  that  the  tips  of  unit  vectors 
and  n,J)  move  with  the  same  velocity.  Similarly,  the  tips  of  unit  vectors  r*1'  and  r,2]  move 
with  equal  velocities.  Thus 


(6.1.5) 

Since  we  are  dealing  with  planar  curves,  the  unit  vectors  b(l>  and  b‘J)  keep  their  original  directions, 
so 


b<»  =  b,J’  =  0  (6.1.6) 

Let  us  derive  kinematic  relations  based  on  equations  (6.1.1 ),  (6. 1 .2).  and  (6. 1 .5).  As  the  contact 
point  moves  through  space  during  tooth  meshing,  so  does  each  trihedron.  The  absolute  motion 
of  each  trihedron  may  be  represented  as  a  motion  of  two  components:  (I)  transfer  motion— together 
with  the  shape  (with  coordinate  system  S,)  and  (2)  relative  motion— relative  to  the  shape  (to 
coordinate  system  5,).  Equations  (6.1.3)  may  be  represented  as 

^  =  V<"  +  v<»  =  v<J»  +  vr'J>  (6.1.7) 

where 


v 


0)  _ 
tr 


dr(,>  d<t>, 
d<$>,  dt 


v 


<i)  _ 

r 


ar(,)  d6, 
36,  dt 


(«  =  1.2) 


Similarly. 


n*b,  =  ’  +  nr(l)  =  nl2>  +  nri:> 


(6.1.8) 


where 


dn 


(i> 


3d>, 


d<t>, 

dt 


and 
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_  d6, 

’  36,  dt 


The  transfer  velocity  of  a  contact  point  may  also  be  represented  by  the  following  equations: 


*»  w'"  x  r"*  (6.1.9) 

v£2>  ■  (ui2)  x  r"’)  +  Of 6 2  x  w,2)  (6.1.10) 

(See  ch.  2.3.)  Here  r<n  is  the  position  vector  drawn  from  the  origin  Of  of  coordinate  system  Sf 
to  the  point  of  contact.  It  is  assumed  that  the  line  of  action  of  w(l>  passes  through  origin  Of,  and 
the  line  of  action  of  u><2>  (which  is  parallel  to  w<n)  does  not  pass  through  Of.  The  sliding  vector 
w<2),  which  passes  through  point  02  (fig.  2.1.4),  is  substituted  (1)  by  an  equal  vector  w(2\  whose 
line  of  action  passes  through  the  point  Of  and  (2)  by  a  moment  Of  Of  x  ul2>,  which  expresses 
a  linear  velocity. 

Let  us  prove  that  the  transfer  velocity  of  the  tip  of  the  unit  normal  may  be  represented  as  follows: 

hi!1  =  u(l>  x  nU)  (6.1.11) 

Consider  a  planar  curve  (fig.  6.1.2)  with  a  unit  normal  n (,)  at  its  point  M.  The  curve  rotates  about 
axis  Oa  with  angular  velocity  w(l>.  Let  us  substitute  the  sliding  vector  y 1,1  by  an  equal  vector 
co <0,  whose  line  of  action  is  Mb,  and  a  moment  m  =  MU  x  u<l>.  (See  ch.  2.3.) 

Then,  point  M,  with  the  unit  normal  n('\  takes  part  in  two  motions:  (1)  translation  with  linear 
velocity  m  (it  is  perpendicular  to  plane  /  in  figure  6. 1 .2)  and  (2)  rotation  about  axis  Mb  with  angular 
velocity  U0).  Vector  n(,)  keeps  its  original  direction  in  translational  motion— its  direction  is 
changed  only  by  rotation.  Thus,  the  change  of  the  direction  of  the  unit  normal  depends  on  the  angle 
of  rotation  only,  and  the  velocity  of  the  tip  of  the  unit  vector  in  rotational  motion  may  be  represented 
by  equation  (6.1.1 1). 

Let  us  now  transform  equations  (6. 1 .7)  and  (6. 1 .8).  Equations  (6. 1 .7),  (6. 1 .9),  and  (6. 1 . 10)  yield 

vr<2>  =  v,<n  +  v,',1 1  -  v/r2)  =  v,(1)  +  v,l2) 

*  ^vf">  +  («<l2>  x  -  (t^x  «,2>)  (6.1.12) 

Here  w<l2)  =  u(l)  -  u,2)  and  v(l2)  =  v,*.11  -  \}2)  is  the  velocity  of  point  Mx  of  shape  E|  with 
respect  to  point  M2  of  shape  Ej,  while  points  Mx  and  M2  coincide  at  a  common  point  M—  the  point 
of  tangency  of  shapes  Et  and  E2.  Similarly,  equations  (6.1.8)  and  (6.1.11)  yield 

nr<2)  =  n,<0  +  (n}ru  -  h/,2))  =  hr(l)  +  (w“2)  x  n)  (6.1.13) 

where  w<l2)  =  «<1>  -  w(2>.  Similarly,  we  obtain 

fr<2)  =  f/”  +  («(,2)  X  t)  (6.1.14) 

We  call  equations  (6. 1 . 12),  (6. 1.13),  and  (6. 1 . 14)  the  basic  kinematic  relations  of  plane  gearing. 
These  relations  were  first  proposed  by  F.L.  Litvin  (1968).  On  the  basis  of  these  equations,  important 
relations  in  the  theory  of  gearing  may  be  developed,  such  as  relations  between  curvatures  of 
conjugated  shapes,  conditions  of  tooth  nonundercutting,  and  kinematic  error  analysis  of  gear  trains. 
(See  sec.  6.2  and  6.3.)  Analogous  relations  may  be  established  for  spatial  gearings  too.  (See  ch.  12.) 

Example  6.1.1  Consider  the  cam  mechanism  shown  in  figure  5.3.1.  Figure  6.1.3  shows  links  of 
this  mechanism  in  two  neighboring  positions,  denoted  by  1  and  II.  The  fixed  coordinate  system 
is  Sf.  The  cam  shape  is  a  circle  centered  at  C:  C*"  and  C,M|  are  two  positions  of  this  center 
corresponding  to  the  initial  position  of  the  cam  and  its  position  after  it  rotates  through  an  angle 
<t>-  The  center  of  cam  rotation  is  point  O.  Contact  points  of  the  cam  and  follower  at  their  two  positions 
are  Mf1  and  Mfl,\  respectively. 


Kinematic  relations  (6.1.12)  and  (6.1.13)  may  be  illustrated  in  the  following  manner.  (In  this 
example  displacements  are  considered  instead  of  velocities.)  The  displacement  of  the  contact  point 
in  absolute  motion  is 

Denoting  the  cam  as  link  1  and  the  follower  as  link  2,  we  may  represent'd^  as  follows: 


Here  the  transfer  displacement  of  point  A/,  with  the  cam  is 


The  relative  displacement  of  point  Af,  along  the  cam  shape  is 


The  transfer  displacement  of  point  M2  with  the  follower  is 


The  relative  displacement  of  point  M2  along  the  follower  shape  is 

As/’1  =  M2Mf' 

The  change  of  the  unit  normal  in  absolute  motion  may  be  represented  as 
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In  this  particular  case  An^,  is  equal  to  zero.  The  displacement  An(l/),  may  also  be  represented  as 
follows: 


An.*,  =*  An£"  +  Anr(M  *  An£2)  +  Anr,J> 


Here 

An,,1*  =  B|  —  n/1* 

is  the  direction  change  for  the  unit  normal  of  the  cam  shape  by  transfer  motion  (with  the  cam). 
The  direction  change 

An'1'  -  nf  -  n, 

is  for  the  unit  normal  of  the  cam  shape  in  relative  motion  while  the  contact  point  moves  along 
the  cam,  and  An,', '  and  An',21  are  the  direction  changes  for  the  unit  normal  of  the  follower  in  the 
transfer  and  relative  motions,  respectively.  In  the  particular  case  considered.  An,12’  and  An',2’  are 
equal  to  zero. 


6.2  Conjugate  Shapes:  Relations  Between  Curvatures 

The  determination  of  the  curvature  of  in  envelope  of  planar  curves  is  a  difficult  problem  taking 
into  account  that  the  envelope  is  usually  represented  by  complicated  equations,  even  if  the  equations 
of  the  locus  of  curves  are  simple.  Thus,  it  is  an  attractive  prospect  to  find  the  curvature  of  an  envelope 
without  having  its  equations  (i.e.,  having  only  the  equations  of  the  curve  of  the  locus).  Such  a 
method,  based  on  relations  between  curvatures  of  conjugate  shapes,  was  first  proposed  by  F.L. 
Litvin  (1968,  1969). 

Consider  the  following  conditions: 

(1)  Three  coordinate  systems  S, ,  S2,  and  Sf  are  established.  Coordinate  systems  S,  and  S2  are 
rigidly  connected  to  the  driving  and  driven  gears  1  and  2;  coordinate  system  Sf  is  rigidly  connected 
to  the  frame. 

(2)  The  shape  E,  is  represented  by 


r,(0,)€C2  MG  —  *0 

</0, 


(6.2.1) 


(3)  The  angles  of  gear  rotation  <t>]  and  <£2  are  related  by  the  function 

€  C2  a  <  0,  <  b  (6.2.2) 

(4)  The  equation  of  meshing  is  determined  and  represented  by  the  equation  (ch.  4.5) 


nj  •  \f  =  n \j  > 


(<>xr;")-(o^xuf) 


=  /(0,.<5,)  =  0 


(6.2.3) 


(5)  The  curvature  of  the  shape  L,  is  represented  by  the  equation 

k,v‘"  =  -  n'1’  (6.2.4) 

(See  ch.  3.3.)  The  problem  is  to  determine  the  curvature  of  the  shape  E2. 

The  solution  to  this  problem  is  based  on  the  following  equations: 

«t2vj2’  =  -  nj2’  (6.2.5) 
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y(2)  m  v(t)  +  V(I2) 

(6.2.6) 

nf<2)  -  h«"  +  («,,2»xn'") 

(6.2.7) 

—  (n*  v<,2))  *  0 
dt 

(6.2.8) 

Equation  (6.2.8)  is  simply  the  equation  of  meshing  differentiated  with  respect  to  time.  The  subscript 
/in  equation  (6.2.8)  is  dropped  for  simplification. 

Let  us  transform  equation  (6.2.8)  as  follows: 


—  (n«v<,2>)«  (n<l,»v<,2))  +  (n*  — (v<l2)))  =0 
dt  v  '  v  dt  ' 


(6.2.9) 


Here 


n("  -  n 


n<"  +  h<'>  =  («">  x  n<»)  +n«» 


(6.2.10) 


We  represent  the  derivative  —  (v1121)  by 


-(v‘,2>)  -  -  («<»  -  «<2>)  x  r(,)  -(Cxu«2>)] 

dt  dt  J  J 


(6.2.11) 


where  C  =  0f  02.  Not  losing  generality  in  our  solution,  we  assume  that  gear  1  rotates 
counterclockwise  with  constant  angular  velocity  w"’.  The  angular  velocity  of  gear  2  is 


U(2)  =  Twl2lk  =  T- 


,(l) 


"»l2(^t) 


where 


n«i:($i)  - 


1 


d<b\  _ _ 

d<t>i  J 

—  (<*:(«,)) 

a<t>  i 


The  time  derivative  w2  is 


U)<2>  =  T  — —  ( k 

d<t>\  \m|2(0|)/  dt  (ml2) 


±  wI2m  u  k  =  _  WI2U>  ^(2) 


ml2 


m,2 


(6.2.12) 


(6.2.13) 


9* 


Here  the  upper  sign  of  ±  or  T  corresponds  to  gear  rotations  in  opposite  directions, 
d 

mu  ”  — —  (M|^|)),  and  k  is  the  unit  vector  of  axis  zf. 

Now  let  us  transform  equation  (6.2.11) 

<l2>)  -  -  (««>  x  r<")  +  («,,2)  x  r">)  -  (c  x  ««>) 

«*  (-«<2)  x  r<0)  +  («<l2)  x  (v^.0  +  v*1*))  -(cx  ci(2>)  (6.2.14) 

Note  that  expression  r"’  -  «  v^vj".  Substituting  ci<2)  from  (6.2.13),  we  get 

- (v',2>)  «  ^W(«<2>  x  r<")  +  (C  x  w'2')) 
dt  m)2  v  ' 

+  (w,,2»  X  v<")  +  (w"2>  X  vi'>) 

=  +  («<l2>  x  v'")  +  («(l2>  x  v<!>)  (6.2.15) 

Equations  (6.2.9),  (6.2.10),  and  (6.2.15)  yield 

—  (n("»  v(,2>)  »=  nr(,)*v<,2)  +  {<i>,hn(l,v(,2))  +  [n(llw,l2,vZl)J 
dt 

+  [n"»w"2yr"j  +  --H«"»(n"».  v^»)  =  0  (6.2.16) 

ml2 

We  may  transform  equation  (6.2.16)  further  by  taking  into  account  the  following  relations: 

Jw'VV12']  =  _  jn,l,w{"vjr"]  +  |n"’«<l,v|2,j  (6.2.17) 

^n"W2,v{rl,J  =  J^n,l,w,"v|r1)]  -  ^n'l'«,3'v,<rnJ  (6.2.18) 

Equations  (6.2.17)  and  (6.2.18)  yield 

[w<»b«'V'2>]  +  [n(,’w,,2,v«"]  =  [n">ul,,v;r2'] 

-  ^n,n«,2,v{r"j  =  n"’*  [(w*1*  x  v,,2’)  -  («‘2)  x  vj,!’)]  (6.2.19) 


Further  transformation  of  equation  (6.2. 19)  may  be  done  by  noting  that 


«(,)  x  vj21  -  (w01  x  (u<2>  x  r<n))  +  x  (C  x  u,lhi) 

■tf^w****  r*1*)  -  r|lW>»«,:))  +  C(w,,*»<i>(2*)  — 


-(C  -r(,>Kw,".w<2)) 


(6.2.20) 


Here  w(l,*r<n  ■  0  and  w,n*C  ”  0  because  of  the  perpendicularity  of  vector*  in  these  scalar 
products.  Similarly, 


u<2>  x  v^!*  ■  x  (w"*  x  r"’)  “  faj,,)(w,J'»r,l>)  -  r<l,(w(,,«w(2>) 


-  -r(V"*tf<2)) 


(6.2.21) 


Equations  (6.2.19)  to  (6.2.21)  yield 

.  »"*•  |*(wm  x  v^21)  —  x  ■  (nm*C)(wn,»  «,2>)  (6.2.22) 


The  final  expression  of  equation  (6.2.16)  is  as  follows: 

—  ^n111  •  v<121^  »•  n*11.  v,l2t  +  ^n,,,w,,2VJl> 

+  (d,".C)(«,".«(2»)  +  —  u)(,,(nll)*  v^’)  *  0  (6.2.23) 

m,2 

To  get  the  direct  relation  between  curvatures  of  conjugate  shapes  k,  and  *2,  we  apply  a  system 
of  equations  (6.2.23)  and  (6.2.4)  to  (6  2.7).  We  may  transform  this  system  of  equations  and  obtain 
a  system  of  three  equations  to  two  unknowns,  vjn  and  vj2\  For  these  transformations  we  represent 
that 


v; 


a; 


V<2>: 


„(2). 


„<I2> 


„<I2> . 


(6.2.24) 


Here  I,  is  the  unit  vector  of  the  common  tangent  to  the  conjugate  shapes,  vectors  v‘2)  and  vll2) 
are  collinear  at  the  point  of  shape  tangency,  and  vj",  vj2’,  and  v"21  must  be  considered  as  algebraic 
quantities  (they  may  be  positive  or  negative).  Next  we  substitute  vector  nj"  by  using  equation 
(6  2.4).  Equations  (6.2.23)  and  (6.2.4)  yield 

-«,v;V,2,.|,)  +  v'"[l(n">«"2>l  =  -  (nlll.C)(u'l».«ffl)  -  ^tf»,(n"'»vj?’) 

L  J  "»12 
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We  may  represent  the  unit  normal  vectors  as 


■m  -  I,  x  k  (6.2.25) 

which  yields  the  triple  product 

«  -  I, •  x  (i,  x  k)j  *»  -  !,•  ^I,(ctf<l2)»k)  -  k(«<l2,»l,)j 
-  -«<l2l*k  (6.2.26) 

Here  k  is  the  unit  vector  of  axis  z,  and 

tt112*  •  I,  m  0 

due  to  the  perpendicularity  of  these  vectors. 

Equations  (6.2.24)  to  (6.2.26)  give 

[«,(v(,2'.i,)  +  (u>"2,.k)jv;"  =  6,  (6.2.27) 

where 

6,  -  (n"».CX«,l,•«,2,)  +  — u>"'(n,".v<2>) 

m,2 

Equation  (6.2.6)  yields 


-vj"  +  v;2,  =  v(,2>.«,  (6.2.28) 


Equations  (6.2.7).  (6.2.4),  (6.2.5),  and  (6.2.26)  yield 


«2v<2>  =  M"2,.k  (6.2.29) 


Equations  (6.2.27)  to  (6.2.29)  represent  a  system  of  three  linear  equations  in  two  unknowns  as 
follows: 


0,1*1  +  al7x  2  =  b,  (i  =  1,2.3)  (6.2.30) 


where 
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On  -*,(V'"‘,.|1)  +  <U"‘’.|t) 


a,2-0 


ml2  V  ' 

a2(  -  -  1  <>22  ■  I 


Oji  -  K|  aJ2  «  -*2  bj  ■»  <I»02>  •  k 


*|  ■  v/"  x2  ••  v<2> 


It  ii  known  from  linear  algebra  that  (he  system  of  equations  (6.2.30)  possesses  a  unique  solution 
if  and  only  if  the  system  matrix 

»n  »I2 
a2l  a22 
.  all  a12  . 

and  the  augmented  matrix 

o,i  a  12  b, 
a2t  022  h 

»JI  0.12  by 


are  of  the  same  rank.  This  results  in  the  requirement  that 


0 II 

0 12  ^1 

Oil 

0 

b, 

02, 

a2  2  b7 

» 

-1 

1 

b2 

on 

0 12  by 

*1 

—  *2 

by 

(6.2.31) 


Substituting  coefficients  of  the  determinant  (6.2.31)  with  the  above  expressions,  we  get 
_  »i|6|-(v":'«l,)(u>li:>«k)|  -  (u>'i:y 

2  «,(v"2')2  -f  (ta>":'*k)(v":'.|r)  +  by 

The  expression  for  the  coefficient  bt  was  presented  above.  Equation  (6.2.32)  is  the  basic  equation 
which  relates  the  curvatures  of  tooth  shapes  in  planar  gearings. 

Consider  a  particular  case  when  shapes  L|  and  are  in  contact  at  the  pilch  point.  At  this  point 
v,l2'=0,  and  the  curvature  of  shape  £•.  is 


Transformation  of  Translation  into  Rotation  and  Rotation  into  Translation 

Consider  that  a  rack  cutter  1  generates  a  gear  2.  The  shape  E|  is  given,  and  it  is  necessary  to 
determine  relations  between  the  curvatures  of  shapes  E,  and  Ej.  We  set  up  three  coordinate  systems 
5t,  S2,  and  Sf,  as  shown  in  figure  6.2.1(a).  It  is  assumed  that 


-  «  r  -  constant 
u 


Here  v  is  the  velocity  of  the  rack  translation,  u>  is  the  angular  velocity  of  gear  rotation,  and  r  is 
the  radius  of  the  gear  centrode.  The  relation  between  curvatures  of  shapes  E,  and  E2  is  based  on 
equations  (6.2.4)  to  (6.2.7)  and  (6.2.16).  But  for  the  consii'  '  case,  new  equations  must  be 
developed  instead  of  equations  (6.2.7)  and  (6.2. 16)  due  to  new  conditions  of  motion  transformation. 
Taking  into  account  that  translation  is  transformed  into  rotation,  we  have 


W(J)  *  u 


m  ytl)  —  yd)  K  — y 


y*'*  x  0 

The  equations  which  we  apply  instead  of  equations  (6.2.7)  and  (6.2.16)  are  represented  by 


n™  -  n<»  -  («  x  n(1>) 
n<".vdJ'-  [nd)yv<»]  -  [n,"«v,V)]  =0 


(6.2.34) 

(6.2.35) 


Developing  equation  (6.2.35),  we  assume  that  v,(r'  *  =  constant  and  u  =  constant.  The  triple 
product  [n(,,ft»v}rh]  may  be  represented  as 


*!  ft 


(?)  in 
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|n,l,«v|r"j  -  (I,  x  k)  •  (u  x  »{,!*) 

(•*•«)  (Ir»»i!)) 

-  -  -(lt*^l>K«*k)  (6.2.36) 

(k.u)  (k •  »<,'>) 

because  !,•«  *  0,  k*  v((rl)  ■  0  due  to  the  perpendicularity  of  vectors.  Thus, 

£('>.,<12)  _  -  -(l|»vi.l>)»(k»«)  (6.2.37) 

Equations  (6.2.4)  to  (6.2.6),  (6.2.34),  and  (6.2.37)  yield  a  system  of  three  linear  equations  in 
two  unknowns 


a„jr,  +  an. r2  *  b,  (i  «  1,2,3)  (6.2.38) 

Here 

JT|  *  v‘n  X }  »  vJJl 

0)2*0  6, -(vil'.J.Kca^k) 

<»2l*->  <>22  «  l  -(V,IJ'*I,) 

Oji  *  *1  oj2m-*2  6j»-(«*k) 


Discussions  similar  to  those  above  regarding  ihe  system  of  linear  equations  (6.2.30)  result  in 

a,,  0  b, 

-1  1  b2  =0 

*|  “*2  by 

This  yields 


«,/>!  -  anby  _  «||u) «  k)(v!,n  +  vli:>)«l,l  -  u1 
aub:  +  6,  +  (w*k)(vj;'.|() 


Consider  a  case  when  the  contact  point  coincides  with  the  pitch  point  /  (fig.  6.2.1(a)).  Then 
v,,J>  =  0. 


and  equation  (6.2.39)  yields 


‘l 


(6.2.40) 


If  the  rack  cutter  is  applied  for  cutting  involute  gears,  its  shape  £,  is  a  straight  line  (fig.  6.2.1(b)) 
and  its  curvature  is  «,  «  0.  Equation  (6.2.40)  yields  (fig.  6.2.1(b)) 


*2  -  ~ 


(wkKv, ?'•!,)  r  sin 


(6.2.41) 


The  positive  sign  of  the  curvature  *2  mcsns  that  the  curvature  center  is  located  on  the  positive 
unit  normal 

■">  -  i,  x  k 

A  more  complicated  case  dealing  with  the  curvature  of  generated  shape  £2  is  discussed  in 
example  problem  6.2.3. 

Example  problem  6.2.1  Consider  that  the  shape  of  gear  I  is  an  involute  curve  corresponding  to 
the  base  circle  of  radius  rM.  The  centrode  of  gear  1  is  the  circle  of  radius  r,.  The  ratio  of  these 
radii  is 


Figure  6  2  2. 


Figure  6  2  3 


Here  we  shall  consider  the  case  whereby  the  contact  point  coincides  with  the  pitch  point  /  (fig. 
6.2.2).  The  angular  velocity  radio  ml2  is  constant  and  is  represented  as 


mu 


(6.2.42) 


where  r,  and  r2  are  gear  centrode  radii.  Determine  the  curva'  -re  of  gear  shape  C2  at  the  contact 
point  assuming  that  the  curvature  «|  of  the  shape  E(  is  given. 

Solution  At  the  pitch  point  /  the  velocity  of  sliding  vector  vll2>  -  0  and  shape  curvatures  are 
related  by  equation  (6.2.33). 

Since  the  constant  angular  velocity  ratio  the  derivative  «l2  ■  0,  and 

b,  ■■  (n'h»C)  (w<h«o»(J>) 

Vecton  a'1’  and  C  form  the  angle  90*  +  ir.  Gears  rotate  in  opposite  directions,  and 


w<i>  .  _ 


.,(12)  , 


:  WC)  _  W(I> 


(12)1 


+  ta 


(2) 


At  point  /  the  curvature  radius  of  shape  is  IK  and  the  curvature  is 

1 

«i  “ — — r 
r,  sin 

The  curvature  <|  >0  because  the  center  of  curvature  m,  is  located  on  the  positive  normal. 
The  coefficient  b,  may  be  expressed  as  follows: 

6,  «  (n<,,•C)(^^)<l,•tl),^,)  «  «i,,V2)(r,  +  r2)  sin 


Then,  we  get 


(w,,2V  _  U"  +  u'2')7  _  n  +  r, 

hi  +  r2)sin^,  r,r2sin^r 


and  (see  eq.  (6.2.23)) 


*2 


I  _  n  +  r2 
r,  sin  4fc  r,r2  sin 


I 

r2  sin 


(6.2.43) 


The  negative  sign  for  curvature  «2  means  that  the  curvature  center  of  shape  £2  is  located  on  the 
negative  normal 

Equation  (6.2.43)  may  be  obtained  by  using  more  simple  methods;  however,  the  application  of 
general  equations  (6.2.32)  and  (6.2.33)  illustrates  the  power  of  those  equations  even  for  this  particular 
case. 


Example  Problem  6.2.2  Consider  a  cam  mechanism  with  a  flat-faced  follower  (fig.  6.2.3).  We 
set  up  coordinate  systems  5,.  S2,  and  St  rigidly  connected  to  the  follower,  cam.  and  frame, 
respectively.  Given  are  the  displacement  function 


t (6)€C*  0<4<2r 


(6.2.44) 


and  the  dupe  E,  represented  by  the  equations 

x,  -  6,  y,  -  0 


(6.2.45) 


where  a<9,<b. 

Determine  (1)  the  equations  of  the  cam  shape  Ej,  (2)  the  line  of  action,  and  (3)  the  curvature  *2(6) 
of  the  cam. 

Equation  of  Mething  —Wc  represent  shape  E,  in  the  coordinate  system  Sf  by 

r)"  -  6,1,  +  r(4)J,  (6.2.46) 


The  normal  to  the  shape  Et  is 


n;" 


(6.2.47) 


The  sliding  velocity  is  represented  by 


V  if  kf 

0  0m 

*/"  y'f"  0 


.(12) 


dt 


w  x  r}u  > 


ds 

d$ 


(tfjf  - 


The  equation  of  meshing  may  be  determined  by 


N/".v,,J'  «/(8,,4)  -  -  8,^  «  0 


(6.2.48) 


(6.2.49) 


Equation  (6.2.49)  yields  that 


f(9,.d)  -  8,  -  —  *  0  (6.2.50) 


This  equation  determines  the  location  of  the  contact  point  M  (fig.  6.2.3)  as  a  function  of  the  parameter 

4. 

Equation t  of  shape  Zj.— Shape  Ej  is  determined  as  follows: 


lr2]  -  (Afj.Hr,)  «  lAf:/)|r;")  /<*,.*)  -  0 


(62.51) 


Here 
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cos  *  tin  4  t<*)  tin  * 
Mi)  -  [Wv)|A//iI  -  -tin*  cot*  i(*)  cot  * 
0  0  I 


Equations  (6.2.51),  (6.2.50),  and  (6.2.45)  yield 


xj  »  *,  cot  *  +  s(*)  tin  *  y2  -  -  9,  tin  *  +  i(*)  cot  *  9, - *  0 

d* 


(6.2.52) 


Substituting  >,  by  —  in  x2  and  y2,  we  get  the  following  equation!  of  shape  C2: 
d* 


dt  ds 

Xi  “  t(*)  tin  *  -f  —  cot  *  y2  *  rf  *)  cot  * - sin  * 

d*  d* 


(6.2.53) 


fine  a/  Action  — We  represent  the  line  of  action  by  the  expression* 


!><•,,*)  /<*!.*) -0 


(6.2.54) 


which  yield 


Tf  “  d*  + 


(6.2.55) 


Cam  Cxmturt  —To  determine  the  cam  curvature,  we  apply  equations  (6.2.4)  to  (6.2.7)  which 
yield 


+  tr"2')  -  -a,vj"  +  (w"2’  x  n‘") 


For  the  considered  cate  a(  «  0  (shape  E|  it  a  straight  line),  w',2>  «■  w.  and  we  get 


a2(vja  ♦  v'l2))  «  w  x  n,h 


(6.2.56) 


Equation  (6.2.46)  yields 


99,  di  dt  f 


(6.2.57) 


Differentiation  of  equation  (6  2.50)  gives 


d9,  d'> 

- =  — ;( 

dr  d*‘ 


(6.2.58) 


Then 


(6.2.59) 


dh 


<b 


V! 


Equation*  (6.2.48)  and  (6.2.50)  yield 

v"1*  - 

Equation*  (6.2.56)  to  (6.2.60)  yield  that 


(6.2.60) 


*2« 


if 

if 

kf 

0 

0 

U> 

0 

-1 

0 

and 


dlL 

d* 


(6.2  61) 


+  **) 


Cam  dupe  E2  «Hitl  he  a  convex  curve  with  the  curvature  center  located  on  the  positive  unit 
normal  a)"  (fig.  6.2.3).  The  curvature  *2  i*  positive  if  the  following  inequality  it  observed: 


d1 1 


(6.2.62) 


Exam  pie  6.2.3  Figure  6.2.4(a)  shows  a  rack  cutter  tooth  which  generates  spur  involute  gears. 
The  strcight-lined  edge  of  the  rack  cutter  generates  the  involute  curve,  and  the  arc  of  the  circle 
of  radius  p.  centered  at  point  C|  (fig  6.2.4(a)  and  <b)),  generates  the  fillet  of  the  gear.  The 
displacement  of  the  rack  cutter  i  and  the  angle  of  gear  rotation  6  are  related  by 


*  -  r* 


(6.2.63) 


where  r  is  the  radius  of  the  gear  pitch  circle. 

Develop  equations  of  the  gear  fillet  and  its  curvature.  Apply  the  coordinate  systems  shown  in 
figure  6  2.1(a). 

F f  arianr  a/ shape  E|.— The  position  vector  of  an  current  point  M  of  shape  E'  (fig.  6.2.4(a))  is 


fi(6i)  **  (?|A/  *  77,(!*|~  +  C\\1 


(6.2.64) 


Projecting  this  vector  equation  on  the  xr  and  y,-axe*.  (fig.  6.2.4(a)  and  (b)).  we  get  the  following 
equation*  for  shape  E(: 


IOM 


Figure  6.2.4. 

Xi  ■  a  +  f>  »in  8,  yt  ■  b  -  p  cos  8 , 


(6.2.65) 


where 


(jt,<tf).V,<tf)}  €  C'  0<8<90'  -  i. 


Here  a  »  xjc,)  and  b  «  vjr,)  are  coordinates  of  point  C,. 

Shape  C|  is  a  simple  and  regular  curve.  The  unit  normal  n(  to  shape  Et  is 


dr,  . 

W,X  ' 


dr, 

5Txk' 

Off  | 


sin 9|i|  -  cosflji 


(6.2.66) 


Equation  of  meshing.— We  apply  the  equation  of  meshing  which  expresses  that  the  unit  normal 
at  the  contact  point  passes  through  the  instantaneous  center  of  rotation  (pitch  point)  /  (see  ch.  4.5  ) 


n,i(0|) 


r,w  -  vi(fli) 
*,101  > 


,)  =  o 


(6.2.67) 


Here  (fig.  6.2. 1(a) 


*,(*)  *  r*  Y,  =  0 


(6.2.68) 


no 


Equations  (6.2.6S)  to  (6.2.68)  yield 


F~  ' 


f($ i»  m  r$-a  -  btm6\  “  0 

Equations  of  shape  E,.— Shape  £2  is  represented  by  the  following  equations: 
[r2]  -  fM21](r,]  f(M)«0 


Here  (fig.  6.2.1(a)) 


cos  <t>  sin  <t>  -  cos  <&  +  r  sin  <f> 

-sin$  cos$  r0  sin  <t>  +  r  cos  <t> 
0  0  1 


Equations  (6.2.6S),  (6.2.29),  and  (6.2.70)  yield 

jr2  «  acosgi  +  6sin^  -  p  sin  (<£  -  0,)  -  r$cos<j>  +  rsin$ 
yj  ■  -a  sin  <t>  +  b cos$  -  p  cos -  0,)  -  r$sin^  +  rcos<> 
nfi  -  a  -  btan9,  =*0 

Lute  of  Action.—  We  represent  the  line  of  action  by  the  equations 

[f/J  =  {AfpKr.J  /(0,»  =  O 

which  yield 

rr  *  (a  +  p  sin  8!  -  +  (b  -  p  cos  0,  +  r)Jr  r$  -  a  -  b  tan  0,  =  0 

Curvature  of  shape  Ej.— To  determine  the  curvature  *2  we  apply  equation  (6.2.39). 
Here 


1 

<i  =  -  ~ 

P 


i,= 


blL 

50, 


ar, 

aa, 


=  cos  0,1^  +  sin0j^ 


(6.2.69) 


(6.2.70) 


(6.2.71) 


(6.2.72) 


in 


w  •  It  ■  u>  (assume  that  the  gear  rotates  counterclockwise) 


K"  -  -rulf 


-ruAf-daxrfi 


■  -rulf  - 


V  if 

0  0  u 

x,  y,  0 


■  u»[(b  -  p  cos  6\)\j  +  (b  tan  9X  -  p  sin 


Deriving  the  equation  for  v(l2>,  we  eliminated  r$  by  using  equation  of  meshing  (6.2.69).  Thus 
we  have  (see  eq.  (6.2.39)) 


.  _  rcos3fli  -  bcosfli 

**  1  b1  +  p(rcos30!  -  hcos^i) 


0  <  0,  <  90*  - 


(b  is  negative)  (6.2.73) 


The  negative  sign  of  <t2  indicates  that  the  center  of  curvature  of  the  generated  fillet  is  located  on 
the  negative  direction  of  the  normal  (fig.  6.2.4(b)).  Consequently,  the  rack  cutter  and  the  gear 
fillet  are  in  internal  tangency  by  cutting. 

The  rack  cutter  shape  shown  in  figure  6.2.4(b).  generates  shape  £j  which  contains  three 
curves.  These  curves  are  (1)  the  involute  curve,  generated  by  the  straight  line  I.  (2)  the  fillet, 
generated  by  the  arc  of  circle  II.  and  (3)  a  circle  which  belongs  to  the  dedcndum,  generated  by 
the  straight  line  III.  The  curvature  at  the  point  of  tangency  of  the  involute  curve  and  the  fillet 
corresponds  to  the  parameter  0,  =  90*  -  ^r.  The  curvature  of  the  fillet  at  the  point  of  its  tangency 
with  the  dedcndum  circle  corresponds  to  0t  =0. 


6.3.  Relations  Between  Centrode  and  Shape  Curvatures 

The  well-known  Euler-Savary  equation  relates  the  curvatures  of  two  centrodes  and  the  conjugate 
shapes  with  which  they  are  provided.  The  theory  presented  in  this  chapter  allows  us  to  develop 
equations  which  may  be  considered  as  a  modified  form  of  the  Euler-Savary  equation. 

Figure  6.3. 1  shows  two  centrodes,  1  and  2,  which  are  in  tangency  at  point  /,  the  instantaneous 
center  of  rotation.  In  general,  the  centrodes  are  noncircular  curves.  The  shapes  with  which  centrodes 
I  and  2  are  provided  are  denoted  by  E|  and  respectively.  Shapes  £,  and  E2  arc  in  tangency 
at  point  M.  Further,  we  denote  ir  as  the  unit  vector  of  the  tangent  to  the  centrodes.  nr  =  Ir  x  k 
as  the  common  unit  normal  of  the  centrodes,  I,  as  the  unit  vector  of  the  tangent  to  the  shapes, 
and  n,  as  the  common  unit  normal  of  the  shapes.  We  developed  equation  (6.2.33)  which  relates 
the  curvatures  of  two  shapes  which  are  in  tangency  at  the  instantaneous  center  of  rotation.  Considering 
the  centrodes  as  conjugated  shapes,  we  may  apply  this  equation  to  relate  centrode  curvatures.  With 
modified  notation  we  get 


(w"2,)J 

<hm<!\ - - —  (6-3-0 

bc 

Here  and  are  cent  rode  curvatures,  wfl2)  *  -  u>,2)  is  the  relative  angular  velocity  of 

centrodes  1  and  2 


be 


(n^CMw'" 


w'2’)  +  —  wl,l(nr»v,(r2>) 


(6.3.2) 


(See  coefficient  6,  of  equation  (6.2.30).) 

A  similar  equation  may  be  developed  for  shapes  E,  and  E2  which  are  in  tangency  at  point  / 
instead  of  point  M  (fig.  6.3.2).  Shapes  E,  and  E,  are  equidistant  curves  (i  =  1.2).  Curvatures  of 
shapes  E,  and  Ej  are  related  by 


.  .  (a,"2’)2 

*2  =  <1 - - - 

b, 


(6.3.3) 


Here 


b, 


(n,  •C)(w,"•«,2,)  +  —  «,n(n,  •v,‘2)) 

M  |2 


(6.3.4) 
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At  point  /  we  have 


because  the  point  of  cent  rode  tangency  /  i*  the  instantaneous  center  of  rotation  (fig.  6.3  I )  By 
knowing  the  curvature  «2  of  shape  Ej  at  point  /.  it  is  easy  to  find  the  curvature  «,  of  shape  E2 
at  the  point  M  (fig.  6.3.2)  by  applying  the  following  equation: 

i-i,,  iTJfi  (6.3.3) 

*:  *2 

where  «2  and  <2  are  the  curvatures  of  shapes  £2  and  Ej  respectively.  Signs  of  «2  and  aj  are  positive 
if  the  curvature  centers  are  located  on  the  positive  direction  of  unit  normal  n,  The  upper  sign 

corresponds  to  the  case  where  the  direction  of  vector  W  coincides  with  the  direction  of  the  unit 
normal 

Figures  6.3.2(a)  and  (b)  show  two  pairs  of  equidistant  shapes  E,  and  E2  and  E,'  and  E2  for  cases 
of  both  external  and  internal  tangency.  Shapes  E,  and  E2  contact  each  other  at  point  M.  The  contact 
potnt  of  shapes  Et  and  E2  is  point  /.  Point  C2  is  the  center  of  curvature  of  shapes  E;  and  Ei. 

Equation  (6.3.3)  is  derived  by  using  the  following  suggestions.  For  the  case  shown  in  figure 
6.3.2(a)  we  have 


MCl  m  TT2  -  1M 

The  curvature  of  shapes  E2  and  E2  is  negative  because  center  C2  is  located  on  the  negative  direction 
of  normal  n„  and  the  relation  above  may  be  represented  by 


I7WI 

*2  *2 


(6.3.6) 


Similarly,  we  may  get,  for  the  case  shown  in  figure  6.3.2(b).  the  equation 


WT7-  7TT-OT 


which  may  be  represented  as 


-  =  -  +  \m\ 

*2  <2 


(6.3.7) 
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Equation*  (6.3.6)  and  (6.3.7)  may  be  subMkuted  by  one  equation  (eq.  (6.3.5))  with  the  mentioned 
rule  of  tig  n*  for  the  teg  ment  Iflfl. 

Summarizing  the  above  ditcuttion,  we  may  Mate  the  following:  Given  (I)  the  curvature*  of 
one  centrode  and  one  shape  and  (2)  the  location  of  the  contact  point  and  parameters  of  motion 
of  the  gear*.  Then  curvature*  of  the  second  centrode  and  the  second  shape  may  be  determined 
separately  by  using  equations  (6.3.1),  (6.3.3),  and  (6.3.3). 

System  of  equation*  (6.3.1)  and  (6.3.3)  may  be  substituted  by  one  equation  which  it  similar 
to  the  equation  of  Eukr-Savary 

“  fc)*.  ~  (*i  “  **  0  (6.3.1) 

The  system  of  two  equations  (6.3.1)  and  (6.3.3)  has  a  certain  advantage  over  equation  (6.3.8)  for 
the  reason  that  one  equation  (eq.  (6.3.8))  relates  four  algebraic  quantities  </j,  «(,  and 
Consequently,  we  may  determine  only  one  of  these  quantities,  considering  the  other  three  as  given 
Having  two  equations  (eqs.  (6.3.1)  and  (6.3  3)),  we  may  determine  two  of  four  quantities  q,, 
a  i ,  and  *2 

Let  us  express  coefficient  b,  and  h,  in  terms  of  p,  and  X,  shown  in  figure  6.3.1. 

Henceforth,  we  shall  consider  both  case*  of  transformation  of  rotation  when  the  driving  and  driven 
gears  rotate  in  opposite  directions  and  in  the  tame  direction.  We  assume  that  gear  I  rotates 
counterclockwise,  and  in  both  cases  iw'"l  >  lut,2)l.  We  begin  with  transformation  of  some 
auxiliary  expressions.  By  taking  into  account  that  v*u  -  v,'/ 1  at  point  /,  we  have 

x  7 *  («,J|  x  57)  -t-  (  5,52  x  «'2’)  -  (**,J)  x  57)  +  (C  x  u»,JI)  (6  3  9) 

Using  the  vector  products 

**"’  X  (*»"•  X  &J)  m  (<u‘»  X  («|J|  X  57))  ♦  (<*'"  X  (C  X  «‘2’)) 


we  get 

-  UJU")2  =  -  57ua"W2>)  ♦  C(«"W2>) 
Vector  w*1'  may  be  expressed  at 


(6  3.10) 


"•ulbi) 


(6  3.11) 


where  ml2(di)  m  w<l,/w(2>  it  the  angular  velocity  ratio.  The  upper  sign  in  equation  (6.3. II)  (and 
in  all  succeeding  equations  in  this  discussion)  corresponds  to  the  case  where  gears  I  and  2  rotate 
in  opposite  directions. 

Equations  (6.3.10)  and  (6.3.11)  yield 


57=  r- -  (6  3.12) 

I  ±  m,2(di) 

We  must  recall  that  the  gear  which  rotates  with  the  higher  speed  is  denoted  by  I,  and  m,:  >  1 . 
Consequently,  vectors  r,  «  57 and  C  =  0t02  are  directed  in  opposite  directions  if  gears  I  and 
2  rotate  in  the  same  direction. 

The  absolute  magnitude  of  f|  is 


lr,l 


C 

«i;(*l)  ±  1 


(6.3.13) 
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I 


The  unit  tangent  vector  of  centrode*  i,  and  vector  OJ m  r,  form  the  angle  mi  tfig  6.3.3).  Point 
/  it  die  inttantaneout  center  of  rotation  for  die  ihown  potition  of  die  centrode.  The  neighbonng 
point  /'  becomei  die  inttantaneout  center  of  rotation  after  gear  I  rotate*  through  the  angle  M|. 
It  multi  from  die  drawing*  of  figure  6.3. 3  that 

tan  a,  m  lim  m  lim 

aa-o  \l'Dj  »-o 


Ai*»i\  _  f| 

V  *i  /  dr, 


(6.3.14) 


The  differentiation  of  equation  (6.3.13)  givei  that 


dr,  Cm,2 

d4 1  (m»u  *  l)J 


(6  3.15) 


where 


m,2  -  —(m, ;(♦,)) 

dw. 


Equation*  (6.3.13)  to  (6.3.15)  yield 


tan  Mi  “  - 


m,:  ±  I 


(6.3  16) 


Substituting  a,  (fig.  6.3.1)  by 
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■r-lrXk 


■  *i"  by 


x  crjm  *•»  x  r'" 


w*  get 


a,  •  *»'  -  (I,  x  k>  •  *r,|*-  (k»«d",Kl,  •  r()  «  -  *'  Vt  co»  (6.3.17) 


Substituting  vector  C  by  vector  r,  with  aid  of  equation  (6.3.12)  and  by  taking  into  account  that 
vector*  a,  and  r,  make  an  angle  (><•  +  40*)  (fig  6.3.1),  we  get 


(a,  *C)  -  (a,  *r,Kl  *  nt)2>  -  -  n  ain  #a,(  1  a  m,2) 
The  magnKude  of  u"!’  may  he  expressed  by 


/'*'  -  a  «'3' 


jiiiwi?  *  1 

ml2 


Equation*  (6.3.1),  (6.3.2),  (6.3. 1 1),  (6.3.13),  and  (6.3. 16)  to  (6.3.  IV)  yield 

0ui2(#i>  a  I)3  cin  p, 

a ,  -  a,  « - - - 

Ou(2<a,) 

Similarly,  we  get  for  the  coefficient  h, 

<«,•€)  -  (a,«r,KI  a  m,2)  «  r,  cm  X,( I  a  m,2) 


11  •  ^ 1 ' 1 1 


(w'V 

m12 


»  B,»vi0  -  -  ia°V|  iin  X, 


m\2  *  * 

tan  at 


Equation*  (6.3.3),  (6  3.4),  (6.3.13).  (6.3.19),  and  (6.3.21)  to  (6.3  24)  yield 


<ml2(*i)  a  I)3  sin  a, 


Cm,2(a,)  cm  (X,  -  ii,) 


(6  3  IS) 


(6  3.19) 


(6.3  20) 

(6  3  21) 

(6.3  22) 

(6.3  23) 

(6.3.24) 


(6.3.25) 


We  consider  equation*  (6.3.20)  and  <6.3  25)  a*  an  equivalent  to  the  Euler-Savary  equation 
Consider  mg  these  equations  together,  we  get  one  equation 


(*,  -  «;)  sin  (X,  -  p,)  +  tf:  ~  Vi  =  0 


(6.3.26) 


Esampte  problem  6.3.1  Rotation  is  transformed  between  parallel  aces  with  the  same  directum 
of  angular  velocities  tel'"  and  w'3'  (fig  6  3  4).  Given  are  (I)  the  angular  velocity  ratal  mi:  (mt2 


it  oonat ant),  (2)  the  center  distance  C.  and  (3)  the  curvature  «,  of  thape  Ej.  Shape*  E,  and  E2 
contact  each  other  at  the  instantaneous  center  of  rotation  /.  and  the  unit  normal  to  the  thape.  ■„ 
and  vector  r,  form  the  angle  V,  ■  90*  ♦  ^r.  Determine  ( I )  the  centrode  curvature,  a,  and  (2)  the 

curvature  of  thape  E  2 

Sntatiaa.  Centrode  I  it  represented  by  equation  (6.3.13) 


C 

m,2  -  I 


The  centrode  I  curvature  it 


I  ml2  —  I 


The  curvature  q,  it  positive  became  the  curvature  center  it  located  on  the  positive  direction  of 
normal  a,  which  it  directed  from  /  to  Oh  (fig  6  3  4).  The  centrode  2  curvature  it  repretentcd 
by  equation  (6.3.20)  which  yields 


<h 


<t  i  ~ 


(mi2  -  I ):  tin  mi 
Cm,; 


m,;  -  I 

On, 2 


(|i,  “  90  when  m,,  -  constant)  The  curvature  of  thape  Ej  it  determined  by  equation  (6  3  25) 
which  yield* 


•y 


<»» - 1>* 

Gm,t  m 


I  «u  -  I 
1 1  •  —  ■  — - 

r,  tut  *,  Cm  i, 


we  gel 


•t 


»U  -  » 

Cmn  m  *, 


Results  obtained  for  tot  e  sample  correspond  to  to  cm*  of  involute  gears  wtuch  arc  ia  menial 
langeacy  (fig  6  3  4}  Centers  of  curvature  of  ceMrodrt  I  and  2  arc  points  O,  and  0,  Craters 
of  curvatures  of  topes  E,  and  E;  an  potnit  C,  and  C*. 


6.4  Theorem  of  Direction  of  Line  of  Action  in  the  Neighborhood 
of  the  Instantaneous  Center  of  Rotation 

Tbaarmt  Consoler  tot  shapes  Et  and  Ej,  being  in  mesh  at  to  instantaneous  center  of  rotation 
/.  transform  rotation  and  to  derivative  m„  (*,)  -  d/d* ,  (n„  (*,))  -  0  store  m„  (*,)  is  to 
hmettna  «f  angular  velocity  ratio,  and  *,  is  to  angle  of  gear  I  rotation  Then,  in  to  irnghhotond 
of  pouu  /,  to  tangent  to  to  Ink  of  action  coincides  with  to  common  normal  to  shapes  E,  and  Ej. 

Phuft  The  equation  of  meshing  is 


(6  4  1) 

where  n'"  is  to  and  normal  to  shapes  E,  and  E:,  sad  v"J'  is  to  sliding  velocity  represented  by 

fn:i  „  M i^>)  *  r«'^  -|ci(  (6  4  2) 

Here  r"’  is  to  position  vector  of  to  contact  pomt  and  C  -  ty&  t*  to  distance  between  centers 
of  rotation. 

The  differentiation  of  equation  (6  4.1)  yields 

4  nfte'"  -  te'**)  *  f‘"j  -  0  (6  4  3) 

It  was  assumed  by  differentiation  that  w‘"  -  constant  and  te':>  -  constant 
Tatung  into  account  that  to  sliding  velocity  *  i:’  »  •  at  to  instantaneous  center  of  rotation. 

we  get 


|ate"I,r,"j  «  0  <m"!' m  u">  -  *,<*•> 


(64  4) 


Vectors  n  and  f"  belong  lo  to  plane  of  motion,  and  vector  te,IJ’  is  perpendicular  to  this  plane; 
thus,  it  is  perpendicular  to  vectors  a  and  f'1'  Since  to  triple  product  (6  4  4)  is  equal  to  rero. 


II* 


all  Arte  vector*.  u»‘i:\  n  and  f"\  mud  belong  to  the  »ame  plane  F.  Thi*  become*  poatible  only 
if  ■  and  f"  are  collinear  and  plane  F  it  drawn  through  and  ■  (or  through  «"*'  and  f"). 
Vector  t'"  may  he  interpreted  kinematically  a*  the  velocity  of  the  contact  point  in  absolute  motion 
(tee  tec.  6  1 1  and  i»  directed  along  the  tangent  to  the  line  of  action.  (The  Imc  of  action  it  the  locut 
of  contact  potnt*  in  the  ficed  coordinate  tyctem)  Becaute  of  the  col  linearity  of  vector*  a  and  r'" 
in  the  neighborhood  of  the  inctrntaneoui  center  of  rotation,  we  may  dale  at  followt:  The  common 
normal  to  the  chape*,  which  are  in  meth  at  the  inctantaneou*  center  /  of  rotation,  coincide*  with 
the  tangent  to  the  line  of  action  at  point  l 

H  it  easy  to  verify  that  thic  theorem  may  be  applied  for  the  widetpread  planar  gearing*,  whotc 
chape*  are  involute  curve*  and  cycloidal  curve*.  Regarding  involute  gear*  the  line  of  action  it  at 
the  tame  lime  the  common  normal  to  the  contacting  chape*  Regarding  cycloidal  gear*  (gear*  whotc 
conjugated  pair  thapet  are  an  epicycloid  and  hypocyclotd).  the  tangent  to  the  line  of  action  cinncidet 
with  the  common  normal  to  the  thapet  only  at  the  pitch  potnt. 


6.5  Conditions  of  Tooth  Nonundercutting 

During  cutting,  gear  generation  it  hated  on  the  cimulation  of  the  meth  of  the  gear  to  he  cut  with 
a  tool  -  a  rack  cutter,  chape r,  or  hob.  (See  ch  7  1) 

Contider  that  E|  it  the  chape  of  a  tool  tooth  which  mud  generate  the  thapc  of  gear  tooth  Ej. 
We  tel  up  coordinate  tytiemt  S ,.  5;.  and  S,,  rigidly  connected  to  the  tool,  the  generated  gear, 
and  the  frame,  respectively.  Considering  the  relative  motion  of  E|  with  retpeci  lo  coordinate 
lydcm  I;,  wc  may  find  the  locut  of  chapes  L,  in  coordinate  tydem  S2  and  then  determine  the 
envelope  of  thit  locut,  the  generated  chape  Ej.  (See  ch  4  )  At  certain  tool  lettingi  gear  teeth  may 
be  undercut.  Figure  6.5  I  chow*  teeth  of  involute  gear*  generated  by  a  rack  cutter.  In  the  first 
cate  (fig  6  5. 1(a))  teeth  are  not  undercut,  hut  in  the  tecond  cate  (fig.  6.3.1(b))  they  are  undercut. 
Mathematically .  the  problem  of  tooth  nonundercutting  ic  the  problem  of  how  to  avoid  the  appearance 
of  ungular  point*  on  the  generated  chape  E<  At  cuch  point*  the  tangent  vector  to  E.  it  T  •  0. 

Contider  that  the  locut  of  tool  thapc  E,  it  represented  in  coordinate  tydem  S2  by  the  vector 
function 


«».*)(C'  (»»«G 


(6  5  1) 


Here  t  it  the  parameter  of  tool  chape  £|  and  ^  it  the  parameter  of  relative  motion.  By  definite 
condition*  (tec  ch.  4)  there  etitts  a  function 
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Figure  6  5  I 
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NpWKH  Ac  feaccaCad  A ape  E}.  Ac  envelope  **f  km**  of  amf  ahaprt  L,  Ai  ■  rcfaiar  poo*  >4 
E?.  Ayi  E,  awl  E*  are  m  lanfemy .  and  Ac  tanfer*  vacaa  at  Aapc  L,  ti  T  C  0  Al  Hah  a  poml 
Ac  Mka*Mf  vara*  cupiaitoa  t*  otwcrved 


Vmn  i4  equatam  (A  1  It  r epee new  Ae  vefc*  ate*  <4  Ac  naHaii  potra  m  Ac  Mfcmmf  tk-pfan-menH 
(0  afcwf  Ac  thapr  E>  <R,  da  At.  (2)  alonf  Ac  chape  L,  tr,  J»  Ai  and  I'laA  relative  naanai 
«hA  mpni  at  L»  (r,  44  A*.  Value  R,  da  A  t*  eof  linear  at  Ac  lanfent  taint  T  Vaint  equation 
It  )  J|  may  he  rrpreurnted  a* 


*,<J|  -  4  *"*'  lh  9  4) 

•hah  wat  "prevented  earlier  hy  equation  (A  112)  Al  a  emfutar  pmM  of  chape  E>  M*  lanfetu 
T  Aw*  ia«  e»i*t.  and  Ac  nnceteary  iinuIhio*  of  eiMrar  i4  etnyular  pumta  of  chape  E>  may  he 
reprevemed  a* 


,n?i 
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The  ad*  aatafe  of  npiaUon  (A  9. 9 1  »  Aal  we  may  tavetatgale  Ac  eiudem*  of  circular  pmntc  on 
chape  E;  hy  actaf  tally  Ac  equal  mm  of  chape  E,  and  at  relative  mutton  »•'*)  reepcti  at  chape 
Ej  R  ik  ate  necekeary  at  vw  the  more  compt  Rated  equal  mne  of  chape  L,  tor  At»  purpose 
To  a vi mi  Ac  appearance  of  cuiftilat  pmntc  on  Ac  y  metaled  chape  E>.  H  ic  cult*  tent  at  lima 
Ac  certinyc  <4  kiol  chape  E,  hy  cwtttnf  Mathematically.  Aik  mean*  that  »r  iminl  lima  A*  area 
i  of  ooncedenny  Aal  Ac  chape  E,  it  |tvca  hy 

r,(4,|«C'  #,  iF.  IA  5  Ai 


Let  a*  ctpiam  hot*  Ate  may  he  Arne  V prior  equation  (A  9  9)  may  he  c« preened  m  term*  of 
vomptmerac  ta  coordinate  cydemt  5,  at  Mktwc 
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Differ  ml  un  ion  of  Ac  equation  of  mechiny 
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We  conculer  the  cyctem  of  equatmnt  (A  9  7)  and  (A  9  9)  at  a  cyvtem  of  three  linear  equation*  in 
one  unknown 

a,,f  •b,  0-1.2.31  (A  9  10* 
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CotflkkaH  #11  and  au  are  auch  dial 
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became  *f  aMume  dial  ihapc  E,  does  me  have  iir.gular  points. 

k  i«  know*  from  linear  algebra  dial  the  system  of  equation*  (6  5  10)  hat  a  unique  eolMion  for 
f,  if  die  rank  of  malm 
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Mr*  I  Thi*  requirement  may  he  observed  if  all  three  determinants  of  die  tecond  order  which 
correspond  to  matrix  (6  5  1 1 )  are  equal  lo  zero  ll  it  easy  to  verify  dial  the  firtl  deserm-nant  of 
the  above  three  it  equal  to  zero 
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(6.3.12) 


To  prove  dm.  let  ih  comider  the  equation  of  meshing  which  may  be  represented  by 


N,.*"1'  - 


(6.5  13) 


ia 


Here  N,  it  the  vector  of  the  normal  to  shape  and  kt  it  the  unit  vector  of  the  Zi-axis. 
Equation  (6.5.13)  yields  that 


0 


0  0  I 

*n»i  a 

A,  Av, 

*o»*  *••»* 

%  **i 


IAS  14) 


agnation  (Mihi4n  wrtfc  agnation  (A  S  12)  To  ahaaro  Am  rtqutrvmtM  that  Am  rank  r  -  I, 
ramming  Ararminami  of  Am  Momd  uniat  mutt  he  equal  fc*  zero 
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Taking  mao  aewran  Ami  agnation  (A  S  S)  provide*  that 


Ftfwrt  a  5  2 


it  n  sufficient  to  observe  only  one  of  two  equations,  (6  5. 16)  or  (6.5. 15).  Each  of  these  equations 
yields  the  relation 

Filt.  40-  0  (6.5.17) 

Equations  (6.5. 17)  and  (6.5.8)  determine  the  limiting  value  of  9,  which  corresponds  to  the  singular 
point  of  the  generated  shape  E}.  lo  avoid  undercutting  of  shape  Ej,  it  it  tufiicieni  to  exclude  from 
meshing  the  limiting  value  of  9t  of  shape  Et.  This  may  be  done  by  limiting  the  setting  of  tool  shape 

fit. 

Example  problem  6.5.1  Consider  that  a  rack  cutter,  whose  shape  E|  it  a  straight  line  (fig.  6.5.2), 
generates  a  gear  with  shape  Ej.  Determine  the  conditions  of  tooth  nonundercutting, 
ffsaiwi  of  shape  E|.— Shape  E,  it  represented  in  coordinate  system  5,  by 

r,  (8,)  »  8,  sin  ^,1,  +  8,  cos  Jt  (6.5.18) 

to  normal  it 

N,  **■  -cot* I,  -sin*J,  (6.5.19) 

(»| 

Jbdari ee  niocity  vj,a  — The  velocity  of  the  rack  cuner  is 

wj"  -  uirl,  (6.5.20) 

where  w  is  the  angular  velocity  of  the  gear,  and  r  is  the  radius  of  its  cent  rode  which  coincides 
with  the  pitch  circle. 

The  linear  velocity  of  the  gear  contact  point  is 

v(a  ■  (ta  x  r,)  +  (R,  x  u»)  (6  5.21) 

Here  r,  h  the  position  vector  drawn  from  the  origin  Ot  of  coordinate  system  5,  j  a  point  of  shape 
E,  and  R,  it  the  position  vector  drawn  from  point  Ot  to  an  arbitrary  point  of  the  line  of  action 
of  vector  <*.  for  instance,  to  point  Oj.  The  position  vector  R,  is  represented  by 


It,  -  0,0}  «  -  ndl,  -  rJt 


Equal  ton  (6.3.21)  yield* 

*|**  «(«xr,)  +  (  O,02  x  w) 
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(6.5.22) 


The  relative  linear  velocity  is 

f  jiJ*  „  vji»  _  vjJt  »  w(  -  0,  cos  tf,  It  +  (0,  kin  ic  +  rd)J,l  (6.5.23) 

CfMriM  #/  meshing.— Using  the  equation  of  meshing 

Nt  •  v|,2t  *  0 

we  get 

/(0,.d,)  «  0|  +  r6  sin  *  0  (6.5.24) 

Equation  (6.5.24)  can  alto  be  derived  by  applying  the  equation  (see  ch.  4.5) 

5!  .  fr-Ml >  (6.5.25) 


Here 


X,  -  -n> 


y,  *o 


are  coordinates  of  the  instantaneous  center  of  rotation  /;  x,  ( )  and  V|(0|)  are  coordinates  of  a 
point  of  shape  which  is  represented  by  equation  (6.5. 18);  and  S,f  and  .VV|  arc  projections  of 
the  normal  represented  by  equation  (6.5.19). 

Limiting  point  of  the  rock  cutter  — V sing  equation  (6.5.15).  we  get 


_  v<  U» 

rI , 

sin  rfy  ut0,  cos 

a/  a/  dd 

1  -  <*>r  sin 

aa,  ad  dr 

-  w(r  sin2  ic  +  0,  cos  +,)  *  0  (6.5.26) 


Equatton  (6.5.26)  yields  that  the  limiting  value  of  parameter  0t  is 


0,  - 


—  r  tan  sin 


(6.5.27) 


The  negative  sign  of  0,  meant  that  0,  mu  it  be  measured  in  the  direction  oppotite  to  the  direction 
shown  in  figure  6.5.2.  Point  AT  of  the  rar*  cutter  (fig.  6.3  ?)  will  not  undercut  the  gear  shape  E2 
if  the  following  inequality  is  observed* 

\U\R\  <  r  tan  sin  (6.5.28) 

The  middle  line  of  the  rack  cutter  mm  is  located  at  a  distance  t  from  the  centrode  of  the  rack  cutter 
oa\  we  denote  the  change  of  rack  cutter  setting  by  e. 

According  to  the  drawings  of  figure  6.5.2,  we  get 

I  <3^  I  -  ^  (6.5.29) 

COS  Vv 

Equations  (6.5.29)  and  (6.5.28)  yield 


a  —  t  <r  sin2  \frc  *  —  sin2  (6.5.30) 

2 P 

Here  N  represents  the  number  of  teeth  on  the  generated  gear,  P  is  the  diametral  pitch,  and  a 
is  the  standardized  parameter  of  the  rack  cutter.  Equation  (6.5.30)  determines  the  parameter  of 
rack  cutter  setting  t  which  corresponds  to  gear  tooth  nonundercutting. 

e  2:  a  -  —  sin2  \frc  (6.5.31) 

2p 

Problem  6.5.1  The  shape  E|  of  a  rack  cutter  is  an  arc  of  a  circle  (fig.  6.5.3)  represented  by 
equations 


r,(6|)  -  (a  +  p  cos  0|)i,  +  (b  +  p  sin  0t)j|  (6.5.32) 

Here  a  and  b  are  coordinates  of  point  AT,  the  center  of  the  circular  arc.  (Depending  on  location 
of  point  AT,  parameters  a  and  b  can  be  given  as  positive  or  negative.)  Shape  E,  generates  gear  tooth 
shape  £2-  Determine  the  limiting  point  of  shape  E,  to  avoid  undercutting  of  shape  E2. 

Directions  are  as  follows:  ( 1 )  develop  the  equation  of  meshing.  (2)  determine  the  re'ative  velocity 
v|l2\  and  (3)  apply  equation  (6.5  15)  or  (6.5.16)  with  the  equation  of  meshing. 


Answer. 


,  b  b2 

sin  0,  —  sin  0, - =  0 

r  pr 

Problem  6.5.2  A  shaft  is  to  be  generated  by  a  shaper  (or  by  roiling  with  a  master).  The  shaft 
shape  Et  is  represented  by  equation  (fig.  6.5.4) 


r,(0,)  =  hi)  +  0J, 


<  0,  <  1 


I. max 


(6.5.33) 
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The  angular  velocity  ratio  by  cutting  it 


r, 

"21  -  —  “  “  ■  — 
w  ri  Ni 


(6.5.34) 


where  r,  and  r2  are  centrode  radii  and  jV,  and  N2  are  numbers  of  teeth  on  the  shaft  and  tool, 
respectively. 

The  undercutting  of  the  tool  shape  by  the  given  shaft  shape  (the  interference  of  these  shapes) 
does  not  occur  if  the  tool  shape  is  a  regular  curve  (it  has  no  singular  points). 

Develop  an  equation  which  relates  the  limiting  value  of  8t,  the  radius  of  the  shaft  centrode  r,, 
and  the  angular  velocity  ratio  «Jt. 

Directions  are  as  follows:  (I)  develop  the  equation  of  meshing,  (2)  find  the  expression  of  relative 
velocity  vj12\  and  (3)  use  equation  (6.5.16).  (Do  not  use  equation  (6.5.15).  In  this  case  it  will 
yield  an  identity.) 


Answer. 

r?  -  0?  -  (^-i-^Yh2  =  0 

\2  +  mJ 

Consider  m2)  as  given.  To  avoid  undercutting,  observe  the  following  inequality: 

rf  *  0?.™,  + 

\2  +  «2l/ 

where  (02  +  A2)"  is  the  radius  of  the  shaft  addendum  circle. 


(6.5.35) 


(6.5.36) 
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Chapter  7 


Generation  of  Conjugate  Shapes 

Stupe  Ej,  which  mud  be  conjugated  with  a  given  ihape  E|,  ia  determined  aa  the  envelope  of 
the  locua  of  curvet  E(.  (See  ch.  4.)  In  thii  chapter  we  ditcutt  the  kinematic  principlet  of  tooth 
generation  by  which  conjugate  thapet  may  be  generated  automatically  in  the  procett  of  cutting. 
Theae  principlet  may  be  realized  by  the  application  of  an  auxiliary  ihape  Ej,  which  it  in  tneth 
with  conjugate  thapet  Et  and  E2  which  are  to  be  generated. 

7.1  Methods  of  Tooth  Cutting 

In  general,  tooth  thapet  are  generated  with  a  rack  cutter,  with  a  hob.  and  with  a  thaper.  The 
meah  of  the  tool  with  the  generated  gear  during  cutting  simulatei  the  meah  of  a  rack  with  a  tpur 
gear  (at  with  a  rack  cutter  or  a  hob)  or  the  meth  of  two  tpur  geart  (at  with  a  thaper). 

The  principle  of  tooth  generation  with  a  rack  cutter  it  shown  in  figure  7  . 1 . 1 .  The  gear  to  be 
cut  trantlatea  with  velocity  v  and  rotates  about  gear  center  O  with  angular  velocity  u.  The  velocity 
It  I  and  angular  velocity  m  are  related  by  the  equation 


(7.1.1) 


where  r  it  the  radius  of  the  gear  pitch  circle.  The  pitch  circle  of  the  gear  and  straight  line  aa  of 
the  rack  cutter  are  centrodes  during  cutting,  and  point  I,  the  point  of  tangency  of  the  centrodet, 
it  the  instantaneous  center  of  rotation. 

During  tooth  generation,  the  rack  cutter  reciprocates  parallel  to  the  gear't  axis  of  rotation  The 
gear  tooth  shape  Ej  it  generated  at  the  envelope  of  the  locus  of  rack  cutter  shapes  E,.  which  it 
formed  in  relative  motion  (fig.  7.1.2).  The  hob  simulates  a  worm  (usually  a  worm  with  a  single 
thread,  fig.  7. 1 .3(a)).  The  thread  is  slotted  in  the  axial  direction  to  form  a  series  of  cutting  blades. 
The  axial  section  of  the  worm  may  be  considered  to  be  a  rack.  The  rotation  of  the  hob  simulates 
the  translation  of  the  imaginary  rack.  During  cutting  the  hob  and  the  gear  to  be  generated  route 
about  their  respective  axes  (fig.  7. 1 .3),  while  the  hob  gradually  translates  parallel  to  the  gear  axis. 
This  is  the  feed  motion  of  the  hob. 

The  angles  of  rotation  of  a  single-threaded  hob  ^  xnd  of  the  gear  are  related  by 


where  Nt  is  the  number  of  teeth  on  the  generated  gear. 


(7.1.2) 
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Tooth  generation  by  a  thaper  simulate*  the  meth  of  two  gear*,  one  of  which  it  the  diaper 
(fig  7.1.4).  The  thape  Ej  of  the  gear  teeth  it  generated  at  the  envelope  of  the  locut  of  thaper 
thapet  E(.  which  it  formed  in  relative  motion  (fig.  7.1.5). 

7.2  Principles  of  Generation  of  Conjugate  Shapes 

Consider  that  the  centrodet  of  a  pair  of  gear*  are  determined  (fig.  7.2.1).  These  centrodet  may 
be  provided  with  conjugate  shape*  E,  and  E2  if  the  following  principle  of  generation  it  applied: 
A  tool  (a  rack  cutter  or  thaper)  with  a  thape  E,  it  put  in  meth  with  gears  I  and  2  which  are  to 
be  generated,  and  the  relative  motion  of  the  tool  with  respect  to  gear*  1  and  2  i*  such  that  the 
tool  ha*  the  tame  cent  rode  while  in  meth  with  each  other. 

The  thee  centrodet  (two  gear  centrodet  and  one  tool  cent  rode)  are  in  continuous  tangency.  and 
the  poi.«  of  their  tangency  /  it  the  instantaneous  center  of  rotation.  According  to  the  General  Theorem 
of  Plane  Gearing  (see  ch.  4.4).  shapes  £,.  E;,  and  Ej  are  conjugate  because  their  common  normal 
at  the  point  of  shape  tangency  pastes  through  their  common  instantaneous  center  of  rotation  /. 

The  tool  shape  E,  it  an  imaginary  curve  which  generate*  conjugate  shape*  E,  and  E;.  In  practice, 
however,  we  must  apply  two  separate  rack  cutters  (fig.  7.2.2).  which  may  be  considered  as  a  mold 
and  its  corresponding  cast.  One  of  these  rack  cutters  generates  gear  I  and  the  other  generates  gear  2. 

The  above  principle  may  also  be  applied  to  generate  gears  1  and  2  by  a  shaper  (fig.  7.2.3).  The 
shaper  centrode  is  the  same  for  both  cases  of  meshing:  the  meshing  of  gear  l  with  the  shaper  and 


;» 


riw  meshing  of  g ear  2  »Kh  the  shaper  Similarly,  we  mud  apply  two  shapers;  one  to  generate  gear 
I  (the  shaper  and  gear  I  are  ia  internal  tangency)  and  the  other  to  generate  gear  2  (the  shaper 
and  gear  2  are  ia  external  tangency). 

h  it  attained  here  that  gean  I  and  2  transform  motion  with  a  constant  angular  velocity  ratio, 
and  (hut  the  gear  centnidet  are  circle*  (figs  7  2  1  and  7.2.3).  However,  the  principles  given  above 
may  also  he  applied  to  generate  gean  with  noncirtultr  centrodes. 

There  it  one  important  cate  where  we  may  generate  two  gean  with  conjugate  shape*  by  using 
only  one  rack  cutter  (thaper).  This  it  possible  for  involute  gean.  The  generation  of  gean  with 
only  one  rack  cutter  allows  ut  to  interchange  the  gean  freely. 


7.3  The  Camus  Theorem 

Consider  that  gear  centrodes  are  given.  An  auxiliary  cent  rode  a  (fig.  7.3.1)  it  in  tangency  with 
centrodes  I  and  2,  and  I  it  their  common  instantaneous  center  of  rotation.  An  arbitrarily  chosen 
point  M  it  tigidly  connected  to  centmde  a.  Point  M  traces  out  in  relative  motion  (with  respect 
to  centrodes  I  and  2)  the  curves  Et  and  E?,  respectively. 

Camus'  theorem  titles  that  curvet  £t  and  Ej  may  be  chosen  as  conjugated  shapes  for  teeth  of 
gears  I  and  2.  respectively . 

To  prove  this  theorem,  let  us  consider  an  instantaneous  position  of  centrodes  I,  2.  and  a.  Supposing 
that  cent  rode  I  it  fixed  and  cent  rode  a  rolls  over  cent  rode  I ,  we  say  that  the  motion  of  cent  rode 
a  relative  to  cent  rode  I  is  rotation  about  point  /.  Assume  that  centmde  a  rotates  about  point  /  through 
a  small  angle.  Then  point  M  of  centmde  3  traces  out  in  this  motion  a  small  piece  of  curve  Et  (point 
M  moves  along  E').  Line  Ml  is  the  normal  to  E|  at  point  M.  Similarly,  by  rotation  of  ccntrode 
a  about  /  with  respect  to  ccntrode  2,  point  M  traces  out  a  small  piece  of  shape  E2  (M  moves  along 
shape  Ej).  Line  Ml  is  also  the  normal  to  shape  Ej  at  point  M. 

Thus,  shapes  Et  and  Ej  have  a  common  point  M.  are  in  tangency  at  M.  and  their  common  normal 
Ml  passes  through  point  /.  the  instantaneous  center  of  rotation  of  centrodes  1  and  2.  According 
to  the  General  Theorem  of  Plane  Gearing  (tee  ch.  4.4),  the  generated  shapes  E|  and  E2  are 
conjugate  shapes. 


n: 


Figure  7.3.1. 


By  applying  the  Gamut  thrown,  we  may  determine  the  shape  of  a  rack  cutter  which  generate* 
gear*  I  and  2.  Contain  a  particular  cane  where  r,  m  r,/ 2,  and  the  generaiing  point  M  it  located 
on  cemrode  a  The  quantities  rm  and  r,  are  radii  of  centrodet  a  and  I .  The  rack  cutter  cent  rode 
Ska  atraight  line  which  it  the  tangent  to  cemrode*  I,  2.  and  a  at  point  /  (fig  7  3  2(a))  Let  u* 
suppose  that  poim  W  coincide*  with  /  at  the  initial  potttion  of  generation. 

In  coordinate  tytiemt  S, .  S}.  and  (rigidly  connected  to  cemrode*  1,2.  and  3)  poim  M  traces 
out  a  hypocycloid  £,.  epicycloid  £j,  and  cycloid  £,.  respectively  With  rm  *  r,/2,  hypocycloid 
E,  become*  a  straight  line  directed  from  /  to  O,  The  generated  cycloid  form*  the  addendum  shape 
£,  of  the  rack  cutter  (fig.  7  3.3|.  In  a  similar  manner,  the  dedendum  shape  of  the  rack  cutter  £* 
(fig.  7.3.3)  and  corresponding  shapes  £*  and  £*  may  be  generated  by  rolling  of  cemrode  a ’  over 
cemrode*  3,  I,  and  2  (fig.  7.3  2(b|).  With  r ’  *  r}/2.  the  generated  hypocycloid  Ej  becomes  a 
Hraight  line  IO:,  directed  from  /  to  Oj. 

At  mentioned  earlier,  the  generation  of  conjugate  shapes  of  gears  I  and  2.  it  accomplished  by 
the  application  of  two  rack  cutlers  (fig  7.2.2)  which  supplement  each  other  like  a  mold  and  cast. 
Shape*  of  these  rack  either*  are  shown  in  figure  7.3  3.  One  of  the  rack  cutters  generates  gear  I 
and  the  other  generates  gear  2 . 

To  generate  cycloidal  gears,  the  rack  cutters  may  he  designed  by  using  more  general  comuderatams 
than  assumed  in  this  section.  For  instance,  the  generating  point  Af  may  he  chosen  outside  of  the 
auxiliary  cemrode* 


Figure  7  3  3. 


7.4  Evolutes  of  Conjugate  Shapes 

^a  ^^aa^^s 

Consider  centrode*  I  and  2  with  shape*  E,  and  E3  which  art  to  be  ta  mesh  (fig.  7.4.1).  We 
denote  the  corresponding  (contacting)  points  of  the  centrode*  and  shape*  aa  !\'\  )\'\  /J'\  .  .  . 
and  Ml'*.  M)°,  A#j'\ ...(««  1,2),  respectively  Due  to  pure  rolling,  the  length*  of  corresponding 
centrode  am  are  equal,  that  ii. 


/I"/}"  -  l!}'lj2> 

/i"/i"  -  nun" 


(7  4.1) 


The  unit  tangent*  to  the  centrode*  and  unit  normal*  to  the  chape*  are  denoted  by  r0>  and  a"*, 
respectively  Gear  rotation  cause*  the  corresponding  point*  of  centrode*  /*“  to  coincide  with  each 
other,  forming  the  instantaneous  center  of  rotation.  The  corresponding  unit  tangents  to  the  centrode*, 
f‘"  and  r,2\  will  also  coincide,  making  a  common  tangent  to  the  centrode*  at  their  point  of 
tangency  At  the  same  time,  the  corresponding  point*  AT"  and  Kt2'  and  unit  normal*  and  n<;* 
of  shape*  E,  and  Ej  must  also  coincide.  Thu  ii  possible  only  if  the  unit  normals  of  conjugate  shape* 
are  related  by  the  following  relation* 


(7.4.2) 

(7.4.3) 

Figure  7.4.1. 
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fcyuamoa  (7  4  2)  Hftrwti  Mm  Me  loeretpondinf  mm  mirmal*  of  imimiii  dupe*  IWm  equal 
M|Ih  wiM  Mr  coiatidtnf  mm  iMfMi  of  Mr  renin  Mr*  f-quMam  (7  4  1)  nprnm  MM 
oomfM'Ai  try mrnl*  of  *hapr  normal*  (measured  (rum  irntnMr  pmM  /  m  Map*  poor  M  atony 
Mr  dupe  notmel  i  mud  hr  equal  Medunlt  of  yenerMam  of  n«t«|M  thtpa*  natal  iMofy 
rnquiremrm*  (7  4  2)  and  (7  4  !) 

TV  onmtMam  of  Mr  tltapr  mm  normal*  wiM  rnfed  to  Mr  lentfode*  depend*  on  Mr  mrMoM 
*f  yeaerMnm  l«  a*  ommirr  mm  typical  *  temple*  R>  yewereiem  of  kM muter  year*  (fif 
7  4  2).  Mr  cmirode  of  Mr  wt  tuner  w  •  draiyhi  Imr  whuh  Ml*  ovrr  Mr  t*MnMr  of  Mr  mom  m  Mm 
year  TV  dtaprt  of  Mr  mi  cutter  rrr  ttratyhi  Imr*  which  form  mi  anylr  of  24.  TV  tanyrnt 
k»  Mr  fTM  centrodr  f  and  Mr  normal  lo  Mr  left  tided  dupe*  a,  lorm  Mr  any  I r  4, .  arcordtnyfy . 
f  and  Mr  normal  to  Mr  nyht  ihV  dupe*  n,  form  Mr  anylr  r  -  4, 

('oattdrr  fif  art  7  4  2  Mwaion  vector  r  M  drawn  from  Mr  center  of  frar  rotation  to  Mr  pomi 
of  tanyrnt  y  of  Mr  frar  and  rat  remrodrt.  a  »»  Mr  anylr  formed  hy  r  and  Mr  tentrode  lanyrnt 
f.  and  X  it  Me  anflr  formed  hy  r  and  Me  dupe  normal  a  TV  oriental  ion  of  dupr  normal*  n 
ta  rrprramtrd  hy  Mr  follow  my  equal  am* 

(1)  LrA  tided  iKapn 

+  (74  4) 

(2)  RtyVtided  dupe* 

(7.4. J» 

TV  anylr  X  it  meanwrrd  m  Mr  tame  directum  at  p  When  a  circular  year  m  yrnrrated  ( fif  7  4  .1), 
Mr  anylr  p  it  90*  and  X,  and  K  art  t<  mutant  any  let  rrpmrmed  at 


V  *  j  ♦  *. 

(7  4  6) 

'■I-*' 

(74  7) 

A  noncircular  year  may  he  f me  rated  hy  a  rack  cutter  whotc  if nt  rode  it  in  lanyency  wiM  Me 
pear  cent  rode  M  point*  on  line  On  (fiy .  7.4. 4|.  Thi*  line  it  drawn  from  Me  year  center  of  rotation 
O  perpendicular  lo  Me  directum  of  rack  cutter  displacement  t.  (See  tectum  2  1)  Here  Me  orientation 
of  dupe  normalt  it  alto  represented  hy  equal  am*  (7  4  6)  and  (7  4.7) 


I" 


Figure  7  4  4  Figure  7  4  1 

Shape  E  volute* 

Let  a  curve  E  be  given  (fig.  7.4.5)  with  M,  V,  as  a  locus  of  radii  of  curvature  of  this  curve.  The 
locu*  of  curvature  center*  N,{i  *  0,1,2. .  .  .  )  i*  called  the  evolute  of  E.  The  evolutc  of  the  given 
curve  E  may  be  determined  at  the  envelope  of  the  locut  of  normals  to  the  curve  E. 

Consider  that  a  gear  centrode  it  given  by  the  equation 

r<ff)  «  r{9)  sin  6i  +  r(0)  cos  (7.4.8) 

where  r(9 )  represents  the  magnitude  of  the  position  vector  as  a  function  of  the  polar  angle  9 
(fig.  7.4.6(a)).  The  orientation  of  shape  normals  is  represented  by  the  function  X(0)  €  C1.  where 
X  is  the  angle  made  by  vectors  r  and  n. 

The  locus  of  normals  n  may  be  represented  by  the  equations 

r,  -  r  +  t  =■  (r(0)  sin  9  +  ( tin  (9  +  X)]l  +  |r(0)  cos  9  +  (  cos  (9  +  X))  j  (7.4.9) 

Here  ( is  the  parameter  which  represents  the  location  of  a  point  Von  the  normal  (fig.  7.4.6).  Equation 
(7  4  9)  represents  a  locus  of  straight  lines  /.V.  The  envelope  of  the  locus  of  straight  lines  IN  represents 


Ac  confute  of  the  shape  whoar  Normal  orientation  t»  ,’iven  by  futaiton  h0)  (  C1 
The  displacement  of  •  point  of  Ac  normal  may  hr  determined  by 

*, -dM  +  dv,j  (7  4  10* 


«* - 

VPUl 


4m,  m  r  cot  Ml  -t  dr  un  #♦  f  cos  <#  +  XMdd  ♦  dX)  ♦  df  un  <•  ♦  X)  (7  4  III 

4r,  •  —  r  mb  Ml  ♦  drco*#-fnn<#  +  XKdf  «  A)  ♦  df  cm  10  ♦  X)  (7  4  12) 


At  Ac  point  of  tangracy  of  Ac  normal  /.V  and  Ac  envelope  (point  N.  fig.  7  4  6)  the  displacement 
of  Ac  normal  point  Jr,  must  be  coll  meat  to  Ac  envelope  tangent  T  Taking  into  account  that  Ac 
envelope  tangent  coincides  wiA  Ac  normal  IN,  we  may  Kate  that  Jr,  must  he  collinrar  to  Ac 
normal  IN  Thus, 


4m,  a,  sin  (t  ♦  Xl 
4y,  a,  cos  (9  ♦  X) 


(7.4  13) 


Fquatwmt  (7  4  11)  to  (7.4.13)  yield 


r  cos 


dr  /  dX\ 

X - sinX-ffl  I  ♦  —  ]  -  0 

d»  V  <*/ 


<7  4  14) 


The  posit  Km  vector  r  and  the  tangent  r  to  the  cent  rode  form  the  angle  a  determined  by 
(fig  7.4  6(b)) 


dr 

d$ 


tan  a 


(7  4  15) 


Substituting  —  vith  r  cot  n,  w*  get 


r  sin  (X  -  p) 


(7  4  16) 


Eijwinw  (7  4  16)  represents  the  function  fit),  where  ( i»  the  radius  of  curvature  of  the  shape  at 
the  point  where  H  intersects  the  centrode.  Equations  (7  4  9)  and  (7.4.16)  considered  together 
represent  the  shape  evotute 

Equation  (7.4  16)  may  be  esptessed  in  terms  of  cent  rode  curvature.  The  radius  of  curvature 
0  of  a  curve  is  represented  by 


0 


dt 

da 


(7.4  17) 


Here  dt  *  /A*  is  the  infinitesimal  arc  length  between  two  neighboring  points  /and  /*  on  the  centmde 
(fig.  7.4.7),  and  da  is  the  infinitesimal  angle  between  the  unit  tangent  vectors  r  and  r*  drawn 
al  points  /  and  /*. 

The  tangent  T  forms  die  angle  0  +  #  with  the  polar  asis,  and 

da  m  dt  +  dp  (7.4  11) 


The  arc  length  is 


dt 


V(/£)J  +  (£/‘)}  -  'J(rd$))  +  (<fr)}  -  dt 


V  \d»/ 


(7  4  19) 


rC*ntrae» 

I 


1  >* 


Figure  7  4  7. 


Figure  7.4.1 
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(7  4  IS),  and  <7.4  19)  ,,y* 


4k  -  r4bJ\ 


♦  an  * 


Ma  >> 


(7.4  20) 


fraia  ifMliaw  (7.4.17).  (7.4.11),  and  (7.4.20)  *al  it*  centrode  curvature  it 


Coataquendy. 


r-a 


(74  21) 


I  ♦ 


4X 


(7.4.22) 


The**  w  aa  important  •pexval  cate  whereby  the  orientation  of  ihape  normal*  by  the  equation 

V  —  ft  «  constant  (7.4.23) 


i*  observed  (eqt  (7  4.4)  and  (7.4.5)). 

Equation  (7  4  23)  correspond*  to  it*  generation  of  circular  and  noncirrular  gear*  with  the  itandard 
tool  applied  for  involute  gear*  while  (he  Mraightlined  cent  rode  of  the  rack  cutter  rod*  over  the 
gear  ceatrade  For  thi*  cate  we  get 


f- a  wn  (X  -  a) 


(7.4.24) 


i  (7.4.24)  may  he  interpreted  kinematically  (fig.  7.4. S).  Given  are  a  gear  cent  rode  and 
i*  ceatrade  evohae.  The  centrode  tt  provided  with  a  ihape  L  inch  that  it*  normal  a,  and  the 


‘•Crntrod* 


*  fnvotut*  ot  chjpef 

Fiftre  7  4  9 
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centrode  norma]  n,  make  a  constant  angle  of  90*  -  ff.  It  is  necessary  to  determine  point  N  of 
tangcncy  of  the  shape  normal  with  the  shape  evolute.  Let  us  prove  that  point  N,  the  point  of  urgency 
of  the  shape  norma]  n,  and  the  shape  evolute,  is  the  point  of  intersection  of  u,  and  line  KN.  Line 
KN  is  drawn  from  point  K  and  is  perpendicular  to  nt. 

This  statement  is  based  on  the  following  suggestions: 

( 1 )  Point  K  is  the  instantaneous  center  of  rotation  of  straight  line  IK  which  rolls  over  the  centrode 
evolute. 

(2)  The  velocity  of  any  point  N  rigidly  connected  to  IK  is  perpendicular  to  the  radius  of  rotation  KN. 

(3)  If  point  N  is  the  point  of  ungency  of  the  shape  normal  n,  and  the  shape  evolute,  then  the 
velocity  of  such  a  point,  vv,  must  be  directed  along  the  ungent  to  the  shape  evolute.  This 
requirement  is  observed  if  line  KN  is  perpendicular  to  line  IN. 

It  is  verifiable  that 


IN  *  IK  sin  0 

Taking  into  account  that  the  centrode  radius  of  curvature  IK  *  p.  IN  -  f,  and  0  ■  X  -  p.  we  get 
equation  (7.4.24). 

Example  problem  7.4.1  The  centrode  is  a  circle  of  radius  r  is  given  by  the  following  equations 
(fig.  7.4.9): 


jr  *  r  sin  0  y  *  r  cos  0  (7.4.23) 

The  orienution  of  shape  normals  is  represented  by  equations  (7.4.6)  and  (7.4.7).  Determine  the 
evolute  for  left-sided  and  right-sided  shapes. 

So!  lit  ion 

Sfrpl.  —Determine  f  for  the  left-sided  and  right-sided  shapes  by  using  equations  (7.4.6),  (7.4.7), 
(7.4.15).  (7.4.16).  and  (7.4.25). 


t,-tr 


r  sin(X  -  p) 


(7.4.26) 


Step  2.— Determine  the  evolute  of  shapes  and  Er  (fig.  7.4.9)  by  using  equations  (7.4.9), 
(7.4.6),  (7.4.7),  and  (7.4.26). 

(a)  Left-sided  shapes  E, 

x,  =s  r  cos  \f/c  sin  ( 0  +  ^c)  y,  =  r  cos  cos  (8  +  ^y)  (7.4.27) 

(b)  Right-sided  shapes  Er 

x,  =  r  cos  sin  ( 9  -  <l*c)  y,  =  r  cos  cos  (0  -  ^f)  (7.4.28) 

The  evolute  of  shapes  Ef  and  L,  is  the  circle  of  radius  p  =  r  cos  <j/c  centered  at  the  same  point  O 
as  the  centrode. 

Example  problem  7.4.2  Consider  that  the  displacement  s  of  the  rack  cutter  and  the  rotation  angle 
ip  of  the  gear  are  related  by  the  function 
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s  —  —  ip  +  a  sin  <t> 
2  P 


(7.4.29) 


Equationi  (7.4.34)  and  (7.4.35)  represent  a  circle  of  radius 


ecntered  at  point  O,  (fig.  7.4.10(a)).  Vector  GO,  and  the  y-axis  make  an  angle  measured 
clockwise  from  the  y-axis  and  I  GO,  I  ■  a  cos  ^r.  The  evolute  of  left-sided  shapes  may  be 
represented  in  coordinate  system  S,  by  the  following  matrix  equation: 


lrrl  “  \MtA\rA  (7.4.36) 

Here 


to)- 

* 

)«*)- 

cox  -sin  +c 

tin  cos  4/r 

0 

-a  COS  4>r 

tol- 

y. 

i  _ 

© 

o 

_ 1 

1 

1 
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Coordinates  ( x,.y, )  are  given  by  equations  (7.4.34)  and  (7.4.35).  Equations  (7.4.34)  to  (7.4.37) 
yield 


N 

x,  —  —  cos  sin  6 


N 

vf  =  —  cos  i/v  cos  6 
IP 


(7.4.38) 


(b)  Right-sided  shapes 

Jr,  =  r  sin  8  +  f,  sin  (0  +  X) 


+  a  sin  $  cos  sin  K'*) 


=  r  sin  9  +  (r  sin 
N 

=  —  cos  sin  (6  -  )  -  a  cos  sin 


(7.4.39) 
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y,  m  f  cos  t  +  tf  tin  (#  -f  A)  “  —  cot  j/r  cos  (#  —  \^r)  +  a  cot*  \}e  (7.4.40) 

To  represent  evolute  equal  torn  in  coordinate  system  S,  (fig.  7.4.10(b)),  we  tue  the  following 
matrix  equation: 


(',]  -  [MM 


cot  ic  tin  4>c  0 

W„]  -  -tin  +c  cos  -a  cot  +c 
0  0  I 


(7.4.41) 


(7.4.42) 


Equations  (7.4.31)  to  (7.4.34)  yield 


N  N 

—  cot  +c  sin  9  yr  «  —  cos  cos  8 


(7.4.43) 


Equations  (7.4.43)  represent  the  evolute  of  right-sided  shapes  as  a  circle  of  radius 

jy 

p,  **  —  cos  centered  at  point  Ot. 

Summarizing  our  results  we  may  state  the  following: 

(1)  The  generation  of  spur  gears  by  a  rack  cutter  (a  hob)  with  the  function  of  displacements  s(r ) 
represented  as  the  sum  of  a  linear  function  and  harmonic  function  of  the  first  order  (see  eq.  (7.4.29)) 
results  in  the  existence  of  two  different  evolutes  for  the  left-sided  and  right-sided  shapes  of  teeth 
of  the  generated  gear. 

(2)  The  evolutes  are  circles  whose  centers  are  offset  from  the  center  of  gear  rotation  (fig.  7.4. 1 1 ). 
This  location  of  evolutes  is  equivalent  to  an  error  of  eccentricity  for  the  tooth  shapes. 

(3)  Although  gear  teeth  have  different  tooth  thicknesses  (fig.  7.4.11),  these  eccentricity  errors 
cannot  be  discovered  by  measuring  the  distance  between  a  rack  tooth  and  the  center  of  rotation 
of  the  gear. 
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right-sided 
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Figure  7.4. 11. 
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PraMtw  7.4.1  Consider  that  the  gear  cent rode  it  am  ellipse  (fig.  7.4.12).  Usually  the  center  of 
gear  rotation  it  one  of  the  ellipte  foci,  but  we  locate  the  origin  of  the  applied  coordinate  lyatem 
at  the  symmetry  center  O  and  represent  the  cent  rude  equation*  by 

i  -  a  tin  t  y  -  b  coa  9  (7.4.44) 

The  unit  tangent  T  to  the  eilipne  forma  an  angle  >  with  the  y-axit  and  ia  rtprtaented  by  the  following 
equation*  (tee  ch.  3.2) 


r,  -  ain  >  - 


a  cot  # 


b  tin  t 


r,  ■  coa  y  -  -  - r- 

(a1  coa1  9  +  b1  *inJ 

The  unit  normal  to  the  ellipte  n  it  (see  ch.  3.2) 


i  n 


(7.4.45) 


(7.4.46) 


H,  m  fy  99  y  *  “fl 


(7.4.47) 


The  radius  of  curvature  of  the  ellipte  p  “  MK  ia  (tee  ch.  3.3) 


dx  dy  (flJ  co*J  *  +  »inJ  d)W 

dm,  dm, 


(7.4.44) 
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Fipire  7  4.12. 


Normals  n,  to  the  left-sided  shapes  make  the  angle  (7  +  )  with  the  y-axis.  Normals  to  the  right¬ 
sided  shapes  make  the  angle  (7  +  t  -  )  with  the  v-axis.  Determine  equations  of  shape  evolutes 

by  using  equations  (7.4.9)  and  (7.4.24). 
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Chapter  8 

Surfaces 


8.1  Surfaces:  Definitions  and  Representations 

Like  the  concept  of  a  plane  curve  used  in  the  Theory  of  Plane  Gearing*,  we  need  the  concept 
of  a  turf  ace  bated  on  strict  definition*  proposed  in  the  field  of  differential  geometry.  (See  the  book* 
by  Zalgaller  1975,  Lipshutz  1969,  Goetz  1970,  and  other  authors.) 

A  parametric  representation  of  a  surface  £  is  a  continuous  mapping  of  an  open  rectangle  C,  given 
in  the  plane  P  of  parameters  (u,9),  onto  a  three-dimensional  space  R*  such  that 

r(u.9)(C°  a  <  ii  <  b  c<9<d  (8.1.1) 

Here  r  is  the  position  vector  which  determines  the  point  surface  (fig.  8.1.1).  The  vector  function 
r(*,8)  may  be  represented  by 

r(u,9)  -f{uM+g(u.8)\+s(u,6)k  (8.1.2) 

where  I.  j,  and  k  are  unit  vectors  of  the  coordinate  axes. 

Expression  (8. 1.1)  sets  the  correspondence  between  points  of  plane  P  and  surface  £  such  that 
only  a  single  point  r (u.9)  corresponds  to  the  given  point  (u.9).  One-to-one  correspondence  is  not 
guaranteed;  it  may  happen  that  the  given  point  r(u.fi)  corresponds  to  more  than  one  point  of  the 
plane  P.  For  instance,  the  mapping 

r  -  rfc[(sin  9  -  9  cos  0)1  +  (cos  9  +  9  sin  0)jj  +  uk  (8. 1 .3) 

where  -  »  <  9  <  oo  and  a  <  u  <  b  represents  a  cylindrical  involute  surface  of  two  branches, 
I  and  II  (fig.  8. 1 .2).  Lines  of  self  intersection  L  of  this  surface  belong  to  the  plane*  =  0  and  may 
be  determined  by  equation  (8.1.3)  and  the  equation 

9-  tan  9  =  0  (8.1.4) 

Consequently,  any  point  M  of  the  surface  line  L  is  determined  by  a  single  value  of  u  and  two  different 
values  of  9:  9 1  and  92  (9 1  and  92  have  the  same  absolute  value  but  they  are  of  opposite  signs). 


A  simple  surface  is  a  continuous  mapping  (8.1.1)  with  a  one-to-one  correspondence  between 
points  of  plane  P  (of  parameters  (u, 8))  and  points  of  the  three-dimensional  space  R*.  In  tome  cases 
the  mapping  (8.1.1)  may  represent  a  simple  surface  just  by  the  limitation  (u,6)  t  G.  For  instance, 
if  we  limit  parameter  t  by 


0<«<ot  (or  -  o»  <  #  <  0) 

mapping  (8. 1 .3)  will  generate  a  simple  surface;  only  one  branch  of  the  pair  I  and  II  (fig.  8. 1 .2) 
is  formed.  If  mapping  (8  . 1 . 1 )  is  continuous  and  of  one-to-one  correspondence  in  the  neighborhood 
of  the  set  of  parameters  Uo.yo.Co.Ho.^o).  we  say  that  it  represents  a  locally  simple  surface. 

A  surface  in  parametric  representation  is  called  regular  if  the  requirements 

r(u.8)<C'  r,  x  r,  *  0  a<u<b  c<»<d  (8.1.3) 

are  observed  throughout  the  mapping  from  the  plane  of  parameters  (u.9)  onto  the  three-dimensional 
space.  Here 


dr 

du 


r,  - 


dr 

dd 


A  regular  surface  has  a  tangent  plane  at  all  its  points.  (See  sec.  8.3.) 

Theorem  A  surface  is  regular  locally  if  requirements  given  in  equation  (8.1.5)  are  observed  in 
the  neighborhood  of  a  point  3f(io,vo,Jo-“0'^o)-  It  msy  be  proven  that  such  a  surface  is  a  simple 
one  in  the  neighborhood  of  point  Af. 

Proof:  The  inequality 


r„  x  r,  *  0 


(8.1.6) 


may  be  represented  by 


*.  y,  u 

*  y*  z# 


■  P  o 

**  y » 


The  inequality  (8.1.7)  it  observed  if  at  least  one  of  the  three  determinant*  of  the  tecond  order 
it  not  equal  to  zero.  Taking  into  account  the  designation*  applied  in  equation  (8. 1 .2),  we  tay  that 
inequality  (8.1.7)  it  observed  if  at  least  one  of  the  following  determinant*  it  not  equal  to  zero: 


g .  <■ 

ft  *4 


».  /. 

*4  ft 


/.  g . 

ft  gt 


(8.1.8) 


Let  us  suppose  that  just  the  determinant 


/.  8. 

ft  gt 


(8.1.9) 


it  not  equal  to  zero.  Consider  a  system  of  three  equations 

F,  (u.Bj.y.z)  *  f{u.9)  -  x  *  0  F2(u.8.x.y.z )  *  g(«,0)  -  y  *  0 

Fjlu.gj.y.z)  *  x(u.0)  -  Z  «  0  (8.1.10) 

which  are  satisfied  at  the  point 

M(u0.8o^o.>'o.io)  (8.1.11) 

According  to  the  Theorem  of  Implicit  Function  System  Existence  (app.  B),  equations  (8. 1. 10)  may 
be  solved  in  the  neighborhood  of  point  (8. 1 . 1 1 )  by  the  functions 

fu(jr.y).  8(x,y),  z<Jr.y)|€C'  (8.1.12) 

if  the  Jacobian 


D(F„F2,F2) 

D(u,8,z) 


f.  g.  ». 

ft  gt  h 
0  0-1 


*  0 


(8.1.13) 


The  inequality  (8.1.13)  is  equivalent  to  the  inequality  (8.1.9):  therefore,  if  inequality  (8.1.9) 
is  observed,  functions  (8.1.12)  indeed  exist.  Consequently,  a  definite  point  ( u,6 )  on  the  plane  of 
parameters  ( u.d )  is  determined  if  the  point  (x.y.z)  in  the  three-dimensional  space  is  given.  Thus, 
the  mapping  (8.1.5)  is  of  one-to-one  correspondence  in  the  neighborhood  of  point  M.  and  this 
mapping  represents  a  simple  curve. 

The  existence  of  function 


z(x.y)  €  C1 


(8.1.14) 


i how*  riM  a  regular  surface  may  ha  rtpre tamed  m  the  neighborhood  of  M  hy  this  function 
For  tartam  reasons,  other  parameter*  a  and  ere  to  he  applied  for  the  surface  parametric 
representation  Two  parametric  representations 

<  C'  (a,#)  I  G 
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the  tame  regular  turface  if  the  following  requirement*  are  observed 
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There  it  another  form  of  turface  representation  known  at  the  implicit  equation  of  the  turface. 
Equation 


F(x.y.z)  “  0\  (8.1.16) 

generally  rcprescntt  a  net  of  point*  in  three-dimentional  space.  To  represent  a  turface,  equation 
(8.1.16)  must  be  tupplcmented  with  additional  requirement  at  follows: 

FtC'  IF, I  +  IF,I  +  IF.I  *0  (8.1.17) 

Equation  (8.1.16).  with  requirements  (8.1.17),  represents  a  locally  simple  and  regular  surface  in 
the  neighborhood  of  point 


Sfof-tO-.Vo-io)  (8.1.18) 

This  statement  may  be  proven  with  the  Theorem  of  Implicit  Function  System  Existence.  Assume 
that  inequality  (8. 1 . 16)  is  observed  because  F.  *  0.  Then  equation  (8. 1 . 16)  may  be  solved  in  the 
neighborhood  of  point  (8.1.18)  by  the  function 

zCr.vXC1 

This  function  represents  a  simple  and  regular  surface. 


8.2.  Curvilinear  Coordinates 

Considering  the  parametric  representation 

r(u,9)  =  x(u,9)i  +  y(u.9)J  +  r(«,0)k  r(u.0)  €  (8.2.1) 

where  a  <  u  <  b  and  c  <  9  <  d,  we  say  that  with  given  values  of  (u,,.0o).  the  position  vector 
r(uo.9„)  determines  the  surface  point  M  (fig.  8.2.1).  Thus,  parameters  (u.O)  arc  called  curvilinear 
coordinates  (Gaussian  coordinates)  on  the  surface. 


t 


Figure  12  1 


Fixing  the  value  of  one  parameter  (assume  u  *  Mr.)  and  varying  the  other  parameter  0,  we  may 
determine,  by  r(uo.0).  the  coordinate  line  of  0  (the  0  line)  on  the  surface  (fig.  8.2.1).  Similarly, 
by  letting  0  «  80,  we  may  determine,  by  r(tf,0<>),  the  «-line  on  the  surface.  Thus,  the  surface  is 
covered  with  u-lines  and  tf-lines,  at  shown  in  figure  8.2.1. 

8.3  Tangent  Plane  and  Normal  Vector  to  a  Surface 

Consider  a  surface-fixed  point  M0.  determined  by  r(uo.^o).  and  »  neighboring  point  M 
r(u.  0)  *  r(j<o  +  Au.  d0  +  A0) 

of  a  varied  location.  Draw  a  ray  A  from  point  Mn  to  point  M.  The  direction  of  this  ray  depends 
on  the  ratio  Au/A0.  The  position  of  the  ray  when  point  M  approaches  Mn  (when  (u.9)  approaches 
(«o,80))  is  called  the  limiting  position.  With  M  approaching  M0,  we  may  find  a  set  of  limiting  rays 


id 

Figure  8  3  1 
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by  changing  dw  ratio  Wc  say  dial  a  surface  ha*  a  tangent  plane  at  M«  if  the  at*  of 1  uniting 

ray*  All*  m  a  plane 

Figure  1)1  shows  three  type*  of  seta  of  limiting  ray*  In  the  firit  caw.  the  aet  of  limiting  rays 
Alla  in  a  plane  F  t fig.  I .).  i (all  In  the  womd  caw,  two  aurface  branches  I  and  II  are  connected 
hy  the  ao-calted  edge  of  regression.  labeled  /.  The  wt  of  limiting  ray*  correnponding  to  point  Af 
of  the  line  L  fill*  in  only  a  half  plane  which  it  limited  by  the  tangent  T  drawn  to  L  at  point  Af 
(fig  8  3  1(h)).  In  the  third  caw.  point  Af  i»  the  cone  ape*  (fig  I  3  1(c)),  and  dw  wt  of  limiting 
rayt  fill*  in  the  cone  surface,  the  tangent  plane  doe*  nrn  exist 

A  tu.face  point  at  which  the  tangent  plane  exist*  it  called  a  regular  point  A  surface  point  at 
which  the  tangent  plane  does  m*  exist  is  called  a  singular  point  There  are  different  types  of  surface 
singular  points  A  surface  may  have  one  singular  point  (fig.  8  3. 1(c))  or  wveral  separated  singular 
points.  Alao,  singular  porno  may  form  a  line  (the  edge  of  regression)  (hat  connects  two  branches 
of  a  surface  (fig  R  3.1(b)). 

The  tangent  plane  F  to  a  surface  (if  such  a  plane  exists)  is  determined  by  the  pair  of  vectors 
r,  and  i>.  which  are  tangents  to  the  a  line  and  Aline,  respectively  (fig.  13  2)  The  tangent  plane 
fat  (he  surface  point  r(uo.fu)  •»  represented  by  the  equation 

|Ar.r,|  m  0  (131) 


A«l  -  r(Mo.#o)  «  AfAf* 

Position  vector  r(uo,f0)  represents  the  surface  given  point  Af  (fig.  8.3.2).  Position  vector  R. 
which  is  drawn  from  the  same  origin  O  as  r(u.d),  represents  an  arbitrary  point  Af*  of  the  tangent 
plane  F.  Equation  (8.3.1)  yields  that  vector  A  belongs  to  the  plane  F  drawn  through  vectors 
r.<“o.*o)  «nd  r,<u<,,#0). 

The  normal  vector  N,  at  a  regular  point  of  the  surface,  is  perpendicular  to  the  tangent  plane 
P.  Thus,  N  is  perpendicular  to  vector*  r,  and  r,  (fig  8.3.2)  and  we  get 


N  •  r,  x  f|  (8.3.2) 

The  surface  normal  may  be  expressed  in  terms  of  projections  on  coordinate  axes  by 
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The  unit  normal  is  represented  by 


(8.3.4) 


where  INI  =  (N;  +  N;  +  N:)1'2. 

The  direction  of  the  surface  normal  N  and  unit  normal  n.  with  respect  to  the  surface,  depends 
on  the  order  of  the  factors  of  the  cross  product  (eq.  (8,3.2)).  By  changing  the  order  of  the  factors, 
we  may  change  the  direction  of  the  normal  to  the  opposite  direction. 

We  call  a  surface  point  r(uo.0())  a  singular  point  if  at  this  point 

r.  x  r,  =  0  (8.3.5) 


131 
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Vector  equation  (8.3.5)  give*  rite  to  the  following  four  cases: 

(1)  r.  ■  0  and  r,  *  0 

(2)  r,  0  0  and  rt  -  0 

(3)  r,  ■>  0  and  r,  «  0 

(4)  r,  i*  0  and  i>  *  0,  but  r,  »  Xr«(X  *  0)  and  the  tangent  vector*  to  coordinate  line*  are 
collinear. 

A*  a  rule,  in  this  book  we  apply  turfacet  given  in  the  parametric  form.  However,  we  consider 
surfaces  represented  by  the  implicit  equation  (eq.  (8.1.16))  with  requirement!  (8.1.17).  If  theie 
requirements  are  observed,  the  surface  points  are  regular.  Considering  a  set  of  point!  given  by 
the  equation 


F(x.),z)  m  0  FtC 1  (8.3.6) 

we  say  a  surface  point  is  singular  if 

F,  .  F,  -  Ft  -  0  (8.3.7) 

Equation  (8.3.6)  may  represent  a  set  of  points  of  which  only  a  part  belong  to  a  surface.  Therefore, 
equations  (8.3  6)  and  (8.3.7)  represent  all  singular  points  of  the  set  (including  singular  points  of 
a  surface  if  this  surface  indeed  exists). 

Consider  a  regular  point  (xq.Vo.Io)  of  a  surface  represented  by  equation  (8. 1 . 16)  and  expressions 
(8.1.17).  Let  us  develop  the  equation  of  the  tangent  plane  drawn  at  point  Uo>.Vo>£o)- 

Suppose  a  line  L  is  given  in  the  three-dimensional  space  by 

R(\f)  «  jr(M  +  y(f)J  +  z(^)k  (x(^).  yW).  z(tf))  f  C1 

|jr#  I  +  ly*  I  +  I  *  0  ^,  <  ^  <  (8.3.8) 

Line  L  belongs  to  the  surface 

F(x.y.z)  =0  Ft  C'  I F,\  +  If, I  +  IFJ  *  0  (8.3.9) 


if  the  identity 


FlxU).  yU).  zU))  =  0  (8.3.10) 

is  observed  by  any  value  of 

The  differentiation  of  equation  (8.3.10)  with  respect  to  ^  yields 


(1.3.1 I) 
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fwf* 


**  -  (8.3.12) 

M  the  tangent  vector  to  the  line  L.  and 

VF  -  F,l  ♦  FJ  +  FJk  (8  3  13) 

m  the  to-called  gradient  of  the  function  F(x.y.z).  Equation  (8.3.11)  yieldt 

VF.R^-0  (8.3.14) 

That  it,  the  gradient  VF  and  the  tangent  vector  R^  are  perpendicular  to  each  other. 

Equation  (8.3. 14)  it  observed  for  all  linet  L  which  belong  to  the  surface  (8.3.9)  and  pass  through 
the  point  (Xo.Vo.Zo).  The  tangent  vectors  R,  are  all  located  in  the  same  plane  P.  which  is  tangent 
to  the  surface  at  surface  point  (xo-Vo.Zo)-  The  gradient  vector  VF  is  perpendicular  to  all  tangent 
vectors  R^.  Thus.  V’F(x0,.Vo.lo)  it  the  normal  vector  to  the  surface  at  surface  point  (Jo.V'o.mi) 
The  tangent  plane  P  drawn  at  point  (io.Vo.io)  i»  represented  by  the  equation 

F,(x0.y©,io)  (X  -  Jto)  ♦  F,(xo..Vo.Jo)  ( F  -  ,v0)  +  ^(*o.,Vo.Jo)  (Z  -  ^)  •  0  (8.3.15) 

where  X,  Y.  and  Z  are  coordinates  of  a  point  in  the  plane  P  (point  Af*  in  fig.  8.3.2),  and  Xg,  v0. 
and  to  are  coordinates  of  the  surface  point  M 
The  surface  normal  N  at  the  point  (Xo.Vo.io)  i* 

N  -  F,(jto,yo.io)l  +  F)(xb..V0.Jo)J  +  F:ixg,y0,^)k  <8.3. 16) 


The  unit  normal  ■  is 


F,i  -r  FJ  4  FJk 

m 


(8.3.17) 


where  m  »  (F?  +  F?  +  F?)l/J. 

Generally,  the  direction  of  the  surface  unit  normal  is  a  function  of  both  curvilinear  coordinates 
of  the  surface.  An  exception  to  this  rule  is  a  developable  ruled  surface.  A  ruled  surface  may  be 
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generated  .  a  certain  motion  of  a  straight  line.  Thus,  a  ruled  surface  may  be  considered  as  a  family 
of  straight  lines.  We  say  that  a  straight  line  may  be  drawn  through  any  point  of  a  ruled  surface 
such  that  it  lies  entirely  on  the  surface. 

Considering  surface  unit  normals  distributed  at  points  of  the  straight  line  L,  we  usually  find  that 
the  direction  of  the  surface  unit  normal  changes  while  the  surface  point  moves  along  L  (fig.  8.3.3). 
However,  there  are  known  developable  ruled  surfaces  for  which  the  direction  of  the  normal  is  the 
same  for  all  points  of  surface  straight  line.  Such  surfaces  may  be  developed  on  a  plane.  Typical 
examples  of  ruled,  developable  surfaces  are  the  cone  surface,  cylindrical  surface,  and  involute  screw 
surface.  (See  sec.  8.4.) 

8.4  Examples  of  Surfaces 

In  this  section,  we  will  consider  some  types  of  surfaces  which  are  widespread  in  the  field  of 
spatial  gear  mechanisms. 

Surface  of  Revolution 

This  surface  (fig.  8.4. 1)  may  be  generated  by  rotation  of  a  planar  curve  L  about  the  z-axis;  curve 
L  is  located  in  a  plane  drawn  through  the  z-axis.  Consider  that  the  planar  curve  L,  which  generates 
the  surface  of  revolution,  is  represented  in  the  auxiliary  coordinate  system  Sa  (fig.  8.4.2(a))  by 
the  equations 


*,  =*/<«)  y.  =  0  z.  =  g«»  (8.4.1) 

The  auxiliary  coordinate  system  routes  about  the  z-axis  and  the  coordinate  transformation  from 
J<(x„>,,,za)  to  S(x,y,z)  (fig.  8.4.2(b))  is  represented  by  the  matrix  equation 


"  X  " 

cos  -sin  ^0  0' 

xa 

y 

sin  i/.  cos  4*  0  0 

y. 

z 

0  0  10 

h. 

1 

0  0  0  1 

l 

Equations  (8.4.1)  and  (8.4.2)  yield 
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Figure  8.4.1. 


(t>l 

Figure  8.4  2. 


Jt  «/(8)  CO*  + 


y  «/(8)  *in  + 


l  ”  *(*) 


(8.4.3) 


where  8,  <  8  <  82  *nd  0  s  ^  £  2». 

Problem  8.4.1  Given  the  surface  of  revolution  represented  by  equations  (8.4.3).  Determine  (I) 
equations  of  the  8-lines  and  ^-lines  and  explain  their  geometric  essence  and  (2)  equations  of  the 
surface  normal  N  and  the  surface  unit  normal  n. 

Answer  (I)  The  8-line  is  represented  by  the  equations 

•r«/(8)cos^0  y*/(8)  sin  z  =  g(8)  (8.4.4) 

where  io  m  constant  and  is  located  in  the  plane  which  passes  through  the  z-axis  and  makes  an  angle 
t  **  e'o  with  the  x-axis  (fig.  8.4.1).  The  ^-line  is  represented  by  the  equations 

x  */(80)  cos }  y  =/(80)  sin  ^  z  =  g(60)  (8.4.5) 

Equations  (8.4.5)  represent  a  circle  of  radius 

p-(xJ  +yJ),/J  */(80) 

which  is  located  in  the  plane  z  *  g(80)  and  centered  on  the  z-axis. 

(2)  With  the  cross  product  T,  X  r*.  the  surface  normal  may  be  represented  as  follows: 

N,»  -/(8)*'(8)cos*  Ny  =  —  f(9)g'(9)  sin  ^  A(.  =/(8)/’(8)  (8.4.6) 

The  unit  normal  is  (provided  j{9)  *  0) 

g'(8)  cos  ^  g'(8)  sin  f(») 

nj  ~  Hy  * - - -  —  ~  (8.4.7) 

(1  d  n 

where 

A2  *  IT(8)|J  +  U'(0)!2  f(9)  =  ja<fm  g'(9)=d-(gm 

do  do 


Spherical  Surface 

This  surface  (fig.  8.4.3)  is  a  particular  case  of  the  surface  of  revolution.  The  generating  planar 
curve  L  is  a  circle  of  radius  p  centered  at  the  origin  O  of  the  coordinate  system  S(x,y,z).  Tne 
spherical  surface  is  generated  by  the  circle  in  rotational  motion  about  the  z-axis;  L,  and  Ln  are 
two  positions  of  the  generating  circle,  and  is  the  angle  of  rotation  about  the  z-axis. 

Consider  again  an  auxiliary  coordinate  system  Sa,  rigidly  connected  to  the  generating  circle  (fig. 
8.4.4).  The  generating  circle  is  represented  in  the  coordinate  system  S3  by  the  equations 

xa  =  p  cos  8  >’«  =  0  Za  =  p  sin  8  (8.4.8) 


Using  the  matrix  equation  (8.4.2)  and  equation  (8.4.8),  we  represent  the  equations  of  the  spherical 
surface  as  follows: 


x  =  p  cos  9  cos  \J/  y  —  p  cos  9  sin  ^  z  =  p  sin  9 


(8.4.9) 
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where  0  <  9  <  2r  and  0  <  i  <  It.  The  surface  normal  vector  N  ■  rt  x  r#  it  given  by 


N,  «  -  pJ  cos2  9  cos  Ny  *  -  p2  cos2  8  sin  ^  Nt  *  -  pJ  cot  •  tin  9  (8  4.10) 


The  normal  N  is  equal  to  zero  at  cos  8  -  0.  Thus,  points  and  (fig.  8.4.3)  are  singular. 

We  must  differentiate  between  singular  and  pseudosingular  points  of  a  surface.  Pseudosingular 
points  appear  only  as  a  result  of  the  chosen  parametric  representation,  and  they  become  regular 
by  the  changing  of  parameters  of  representation. 

To  prove  this,  let  us  consider  that  the  spherical  surface  is  generated  by  the  circle  L *  in  rotational 
motion  about  the  x-axis  (fig.  8.4.3).  The  circle  L’  is  represented  in  the  coordinate  system  5,  (fig. 
8.4.5(a))  by  equations 


IV. 


x,  *  p  cos  u  y.  *  p  sin  u  *  0  (8.4.11) 


The  coordinate  transformation  in  transition  from  S„  to  5  (fig.  8.4.5(b))  is  represented  by  the  matrix 
equation 


(ji 


Figure  fl.4.5. 
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(8.4.12) 


Equation*  (8.4.1 1)  and  (8.4.12)  yield 

x  *  p  cos  u  y  *  p  sin  u  cos  ^  ;  =  p  sin  u  sin  $  (8.4.13) 

The  surface  normal  N*  is  given  by 

N*  *■  r„  x  r*  *  p2  sin  u(cos  ui  +  sin  u  cos  «J  +  sin  u  sin  $k)  (8.4.14) 

Surface  points  D,  and  D2  (fig.  8.4.3),  which  correspond  to  sin  «  *  0,  are  singular  because  at  these 
points  N*  »  0.  All  other  surface  points,  including  points  Af|  and  M 2  (fig.  8.4.3).  are  regular.  We 
may  see  that  the  singularity  of  surface  points  Af,  and  A/;,  which  results  from  the  parametric 
representation  (eq.  (8.4.9)),  disappears  when  the  new  parametric  representation  (eq.  (8.4.13))  is 
employed.  But,  at  the  same  time,  the  singularity  of  surface  points  D,  and  l)2  occurs. 

Actually,  a  spherical  surface  does  not  have  singular  points;  that  is,  the  normal  to  the  surface 
has  .1  definite  direction  at  all  surface  points.  This  direction  at  pseudosingular  points  like  Af,  and 
M2  and  D\  and  D2  may  be  determined  by  using  a  new  parametric  representation. 

Considering  the  parametric  representation  (eq.  (8.4.13))  and  the  equation  of  the  surface  normal 
(eq.  (8.4. 14)).  we  find  that  the  surface  unit  normal  is  (provided  sin  u  *  0) 


a 


N* 
IN*  I 


«  cos  ui  +  sin  u  cos  <>J  +  sin  u  sin  *k 


(8.4.15) 


Cone  Surface 

This  surface  may  be  generated  by  a  straight  line  L  in  rotation  about  an  axis  with  which  line  L 
forms  an  angle  4><  (the  jr-axis  in  fig.  8.4.6).  Curvilinear  coordinates  of  the  cone  surface  are  8  and 
u  =  \aM  I ,  where  A  is  the  cone  apex.  Equations  of  ihe  cone  surface  arc 

x  =  p  cot  —  u  cos  y  =  u  sin  sin  8  z  =  u  sin  cos  9  (8.4. 16) 

where  0  S  u  S  ut  and  0  S  9  S  2x. 
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Equations  (8.4. 16)  may  alto  be  derived  using  the  following  considerations: 

(1)  The  generating  straight  line  L  is  represented  in  the  auxiliary  coordinate  system  S,  (fig. 
8.4.7(a))  by  the  equations 

xt  m  p  cot  ic  -  a  cos  ic  y,m0  it  ■  a  sin  ir  (8.4. 17) 

(2)  The  coordinate  transformation  in  transition  from  S,  to  S  (fig.  8.4.7(b))  is 

1  0  0  0  x, 

0  cot  8  sin  8  0  y, 

(8.4.18) 

0  -tin  8  cos  8  0  z, 

0  0  0  I  J  [  I 

Equations  (8.4.17)  and  (8.4.18)  yield  equations  (8.4.16). 

A  cone  surface  it  an  example  of  a  developable  ruled  surface.  The  cone  normal  and  its  unit  normal 
may  be  represented  by 

N  *  r#  x  r.  »  u  sin  tMsin  +  cot  sin  8J  +  cot  cos  8k)  (8.4  19) 


■  *  - — -  “  sin  J  +  cos  sin  8j  +  cos  cos  8k  (by  u  sin  #  0)  (8.4.20) 


Equation  (8.4.20)  yields  that  the  surface  unit  normal  n  is  a  function  of  only  one  curvilinear  coordinate. 
8.  Consequently,  the  surface  unit  normals  are  the  same  for  all  points  of  the  straight  line  L  (fig.  8.4  6). 

The  cone  apex,  which  corresponds  to  u  «■  0,  is  a  singular  surface  point.  This  results  from  equations 
(8.4. 19),  where  N  *  0  when  «  -  0. 

Hettcokf 

A  helicoid  is  a  surface  which  is  generated  by  a  line  in  a  screw  motion.  The  generating  line  may 
be  a  curve  or  a  straight  line.  Helicoids  are  widespread  in  the  field  of  gears.  Surfaces  of  helical 
gears  and  cylindrical  worms  of  worm-gear  drives  are  helicoids. 


15* 


Gtntnd  equationi  of  a  ktlicotf  —  Consider  a  screw  motion  of  a  planar  curve  L  such  that  the 
axis  of  screw  motion  is  perpendicular  to  the  plane  of  L.  In  this  motion,  curve  L  generates  a  helicoid. 
Let  us  represent  curve  L  in  an  auxiliary  coordinate  system  5,  (fig.  8.4.8(a))  by  equations 


xt~rt(9) cos*  sin#  « 0 


(8.4.21) 


where  r,  •  OJA  and  9t<9<9 2.  The  axis  of  the  screw  motion  is  the  ;-axis  (fig.  8.4.8(b)),  and 
the  screw  parameter  it  h.  The  screw  parameter  h  represents  the  displacement  along  the  ;-axis, 
which  corresponds  to  the  rotation  about ;  through  an  angle  of  one  radian.  The  sign  of  h  is  positive 
for  a  right-hand  screw  motion. 


I  -  helicoid 


141 


Figure  8.4  *. 

Coordinate  transformation  in  transition  from  5,  to  S  is  represented  by  the  matrix  equation 


’  X 

y 

z 

.  i . 

cos  -sin  ^00 
sin  ^  cos  ^00 
0  0  1  hi 

0  0  0  1 


xa 

>'a 

Zm 

1 

(8.4.22) 


Equations  (8.4.21)  and  (8.4.22)  yield 

x  *  ra(9)  cos  (9  +  f)  y=  ra(8)  sin  (9  +  ^)  ^  =  hi 


(8.4.23) 


where  9,<9<92  and  0<i<2v. 
The  helicoid  normal  is 


dr  dr  rJ8)  . 

N  =  —  x  —  =  - —  (h  sin  (9  +  i  +  ^)l  -  h  cos  (9  +  i  +  ^)j  +  ra(9)  cos  /ak] 
cm  dy  sin  n 


(8.4.24) 
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The  helicoid  unit  normal  ii  (provided  r.(8)  *  0) 


■ 


N_ 

|N| 


- —  |Asin(9  +  ~  kcot(9  +  i  +  p)J  +  r,  cos  pit) 

^k1  +  rjcos2p 


(8.4.25) 


HeUtoU  with  ruled  turf  act. —K  helicoid  with  a  ruled  surface  is  generated  by  a  screw  motion 
of  a  straight  line  L.  The  axis  of  screw  motion  and  the  generating  line  may  form  a  crossed  angle 
or  they  may  intersect  each  other. 

Given  (a)  two  coordinate  systems  S,  and  5*  rigidly  connected  to  the  generating  line  L  (fig. 
8.4.9(a))  and  (b)  a  coordinate  system  S  in  which  the  helicoid  is  represented  (figs.  8.4.9(b)  and 
(c)).  The  coordinate  system  S.  performs  a  screw  motion  with  respect  to  S.  and  z  is  the  axis  of 
the  screw  motion.  Each  point  of  the  coordinate  system  S„  generates  in  the  screw  motion  a  helix 
on  a  cylinder.  Point  M  generates  a  helix  on  the  cylinder  of  radius  OJd^p,  and  MT is  the  tangent 
to  the  helix  at  point  M  (figs.  8.4.9(a)  and  (b)).  We  consider  two  lines  MT  and  MN  rigidly  connected 
with  each  other.  Line  MN  is  the  generating  line  which,  while  performing  a  screw  motion,  generates 
the  helicoid. 

We  may  derive  the  helicoid  equations  by  using  the  rules  of  coordinate  transformation.  Consider 
that  the  generating  line  is  represented  in  the  coordinate  system  Sh  by  equations 

Xj»0  y* « « cos  4  j**-«sin6  (8.4.26) 

where  u  *  MN  The  coordinate  transformation  from  Sh  to  S  is  represented  by  the  matrix  equation 
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(8.4.27) 


Equations  (8.4.26)  and  (8.4.27)  represent  the  equations  of  the  helicoid  surface  as  follows: 


r  »  (p  cos  9  -  u  cos  5  sin  8)1  +  (psin0  +  ucosicos0)j  +  (M  -  usin<5)k  (8.4.28) 


Vector  equation  (8.4.28)  represents  a  ruled  surface.  The  u-line  (surface  parameter  8  is  considered 
fixed)  represents  a  straight  line  and  the  9-line  represents  a  helix.  Vector  equation  (8.4.23)  is  a  general 


i«o 


Ill 


Figure  8.4.9. 


equation  of  a  helicoid.  In  a  particular  case,  equation  (8.4.23)  may  represent  a  helicoid  with  a  ruled 
surface  if  the  generating  plane  curve  L  is  given  as  a  cross  section  of  a  helicoid  with  a  ruled  surface. 
The  normal  to  the  helicoid  with  the  ruled  surface  (eq.  (8.4.28))  is 

dr  dt 

N  =  —  x  —  =  l(h  cos  5  +  p  sin  6)  cos  6  -  u  cos  5  sin  6  sin  6) i 
3u  M 

+  [A  cos  5  +  p  sin  6)  sin  9  +  u  cos  6  sin  6  cos  0]j  +  ucos:6k  (8.4.29) 


The  unit  normal  is 


m2  *  (A  cot  4  +  p  sin4)2  +  »t2cot24 


(*.4.31) 


There  are  two  particular  but  important  ca*et  of  hclicoids  with  ruled  surfaces.  In  the  first  case, 
the  generating  line  L  coincides  with  the  tangent  T  to  the  helix  on  the  cylinder  surface  C.  The  straight 
line  L  generates  a  helicoid,  an  involute  screw  surface.  We  may  obtain  equations  of  such  a  surface 
from  equations  (8.4.28)  by  setting  4  »  -X,  (fig.  8.4.9(a)).  This  yields 

r  -  (pcott  -  w cos  X,  sin 0 )i  +  (psin 0  +  it  cos  Xp  cos  0)J  +  (A0  +  usinX,)k  (8.4.32) 

Equations  of  the  normal  N  and  unit  normal  n  to  this  surface  may  be  derived  from  equations 
(8.4.29)  and  (8.4.30)  to  (8.4.31),  respectively,  making  4  -  -X,  where  tan  X,  -  A/p.  We  then 
obtain 


h  cos  4  +  psin  4  -  A  cos  X,-p  sinX,  -  0 


(8.4.33) 


m 1  *  (A  cos 4  +  psin  A)2  +  it2cos2A 
-  u2  cos2  X, 


(8.4.34) 


and 


N  -  it  cos  Xp(sin  Xp  sin  01  -  sin  Xp  cos  0J  +  cos  Xpk)  (8.4.33) 

With  it  cos  X„  *  0.  all  points  of  the  screw  involute  surface  arc  regular,  and  the  equation  of  the 
unit  normal  at  these  points  is 

■  *  sin  Xp(sin  01  -  cos  0j)  +  cos  X,k  (8.4.36) 

The  direction  of  the  unit  normal  n  does  not  depend  on  the  surface  parameter  it.  This  means  that 
the  unit  normal  has  the  same  direction  for  all  points  of  the  generating  straight  line  L,  and  the  involute 
screw  surface  is  a  ruled  developable  surface. 

The  second  particular  case  of  a  helicoid  with  a  ruled  surface  is  the  Archimedes  screw  surface. 
This  surface  is  generated  by  a  straight  line  which  does  not  cross,  but  intersects  the  axis  of  screw 
motion.  The  Archimedes  screw  surface  is  applied  not  only  for  worms  but  for  screws  which  are 
cut  by  straight -edged  blades. 

The  equation  of  the  Archimedes  screw  surface  may  be  derived  from  equation  (8.4.28)  by  setting 
p  >*  0.  This  yields 


r  =  u  cos  4( -sin  01  +  cos0j)  +  (A0  —  it  sinA)k 


(8.4.37) 


Equations  of  the  normal  N  may  be  derived  from  equation  (8.4.29)  by  setting  p  =  0  and  dividing 
all  three  normal  projections  by  a  common  factor  cos  4  (with  the  assumption  that  4  *  90').  This  yields 

N  =  (Acos0  -usinAsin0)i  +  (Asin0  +  itsin4cos0)j  +  it  cos  4k  (8.4.38) 


162 


?im 


The  aau  normal  ■  to 


<**  -><  +  xj  +  fck) 


(8.4.44) 


The  surface  normal  and  the  surface  unit  normal  are  determined  at 


N  -  1VJ  +  N,1  +  NJk  ■  -«,!  +  n ,J  +  fl,k  (8.4.45) 

Equations  (8.4.43),  (8.4.44),  and  (8.4.43)  yield  relations  (8.4.41)  and  (8.4.42). 

Crass  section  of  a  helicoid  —  The  cross  section  of  a  helicoid  is  formed  by  cutting  the  surface 
with  a  plane  perpendicular  to  the  z-axis,  the  axis  of  screw  motion.  This  section  may  he  represented 
by  the  equations  of  the  helicoid  and  the  equation  z  m  c.  where  r  is  a  constant.  To  simplify 
transformations,  we  may  set  z  m  0.  The  cross  sections  of  a  helicoid  corresponding  to  z  »  0  and 
Z  m  c  represent  the  same  plane  curve  in  two  positions.  One  cross  section  will  coincide  with  the 
other  after  rotation  about  the  z-axis  through  the  angle 

*  - 1  (8.4.46) 

ft 

Let  us  determine  the  cross  section  of  the  helicoid  (eq.  (8.4.28))  cut  by  the  plane  zm  0.  Using 
the  relation 


k 

tin  b 


(8.4.47) 


we  get 


x  —pea*  9  -  9  sin  06  cot  8  y  *  psin#  +  0  cos  Marti  z  m  0  (8.4.48) 

In  polar  form  the  cross  section  may  be  represented  at 


«9)  -  (jtj  +yJ),,J  -  [p2  +  (Wrcot5)J],,J 


y  p  tan  9  +  Mr  cot  b 

tan  <7  »  -  * - 

x  p  -  8  tan  Mi  cot  b 


(8.4.49) 


Here  q  is  the  angle  which  is  formed  by  the  position  vector  rid)  and  axis  x.  The  cross  section  is 
an  extended  involute.  The  generation  of  such  a  curve  is  shown  in  figure  8.4.10. 

Consider  that  a  straight  line  S  rolls  over  a  circle  of  radius  OA  =  h  cot  6.  Point  B,  whose  location 
is  determined  by 


AB  —  AO  +  OB  «  h  cot  6  +  p 

is  rigidly  connected  to  the  straight  line  5  (fig.  8.4. 10).  The  instantaneous  position  of  the  rolling 
straight  line  S  is  IA* ,  and  B‘  is  a  point  of  the  extended  involute  which  is  traced  out  by  point  B 
considered  above. 


Figure  14  10 


Fluhlnu  1.4.2  Consider  the  cross  section  of  an  involute  screw  surface  (eq.  (8.4  32))  formed  by 
cutting  the  surface  with  plane  z  «  0.  Prove  that  the  cross  section  represents  an  involute  curve 
corresponding  to  the  base  circle  of  radius  p,  and  express  the  polar  radius  rid)  in  terms  of  9  and  p. 


r(0)  «  p(l  +  02)n  (ptanX,  ~  h) 

Problem  1.4.3  Consider  the  cross  section  of  an  Archimedes  screw  surface  (eq.  (8  4.37))  cut  by 
the  plane  ;  «  0.  Prove  that  the  cross  section  represents  an  Archimedes  spiral,  and  express  the  polar 
radius  r(0)  in  terms  of  0.  h.  and  6. 


r(0)  *  0h  cot  4 
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Chapter  9 


Conjugated  Surfaces 


9.1  Introduction  to  Problem  of  Conjugated  Surfaces 

Comider  a  gear  mechanism  consisting  of  two  gears  which  transforms  rotation  between  crossed 
a  set  with  the  given  ratio  of  angular  velocities 

*"> 

We  assume  that  the  ratio  mu  is  con  turn.  However,  the  methods  to  be  discussed  may  be  applied 
for  a  more  general  case  where  the  angular  velocity  ratio  is  given  by  a  function  m, 2($,)  (  C1 
is  the  angle  of  rotation  of  gear  I ). 

We  then  assume  that  surface  E(  of  the  teeth  of  gear  I  is  given.  We  must  determine  the  surface 
Cl  of  the  teeth  of  gear  2  while  observing  the  following  conditions:  (I)  surface  E,  and  C;  must 
be  in  line  contact  (they  contact  each  other  along  a  line  which  moves  over  them  in  the  process  of 
meshing)  and  (2)  teeth  of  gears  I  and  2,  having  surfaces  £|  and  E2,  must  transform  rotation  with 
the  prescribed  angular  velocity  ratio  mi:. 

Surfaces  of  gear  teeth  where  the  required  transformation  of  motion  is  observed  are  tenr<ed 
conjugate  surfaces.  In  some  cases  (discussed  below),  conjugated  surfaces  may  not  be  in  line  contact 
but  in  point  contact. 

In  a  mathematical  sense,  the  determination  of  a  conjugate  surface  is  based  on  the  theory  of  an 
envelope  of  a  locus  (family)  of  given  surfaces.  Assume  that  "ear  2  is  fixed  and  consider  the  relative 
motion  of  gear  I  with  the  given  surface  E,  (with  respect  to  the  coordinate  system  S?  rigidly 
connected  to  gear  2).  By  using  a  method  of  coordinate  transformation,  we  may  get  a  locus  of  given 
surfaces  The  desired  surface  E2  is  to  be  determined  as  the  envelope  of  the  locus  of  surface 
£,.  which  is  generated  in  the  coordinate  system  52. 

We  will  discuss  in  sections  of  this  chapter  the  following  topics: 

( 1 )  The  generation  of  a  locus  of  given  surfaces 

(2)  The  determination  of  the  envelope  £2  of  the  locus  of  surfaces  (including  a  simplified  method 
for  this  operation) 

(3)  Properties  of  the  generated  surface  E2 


I 


9.2  Family  of  Given  Surfaces 

Wc  tel  up  three  coordinate  systems:  5|(X|,y(,ft)  and  S2(x2,y2,z2),  rigidly  connected  to  gears  1 
and  2,  respectively,  and  SfiXf,yj,zfi,  rigidly  connected  to  the  frame.  We  assume  that  gears  I  and 
2  rotate  about  crossed  axes  and  we  designate  their  angles  of  rotation  by  pt  and  p2  and  their  angular 
velocities  by 


/ 


/ 


w«> .  *ti  _  Hh 

da  dt 

Consider  that  the  surface  of  teeth  of  gear  I  is  regular  and  is  given  in  parametric  form  as  follows: 

r,(a,P)  -  |*,(*,0).  y,(u,0),  *,(«.•)!  <  C*  -2  x  — f  *  0  ( u,8 )  €  G  (9.2. 1) 

3u  30 

A  family  E*  of  generating  surface  Et  is  generated  in  the  coordinate  system  Sj  by  the  relative  motion 
of  E|  with  respect  to  £}.  This  family  may  be  determined  by  equation  (9.2.1)  and  the  following 
matrix  equation. 


tal  -  lAfi.H'.l  -  IA#yl|A#„)lr,|  (9.2.2) 

Here  matrices  {Wvl  and  [Af^,|  represent  the  coordinate  transformation  from  Sf  to  S2  and  from  S| 
So  Sf,  respectively.  Equations  (9.2.1)  and  (9.2.2)  represent  the  family  E*  of  surfaces  E(  as  follows: 


r^u.a.p,)  €  C' 


dr.  3r2  _ 

—  x  —  ft  0 

3u  30 


( u,$ )  €  G  a  <  p,  <  b 


(9.2.3) 


The  surface  E(  may  be  given  by  an  implicit  equation 


fUt.yi.*i)  -  0  Ft  C1 


3F 

+ 

3F 

+ 

3F 

a*, 

dyi 

dzi 

*0 


(9.2.4) 


To  derive  equations  of  the  locus  of  surfaces,  it  is  necessary  to  substitute  xu  yt,  and  into  the 
equation  F(X|,yi,ri)  ■  0  by  using  the  expressions 

*\ m yt  *yi(-*2.>,2.z2^i)  *i  -  zi  (-^.zi^i)  (9.2.5) 

Equations  (9.2.5)  may  be  derived  from  the  matrix  equation 


(rj  «*  [Afl2J(r2J 


(9.2.6) 


Here  matrix  (Aft2J  is  the  inverse  of  matrix  [Af21], 

Equations  (9.2.4)  and  (9.2.5)  represent  the  family  E#  of  surface  E,  by 


G{x2,y2,z2,4)  =  F(x,  (x2,y2,z2,P),  yl(x2,y2,z2,<t>).  z,(x2.y2,r2,p))  =  0 


GfC1 


3G 

+ 

3G 

+ 

3G 

dXi 

dv2 

3z2 

(9.2.7) 
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9.3  Envelop*  of  a  Family  of  Surfaces:  Representation  in  Parametric 
Form 


Consider  a  family  (locus)  E*  of  regular  surfaces  represented  by 

rfu.0.4)  €  C1  r,  x  r»  *  0  (u,0)  ( G  [o<«</3andy<0<5| 

a  <4  <  b 


(9.3.1) 


The  function  r (u.0,4),  with  a  fixe  '  value  of  4,  represents  a  regular  surface  of  the  family.  To  simplify 
notations,  we  drop  the  subscripts  2  for  r2,  u2,  and  02  and  I  for  0). 

We  begin  with  the  definition  of  an  envelope.  A  piece  of  the  envelope  of  a  locus  of  surfaces  (9.3.1) 
is  a  regular  surface  and  may  be  represented  as 


r(«.0<«.*),4)  -  R(u,4)  €  C1  ao<u<0o  Oo  <  *  <  £>o  R.xR^O 

0<u,4)  t  C' 
or 

r (u(0.4),0,4)  -  *0,4)  iC'  y0  <  0  <  «o  flo<*<*o  *  *  P*  *  0 

«(0,4)  €  C' 


(9.3.2) 


(9.3.3) 


if  the  piece  of  the  envelope  is  in  tangency  with  a  single  surface  of  the  locus  at  any  value  of  4. 
The  foul  complex  of  the  envelope  pieces  (which  are  determined  separately  for  intervals  (or0./3n) 
and  (ao.bo),  respectively,  and  for  intervals  (7o.2q)  and  (ag.bg),  respectively)  represents  the  envelope 
in  totality. 

Henceforth,  we  will  differentiate  between  the  necessary  and  sufficient  conditions  of  envelope 
piece  existence.  The  necessary  conditions  determine  the  requirements  by  which,  if  observed,  the 
piece  of  the  envelope  can  be  in  tangency  with  the  surface  of  the  locus.  The  sufficient  conditions 
determine  the  requirements  by  which,  if  observed,  the  piece  of  the  envelope  actually  exists  as  a 
regular  surface  and  is  actually  in  tangency  with  the  surface  of  the  locus. 

Theorem  of  Necessary  Conditions  of  Envelope  Existence  Consider  the  family  of  surfaces  (9.3  1) 
and  assume  that  functions 


0(u,4)€C'  or  u(0.4)€C'  (9.3.4) 

and  a  corresponding  envelope  piece  (9.3.2)  or  (9.3.3)  exist.  The  point  (ug,0o,4o)  corresponds  to 
the  point  of  tangency  of  the  envelope  piece  with  the  locus  (family)  of  surfaces.  The  theorem  states 
that  the  point  (uo.0g.4g)  must  belong  to  the  set  determined  by  the  equation 

/(u.0.4)  -  (r,  r*  r,J  =  =  0  (9.3.5) 

D(u,0,4) 

Proof:  Suppose  the  function  0(u,4)  €  C1  exists  and  surface  (9.3.2),  designated  by  Eu  is  considered. 
The  tangent  plane  n  to  surface  E,  may  be  determined  by  vectors 

R,  =■  r„  +  r»0,  R*  =  r*  +  (9.3.6) 
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The  tangent  plane  P  to  surface  E,  of  the  locus  is  determined  by  vectors  (r„,r*).  If  the  envelope 
piece  exists,  surfaces  E\  and  E,  are  in  tangency  and  planes  II  and  P  must  coincide. 


Equation*  (9.3.6)  yield  that  vector  R,  belong*  to  plane  P.  Vector  R*  can  belong  to  plane  P  if 
the  following  condition  it  observed: 

lR*r„r,]-0  (9.3.7) 

Substituting  R*  by  it*  expression  in  equation  (9.3.6),  we  get  [r„  r,  r*]  -  0  which  may  be 
represented  by 


x .  Xt  x* 

y.  y»  y* 

z.  U  U 


-0 


Thus,  the  theorem  is  proven. 

Similarly,  the  theorem  may  be  proven  for  the  case  when  the  function  u(0,$)  €  C1  is  considered. 

Theorem  of  Sufficient  Conditions  of  Envelope  Existence  (Zalgaller,  1975)  Consider  the  family 
of  surfaces  (9.3.1)  represented  by  r(u,0,4>)  (  C2.  If  at  the  point  the  following  conditions 

are  observed: 


f(u,e,4>)  -  [r,  r,  r4]  *  0  /(  C1 


(9.3.8) 


If.  I  +  ]f$\  *  0 


(9.3.9) 


and 


N  «  (r#  x  rjf,  +  (r*  x  r.Jf,  +  (r,  x  r#)/4  x  0  (9.3. 10) 

then  the  envelope  piece  exists  in  the  neighborhood  of  point  M  and  may  be  represented  by  the  vector 
function  r iu,9,<t>),  with  the  relationship  between  parameters  given  by  equation  (9.3.5). 

Proof:  Let  the  inequality  (9.3.9)  be  observed  with  ft  *  0.  Then  equation  (9.3.8)  may  be  solved 
in  the  neighborhood  of  point  A#  by  the  function  6(u,$)  €  C*.  (See  app.  B.)  Considering  the  identity 


/(h,0(m,<»,<»  =  0 


we  get 


/.+/•*.=  0  /*+/A  =  0 

These  equations  yield 


From  equations  (9.3.13)  and  (9.3.6).  we  obtain 


(9.3.11) 


(9.3.12) 


(9.3.13) 


(9.3.14) 


According  to  the  definition,  the  envelope  must  be  a  regular  surface  and  therefore  the  surface 
normal  N  ^  0.  Thus. 


m 


N  -  R*  x  R.  *  0 


(9.3. 13) 


Equations  (9.3. 14)  and  (9.3.13)  yield  the  envelope  normal 

N  -  (r,  x  r ,)/,  +  (r#  x  r.)f,  ♦  (r.  x  r ,\f4  *  0 


The  theorem  is  proven. 

Contact  Lines 

Each  surface  of  the  family  contacts  the  envelope  at  every  instance  along  a  line  which  is  called 
the characteristic  or  the  contact  line.  The  location  of  the  instantaneous  contact  line  on  the  contacting 
surface  depends  on  the  parameter  of  motion  <t  and  is  changed  in  the  process  of  motion.  In  the 
coordinate  system  5,.  which  is  rigidly  connected  to  gear  I  with  the  given  surface  the  contact 
line  it  represented  by  the  following  equations: 

T|  «  r <  C1  in, 9)  t  G  |a  <  u  <  0  and  ><#<31 

a  <  4  <  b  ffu.9,4)  -  0  (9.3  16) 

Here  4  has  a  fixed  value  ( 4  •  d"'.  4  m  d'3' . 4  •  ♦""). 

Surface  E|  is  covered  by  contact  lines  which  will  in  turn  come  into  tangency  by  the  rotation 
of  gear  I  (fig.  9.3.1).  To  determine  an  instantaneous  point  M  of  the  contact  line,  the  following 
procedure  must  be  applied: 

Sup  I  .  -Fix  the  parameter  of  motion  4,  for  example  4  ”  4I,> 

Sup  2.— Choose  one  of  the  surface  parameters,  for  example  9.  and  determine  u  from  the  equation 
flu.9.41 ")  ■  0 

SUp  3  —  Determine  coordinates  of  point  M  by  applying  the  vector  function  rt(u,9)  *  x,  (u.#H|  + 

V|(«.#)J|  +  *|(«.#)ll! 

Sup  4.— To  determine  another  point  W  of  the  same  contact  line,  keep  the  same  magnitude 
4  m  change  the  surface  parameter  9,  and  apply  the  procedure  described  previously 
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The  set  of  contact  line*  in  the  coordinate  lyttem  Sf,  rigidly  connected  to  the  frame,  represent i 
the  surface  of  action  Lf.  This  surface  is  determined  by  the  following  equations: 

r (  C*  (u,8)  i  0  (o  <  a  <  0  and  y  <  8  <  4( 

*<4<b  /(u.I.P)  -  0  (9.3.17) 

The  vector  function  tf{u,8,4)  may  be  determined  by  the  matrix  equation 

[r,\  -  lW/.][r,|  (9.3.18) 

Here  {Mf(\  is  a  4x4  matrix  which  represents  the  coordinate  transformation  by  transition  from  the 
coordinate  system  5|  to  Sf  The  method  to  calculate  the  points  of  the  contact  lines  on  the  surface 
of  action  is  similar  to  the  aforementioned  procedure. 

Contact  lines  on  the  envelope  are  represented  by  equations 

rj(u,#,4)  €  CJ  (n,8)  (G  (a  <  u  <  ft  and  y  <  8  <  4) 

a  <4  <  b  fin, 8,4)-  0  (9.3.19) 

Here 


W  -  lAfj.lh)  «  \Mv\\Mn\[rx\  (9.3  20) 

The  4x4  matrix  (Af2tl  represents  the  coordinate  transformation  by  transition  from  the  coordinate 
system  S,  to  S2.  The  method  to  calculate  the  points  of  the  contact  lines  is  similar  to  the  method 
given  above. 

Example  9.3.1  Consider  that  a  gear  mechanism  transforms  translation  into  rotation.  Link  1  is  a 
rack  and  link  2  is  a  gear.  We  set  up  three  coordinate  systems  5,,  S2,  and  Sf,  rigidly  connected 
to  links  I  and  2.  and  to  the  frame,  respectively  (fig.  9.3.2(a)).  While  the  rack  translates  a  distance 
t  the  gear  rotates  about  the  ty-axis  through  an  angle  4. 


Figure  y.3.2. 


1 
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Section  *-» 


S«lt»n  |  | 


1 


ff  fiowt  of  rock  turfact  £|  —  Figure  9.3.3  shows  sections  of  a  rack  tooth.  Surface  E,.  which 
generates  the  surface  1'  of  the  gear  tooth,  is  a  plane.  The  section  of  Et  cut  by  the  plane  j|  «  0 
is  a  straight  line  which  forms  an  angle  i,  with  axis  x,  (fig.  9.3.4(a)).  The  section  of  generating 
surface  Et  cut  by  the  plane  x,  *  0  is  a  straight  line  which  forms  an  angle  0  with  axis  (fig. 
9.34(a)) 

To  derive  the  equations  of  the  generating  surface  E|.  let  us  use  an  auxiliary  coordinate  system 
(fig.  9.3  4(h)).  Consider  that  a  straight  line  L,  is  rigidly  connected  to  the  coordinate  system 
5„  and  that  T)JA  is  the  position  vector  of  a  point  M  of  this  line.  The  plane  Et  is  generated  in  the 
coordinate  system  S,  as  a  family  of  lines  Z.,.  while  the  coordinate  system  S,  translates  with  respect 
to  5| .  In  this  motion  the  axes  of  coordinate  system  are  parallel  to  the  corresponding  axes  of 
coordinate  system  5,.  and  the  origin  Oa  moves  along  the  line  fj.  Homogeneous  coordinates  of 
point  M  (see  app.  A)  arc  represented  by  the  matrix 


u  cos 


Kl- 


it  sin 
0 
I 


where  it  =  \0J4\. 

Equations  of  the  generating  surface  E,  may  be  derived  by  the  matrix  equation 


(9.3.21) 


It’ll  =  1*1.11  r.\ 


(9.3.22) 


Here  \M\„]  is  the  matrix  of  coordinate  transformation  by  transition  from  S,  to  5|  (fig.  9.3.4(b)) 
represented  as  follows: 


!*J 


10  0  0 

0  I  0  f  sin  0 
0  0  I  t  cos  0 
0  0  0  I 


(9.3.23) 
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Figure  9.3.4. 


where  l  **  \OtO.\. 

Equations  (9.3.21)  to  (9.3.23)  represent  the  generating  plane  E,  in  parametric  form  as  follows: 

x(  ■  u  cos  y,  =*  u  sin  +  t  sin  0  Z|  =  t  cos  0  (9.3.24) 

where  (u,f)  <  E.  Here  (u,f)  are  the  surface  coordinates. 

Consider  the  section  of  generating  surface  E,  cut  by  a  plane  P,  which  is  drawn  through  axis 
x,  perpendicular  to  the  line  Lj  (fig-  9.3.4(b)).  This  section  may  be  represented  by  equations 
(9.3.24)  and  the  equation 

-  -  -  tan  0  (9.3.25) 

* 


Equations  (9.3.24)  and  (9.3.25)  yield 

x,  «  u  cos  ,  »  u  sin  cos20  z,  *  -  u  sin  i,  sin  0  cos  0  (9.3.26) 

The  unit  vector  of  straight  line  (9.3.26)  is 

Ti  *  —  (cos  +  *in  cos2  0j,  -  sin  sin  0  cos  /3k,)  (9.3.27) 

m 

where  m2  =  cos2  +  tan2  cos2  0). 

Applying  the  relation 


/ 


1 

T 

I 


tan  \[>,  cos  0  =  tan  ^  (9.3.78) 

we  get  m  =  cos  ^/cos  and  the  un%  vector  r,  is 

T,  =  cos  ^J,  +  sin  cos  0j,  -  sin  sin  0k,  (9.3.29) 

The  straight  line  (9.3.26)  with  the  unit  vector  (9.3.29)  represents  the  shape  of  a  rack  which  is 
applied  for  spur  gears. 
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The  family  of  generating  surfaces  in  the  coordinate  system  S^. — This  family  may  be  represented 
by  equation*  (9.3.24)  and  (9.3.20),  where  matrix  [M2I J  (fig.  9.3.2(a)),  i» 


Mil  -  [Sty\\Mfi\  - 


cot  4  tin  4  0  rco*# 
-»in  0  cos  #  0  -riin# 
0  0  10 
0  0  0  1 


■ 

10  0  0 

0  10  s 

0  0  10 

0  0  0  1 

The  translation  i  and  the  angle  of  rotation  #  are  related  by 

t  ■  r# 


(9.3.30) 


(9.3.31) 


where  r  i*  the  radiu*  of  the  gear  2  axoid.  It  i*  astumed  that  the  if  axis  is  the  instantaneous  axis 
of  rotation  in  the  relative  motion  of  the  rack  and  the  gear.  (See  sec.  2.1.) 

Equations  (9.3.24),  (9.3.20).  (9.3.30),  and  (9.3.31)  yield 


x2  m  m  cos  (#-#,)  +  t  sin  fi  tin  #  +  r<#  sin  #  +  cos  #) 

yi  ■»  -a  sin  (#-#,)  +  (  sin  0  cos  #  +  r(#  cos  #  -  sin  #)  (9.3.32) 

Zj  ■  f  cos  (3 


where  (a.f)  {  E  and  a  <  #  <  b. 

Equation  of  mething.— To  get  the  equation  of  meshing,  we  must  apply  the  equation 


du  dt  3# 


(9.3.33) 


which  is  similar  to  equation  (9.3.3).  From  equations  (9.3.32),  we  obtain 


drj 

du 

9rj 

H 


dr  2 

cos  (#  -  #,)lj  -  sin  (#  -  ^,)j2  —  »  sin  /3(sin  #l2  +  cos  #J2)  +  cos  0k2 

dt 

[-«  sin  (#-#,)  +  f  sin  0  cos  #  +  r#  cos  #]l2 


(9.3.34) 


+  [  -u  cos  (#-#,)-  f  sin  0  sin  #  -  r#  sin  #U2 


Equations  (9.3.33)  and  (9.3.34)  yield  the  following  equation  of  meshing: 

/(«,(,#)  =  cos  0(sin  +  f  sin  0)  +  u)  =  0  (9.3.35) 

Generated  gear-tooth  surface  E2.— The  tooth  surface  E:  of  the  generated  gear  (gear  2)  is 
represented  by  equations  (9.3.32)  and  (9  3.35)  as  follows: 

r2  =  r  2(«,f.#)  =  0  (9.3.36) 

This  is  a  parametric  representation  of  a  surface  with  three  parameters  (u.f,#).  These  three  parameters 
are  related  by  the  equation  of  meshing. 


Generally,  it  it  hard  (sometimes  even  impossible)  to  represent  the  generated  surface  by  only 
two  parameters.  The  discussed  case  is  an  exception,  because  the  equation  of  meshing  (9.3.35) 
contains  all  three  parameters  as  linear  parameters  and  it  is  easy  to  eliminate  one  of  them  from 
equations  (9.3.32).  For  instance,  knowing  that  f,*Q  and  according  to  the  Theorem  of  Implicit 
Function  System  Existence  (see  app.  B),  we  may  solve  the  equation  of  meshing  (9.3. 35)  in  the 
neighborhood  of  point  (i<o,4),4o)  by  the  function 

f- +  (9.3.37) 

\sm  /sin  0 

Equations  (9.3.37)  and  (9.3.32)  yield 

«  -k  cot  sin  ($  -  i,)  +  r  cos  ^  y2  ■  cot  cos  ($  -  ^,)  -  r  sin  6 

(9.3.38) 

T— r  +  r*  )  cot  /3 
stn  ) 


It  is  easy  to  verify  that  surface  (9.3.38)  is  a  screw  involute  surface.  Let  us  consider  a  cross  section 
of  the  surface  cut  by  the  plane  j2  “  0.  Equations  (9.3.38)  and  the  equation 

u  ■■  -rd  sin  (9.3.39) 

represent  the  plane  curve  given  by  equations 

x2  m  cos  i,  sin  (i,  -  $)  +  r  cos  4  y2  «  r+  cos  4>,  cos  (^,  -  <t>)  -  r  sin  <t> 

Zi  -  0  (9.3.40) 

These  equations  represent  an  involute  curve  with  the  base  circle  (fig.  9.3.5) 

rt-rcos^(  (9.3.41) 

The  geometric  interpretation  of  equation  (9.3.40)  is  as  follows:  Point  I  of  the  involute  curve 
has  coordinates  x2  =  r  and  y2  =  0  and  is  generated  when  0=0.  Points  up  to  /  (i.e.,  point  Af) 


«7 
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correspond  lo  positive  value*  of  the  rack  parameter  a,  and  to  negative  values  of  p.  The  position 
vector  of  point  M  is 


UJH-  ,W  (9.3.42) 

Here  1 0}N\  -  r  and  makes  the  angle  -p  with  the  xraxis.  Vector  NM  and  the  -r2-axis  form  an 
angle  of  90*  -  (p,  -  p). 

According  to  the  method  of  generation  of  involute  curves 

|J9X7|  -  -r*p  -  -rp  cos  p,  (p  <  0)  (9.3.43) 

We  get  equations  (9.3.40)  by  applying  equations  (9.3.42)  and  (9.3.43)  and  the  following  equations: 

jtj  *  OiM  •(  y2  *  OiM  »j  (9.3.44) 

Similarly,  we  may  determine  the  cross  section  of  surface  (9.3.38)  cut  by  the  plane  ij  —  m.  This 
cross  section  also  represents  an  involute  curve.  For  the  cross  section  z2  ■  0  to  coincide  with  the 
cross  section  2}  »  m,  we  must  translate  the  z2  «  0  cross  section  along  the  ;2-*xi»  by  an  amount 
m  and  rotate  about  this  axis  by  an  angle  p*  where 


larestigation  of  the  generated  turface  E2.— Sufficient  conditions  of  envelope  existence 
guarantee  that  the  generated  surface  is  regular.  The  generated  surface  represented  by 

rj(a.f.P)  €  CJ  /(u.f.P)  -  0  /€  C' 

is  regular  if  the  following  inequalities  are  observed  (see  inequalities  (9.3.9)  and  (9.3.10)): 

I/.I  +  \ft\  *  0  (9.3.45) 


and 


N  *  (r,  x  r#y.  +  (r,  x  r .)/,  +  (r„  x  r ,)ft  *  0  (9.3.46) 

In  the  case  discussed  above,  the  generated  surface  could  be  represented  by  two  parameters  instead 
of  three.  (See  eqs.  (9.3.38).)  This  simplifies  the  investigation  of  the  generated  surface  to  that  of 
a  regular  surface.  We  say  that  surface  (9.3.38)  is  regular  if  its  normal 

N  =  —  x  —  (9.3.47) 

du  dp 


is  not  equal  to  zero. 

Equations  (9.3.38)  and  (9.3.47)  yield 


(9.3.48) 


The  normal  N  -  0  for 


«  cot  tfr, 
tin 


r-0 


(9.3.49) 


To  avoid  the  appearance  of  singular  points  on  the  generated  surface  E2,  '*  i*  sufficient  to  limit 
surface  E'  of  the  rack.  The  limiting  line  on  the  surface  Et  may  be  determined  by  the  following 
equations  (see  eqs.  (9.3.49).  (9.3.37),  and  (9.3.24)): 

m  ■  -  r  sin  p,  tan  yp,  (9.3.30) 


(« 


“  ^  1  Kun  4,  -  *) 

- +  rp  I - ■ - 

sin  yp,  /  sin  0  sin  0 


(9.3.51) 


—  r  sin2  p, 


r  tan  p,  cos2  p,  -  r,  *  r(tan  p,  -  $)  cot  0  (9.3.52) 


Equations  (9.3.52)  determine  the  limiting  line  on  the  generating  surface  E|.  This  line  may  be 
found  as  the  line  of  intersection  of  surface  E|  and  the  plane  that  is  perpendicular  to  the  Jt|-axis 
and  is  represented  by  the  equation 


*i  *  —  r  sin2  p,  (9.3.53) 

Figure  9.3.2(b)  shows  the  cross  section  of  Et  which  is  formed  by  the  cutting  of  E,  by  the  plane 
Z,  *  0.  Point  F  is  the  point  of  intersection  of  the  limiting  line  of  the  rack  cutter  with  the  plane 
Zi  *  0.  Equations  (9.3.52)  and  zt  *  0  yield  ^  •  tan  p,  and  the  coordinates  of  the  limiting  point 
fare  given  by  x,  «  -  r  sin2  p,  and  y,  =  —  r  sin2  p,  tan  pr  Equation  <p  =  tan  p ,  determines  the 
parameter  of  motion  with  which  point  f  will  come  in  tangency  with  the  mating  point  of  the  gear. 

To  avoid  undercutting,  we  have  to  increase  the  radius  of  the  pitch  circle  r  (by  increasing  the 
number  of  gear  teeth)  or  set  up  appropriately  the  generating  surface  with  respect  to  £>2.  The 
displacement  of  the  rack  cutter  (a  nonstandard  machine  setting  of  the  rack  cutter)  is  used  for 
generation  of  nonstandard  gears. 

Surface  of  action. — The  surface  of  action  may  be  determined  as  the  locus  of  contact  lines 
represented  in  the  fixed  coordinate  system  Sf.  The  surface  of  action  is  represented  by  equations 
(9.3.24),  (9.3.35).  and  the  equation 

I  rf)  =  (W/tJ[r,)  (9.3.54) 


where  (fig.  9.3.2(a)) 


lAf/,1  = 


10  0  0 
0  I  0  r0 
0  0  10 
0  0  0  1 


(9.3.55) 


Using  equations  (9.3.24),  (9.3.37),  (9.3.54),  and  (9.3.55),  we  may  express  the  surface  of  action 
by  two  parameters.  These  equations  yield 


Xf=  u  cos  p, 


u  cos2  p, 
sin  yp, 


(9.3.56) 
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Equations  (9.3.56)  represent  the  contact  lines  as  a  family  of  parallel  straight  lines.  The  unit  vector 
of  these  straight  lines  is  determined  by 


(9.3.57) 


where 


,  cos*  +  cot2  0 

m  -  - 5 - 

sin2 

h  is  easy  to  verify  that  the  mentioned  straight  lines  lie  in  a  plane  which  passes  through  the  jy-axis 
and  makes  angles  of  (90*  and  (180*  with  the  xr  and  y^-axe.,  respectively  To  prove 
this,  we  consider  three  vectors  T,  k.  and  a,  where 


a -sin  ^-cos 


(9.3.58) 


Vector  a  determines  the  orientation  of  the  plane  of  action  and  k  is  the  unit  vector  of  the  z-axis. 
The  triple  product  of  r.  k.  and  a  yields 


(9.3.59) 


Fifvre  9.3.6. 


Thus,  die  contact  line*  lie  ia  the  plane  which  is  draw*  through  vector*  k  and  a.  Tht*  plane  /"pataca 
through  the  thesis  and  the  v**>*  <fi|-  9.3.6). 

Using  a  new  coordinate  system  S,  (fig.  9.3.6),  we  may  simplify  the  equations  of  contact  lines. 
Using  the  maths  equation 


If.!  -  |W#!lr,l 


(9.3  60) 


(Ani¬ 


sin  tli  -cos  i,  0  0 
cos  tii  sin  tli  0  0 
0  0  10 

0  0  0  1 


get  the  following  equation*  of  contact  lines  L,  on  the  surface  of  action: 

x,  >  a  cot  tl.  y i  “  0  z,m  -  (  —  -  +  rp  )  cot  ff 

ill  / 


(9.361) 


(9.3.62) 


Contact  lines  L,  belong  to  the  plane  y,  «  0  and  are  parallel  straight  lines  whose  location  in  the 
plane  depends  on  the  parameter  of  motion  p  (fig.  9.3.7).  Contact  lines  Lj,  which  are  located  on 
the  generating  surface  E2.  are  also  straight  lines;  but  unlike  contact  lines  L,,  the  set  of  lines  Lj 
belong  to  the  screw  involute  surface  E2. 

PmrticmUr  emu  of «  generating  turf  nee.  —Consider  that  parameter  p,  of  the  generating  surface 
E(,  represented  by  equations  (9.3.24),  is  equal  to  zero.  The  generating  surface  E(  is  thus 
represented  by  the  following  equations: 

x,  ■>  a  y,  •»(  sin  $  Z|“fcos0  (9.3.63) 

where  (*.f)4  £.  The  equation  of  meshing  (9.3.3$)  yields 

a  -  0  (9.3.64) 

The  contact  line  on  the  generating  surface  E(  is  therefore  represented  by  equations 


^-Cantsct  lints 
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1,-0 


y,  -ttinfi 


Zi  -  f  cot  fi 


(9.3.63) 


Unlike  the  general  cue  discussed  above,  there  it  only  one  contact  line  on  the  generating  surface 
E,  which  does  not  move  over  E,  in  the  process  of  meshing. 

Equations  (9.3.64)  and  (9.3.32)  yield  the  generated  surface  E2  as 

x2  -  f  sin  0  sin  d  +  r(d  sin  d  +  «*  d)  yj  -  f  sin  0  cos  d  +  rid  cos  d  -  sin  d) 

Zi  —  f  cos  &  (9.3.66) 

This  surface  it  a  screw  involute  surface  with  the  base  cylinder  r»  -  r. 

The  surface  normal  it 

N  -  ~  x  ^  -  (f tin  0  +  rdKcos  0  i,n  d 1;  +  cot  0  cot  d  Jj  -  sin  0k2)  (9.3.67) 


Singular  points  on  surface  E2  exist  for  N  -  0,  which  yields  the  following  relation  between  the 
surface  parameters: 

fsin  j3  +  rd-0  (9.3.68) 

Equations  (9.3.66)  and  (9.3.68)  yield  that  singular  points  of  surface  E2  compose  a  helix  which 
belongs  to  the  base  cylinder  of  radius  r  and  is  represented  by  tite  equations 

ij  -  r  cos  d  y2  «  -r  sin  d  z2  -  - rd  cot  0  (9.3.69) 

Appearance  of  singular  points  on  the  surface  £2  may  be  avoided  by  the  limitation  of  the  range 
of  motion  parameter  d. 


9.4  Envelope  of  a  Locus  of  Surfaces:  Representation  in  Implicit  Form 

Representation  of  surfaces  in  parametric  form  is  preferable  to  the  implicit  representation  because 
it  allows  more  freedom  for  investigation.  However,  we  will  also  discuss  the  implicit  representation 
so  as  to  completely  describe  all  methods  of  investigation. 

We  set  up  the  same  coordinate  systems  Slt  S2,  and  5/  used  in  section  9.2.  Consider  a  locus 
(family)  of  simple  and  regular  surfaces  given  by  expressions  similar  to  (9.2.7) 


G(x,y,z.d)  “0  G(  C1 


dG 

+ 

dG 

+ 

dG 

dx 

dy 

dz 

( x.y.z )  €  A 


a<<t><b  (9.4.1) 


The  subscript  2  was  dropped  to  simplify  the  designations.  Equations  (9.4.1)  represent,  in  coordinate 
system  S2,  a  simple  and  regular  surface  E,  fot  any  fixed-motion  parameter  d. 

A  piece  of  the  envelope  of  a  locus  of  simple  and  regular  surfaces  E|,  represented  in  implicit 
form,  is  a  regular  surface  determined  by 

R(z.d)  =  rix(z(d)),  y(z.d)).  z)  €  C1  R.  x  R*  x  0  z,  <  z  <  z2  a  <  <t>  <  b  (9.4.2) 
if  for  any  value  of  do  the  surface  G(x,y.z.<t> u)  is  in  tangency  with  the  envelope  R(z.d). 


/ 

/ 
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Another  parameter,  x  or  y,  may  be  chosen  instead  of  z  *o  that  the  envelope  may  be  represented 
by  the  vector  function  R(x,p)  or  R(y,p),  respectively,  instead  of  the  vector  function  R(z,p).  The 
following  discussion  may  be  used  for  such  a  .aew  case  just  by  changing  the  designations  of  the 
coordinate  axes. 

Similar  to  the  discuss  tons  of  section  9.3,  we  will  differentiate  the  necessary  and  sufficient  conditions 
of  existence  of  an  envelope  of  a  locus  of  surfaces  given  in  the  implicit  form.  Necessary  conditions 
of  existence  state  the  ability  of  a  generating  surface  to  be  in  tangency  with  the  envelope  if  the  envelope 
exists.  Sufficient  conditions  state  the  requirements  which,  if  observed,  insure  the  existence  of  the 
envelope,  its  tangency  with  the  generating  surface,  and  regularity  of  the  envelope  for  any  fixed 
value  of  motion  parameter  p. 

Theorem  of  Necessary  Conditions  of  Envelope  Existence  Consider  the  family  of  surfaces  £, 
given  by  equation  (9.4.1)  and  assume  that  the  envelope  E2  and  surface  are  in  tangency  at  the 
point  M(x oOto.2o.*o)-  Then  the  point  M  belongs  to  the  set  of  points  determined  by  the  equation 

G*(.r,y,z,P)  **  0  (9.4.3) 


where  G,  is  the  designation  of  dG/dp. 

Proof:  Consider  that  the  inequality  in  expression  (9.4.1)  is  observed  at  point  M  just  because 
Gz  a<  0.  According  to  the  Theorem  of  Implicit  Function  System  Existence  (see  app.  B),  the 
equation 


G(x.y.z.p)  *  0  (9.4.4) 

may  be  solved  in  the  neighborhood  of  point  M  by  the  function 

zU.y.P)  €  C'  (9.4.5) 

Then  the  locus  of  surfaces  (9.4.1)  may  be  represented  locally  in  parametric  <brm  as  follows: 

r(jr,y,z,p)  •»  r(x,y,z(x,y,p) )  €  C'  (9.4.6) 

Here  (x.y)  are  the  surface  coordinates  and  p  is  the  motion  parameter.  The  differentiation  of  equation 
(9.4.6)  gives 


Equations 


r,  -  f  1 ,0,zj  ry  =  |0, 1  ,zy |  r*  =  |0.0.z*) 

G(x,y,z.P)  =  0  z-z(x,y,p)  =  0 


(9.4.7) 


(9.4.8) 


yield 


Gxdx  +  Gydy  +  Gtd<t>  =  -G.dz  z,dx  +  z,  dy  +  z«  d<)>  =  dz  (9.4.9) 


It  results  from  equations  (9.4.9)  that 

G,  _  G,  _G± 
G.  G.  G. 

z,  Zy  z* 


(9.4.10) 


»  ■ 

■  >»  . 

/ 

\  ’  / 


Equations  (9.4.7)  and  (9.4. 10)  yield  that 


and 


» 


(9.4.11) 


dr  ■  r, dx  +  r,dy  +  r# dd 


c, 


(9.4.12) 


Vector  <fr  represent!  the  infinitesimal  displacement  of  a  point  in  absolute  motion  as  the  sum  of 
two  components;  (1)  a  component  in  transfer  motion  with  the  surface  E,  (this  is  the  component 
r+dd),  and  (2)  a  component  in  relative  motion  over  the  surface  Et  (this  is  the  component 
r,<ir  +  Tydy).  Vector  dr  belongs  to  a  plane  tangent  to  the  envelope  £2. 

Let  us  now  determine  the  vector  ir  of  the  displacement  of  a  point  over  the  surface  Fixing 
the  parameter  of  motion  4  and  differentiating  function  (9.4.6),  we  get 


8r  -  rxAx  +  ryby 


»  &r  I  +  SyJ 


G,ix  +  Gy&y^ 


(9.4.13) 


Due  to  the  continuous  tangency  of  surfaces  E|  and  C2  in  the  neighborhood  of  their  common  point 
M,  vectors  dr  and  6r  are  collinear.  Thus, 

dr-\6r  (X*0)  (9.4.14) 

Equations  (9.4.12)  to  (9.4.14)  yield 


dx  dy  GIdx  +  Gydy  +  G+  d<b 
bx  by  Gzbx  +  Gy  6y 


(9.4.15) 


Equations  (9.4. 15)  may  be  observed  if,  and  only  if,  G*  d<b  =  0.  It  is  easy  to  verify  that  d<t>  *  0 
because  the  envelope  points  correspond  to  the  continuously  changing  values  of  parameter  <5,  and 
G4d$  *  0  because  G*  *  0.  The  theorem  is  proven. 

Theorem  of  Sufficient  Conditions  of  Envelope  Existence  Consider  a  family  of  surfaces  given  by 
G(x.y,z,$)=0  GtC 2  |GJ  +  |G,|  +  |G.|  *  0  ( x,y,z)£A  a<$<b  (9.4.16) 

If  at  a  point  M(xo.yo.2o,0)  the  following  conditions  are  observed: 


IS2 


G(x0,y0,Zo.<*>o)  *  0 


G#-  0 


0 


D(G,G 4) 

4. 

D(G,G4) 

4. 

D(G,Gb) 

D(x,y) 

D(x,z ) 

D(y,z) 

then  an  envelope  piece  exists  in  the  neighborhood  of  point  M  and  the  envelope  is  a  regular  surface 
that  may  be  represented  by  equations 

G(x,y,z,$)  =  0  and  G+(x,y,z,<t>)  =  0  (9.4.18) 

Proof:  Assume  that  equations 

G(x,y,z,<t>)  =  0  G.(x,y,z,<t>)  =  0  G€C2  (9.4.19) 

are  satisfied  at  the  point  M (xo,y0.Zo,<k)) ,  and  the  sum  of  the  determinants  A  *  0  because  the 
determinant 


D(G,G »  0 

D(x,y ) 


(9.4.20) 


According  to  the  Theorem  of  Implicit  Function  System  Existence  (see  app.  B),  equation 
G{x,y,z,<t>)  =  0  may  then  be  solved  in  the  neighborhood  of  point  M  by  functions 

jc<Z.*)€C'  y(z.*)€C'  (9.4.21) 

and  the  envelope  may  be  represented  in  parametric  form  as  follows: 

R(z.0)  =  r(x(z,<».  y(z,<t>).z)  (9.4.22) 

The  plane  which  is  tangent  to  surface  (9.4.22)  may  be  determined  by  the  vectors 

=  foOfel)  =  (9.4.23) 

A  point  of  surface  (9.4.22)  is  regular  if  the  surface  normal 

N*  =  R.  x  R*  *  0  (9.4.24) 

Equations  (9.4.23)  yield  that  the  envelope  is  a  regular  surface  if  its  normal 


N  =-y*J+*J  + 


^  yz 
**  y* 


k  0 


(9.4.25) 


The  generating  surface  E|  is  a  regular  surface  because  (see  expressions  (9.4.1)) 

\GX\  +  |Gvj  +  G.|  ^  0 

The  normal  N  to  the  generating  surface  £'  may  be  determined  in  the  coordinate  system  S2  by 

N  =  GjJ  +  Gj.j  +  G.k  (9.4.26) 
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The  generating  surface  E,  and  the  envelope  Ej  are  in  tangency  if  their  normals  differ  from  zero 
and  are  coltinear;  that  is,  if 

N*  -  XN  (N*  ft  0,  N  *  0,  X  *  0)  (9.4.27) 


or  if 


KI  +  KI+KVo  KI+KI+ x#o  (9.4.28) 

nM  Ny  Nz 

Let  us  determine  conditions  by  which  expressions  (9.4.28)  may  be  observed.  We  begin  with 
the  differentiation  of  equations 

G(x(z,$),y(i.0).z,$)  =  0  (9.4.29) 

G4lx(z,6),y(z.6).z.6)  -0  (9.4.30) 

We  get 


3G 

3z 


Gjz  +  Gyy:  +  Gj  =  0 


ac 

dj> 


Gji  +  Gy? 4  +  Gt 


Gfy  +  Gjt  *  0 


(9.4.31) 

(9.4.32) 


because  G*  «  0; 


a 

—  (Go)  =  G+jX.  +  G'jr.  +  G*j  =  0 

dz 


^  (G«)  =  +  G»tv*  +  G**  *  0 


(9.4.33) 

(9.4.34) 


We  may  represent  these  equations  as  two  subsystems  of  two  equations  in  two  unknowns.  Equations 
(9.4.31)  and  (9.4.33)  yield 


Gy  G. 

G*y  Gt, 

C:  G, 

G*.  G^j 

G,  Gy 

V.  — 

G,  Gy 

G*j  G<v 

G*r  G* 

Similarly,  considering  the  subsystem  of  equations  (9.4.32)  and  (9.4.34).  we  get 


(9.4.35) 


Gr  0 

G,  0 

G»v  G^ 

G*,  -G** 

x*  =  -  v*  = 


Gy  Gy 

G,  G, 

Gw  G4, 

Go,  Go, 

(9.4.36) 
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Equations  (9.4.36)  yield  that 


1**1  +  |y*|  *  o 


(9.4.37) 


if  the  following  conditions  are  observed: 


and 


0 

\Gy\  +  \GX\  *  0 

P(G,G»)  =  G*  Gy 
D(x,y)  gu  C*v 


(9.4.38) 

(9.4.39) 

(9.4.40) 


According  to  equations  (9.4.25),  the  envelope  normal  N*  differs  from  zero  if  inequality  (9.4.37) 
is  observed. 

To  prove  the  collinearity  of  surface  normals  N  and  N,  we  must  prove  that  expressions  (9.4.28) 
are  observed.  Using  expressions  (9.4.25),  (9.4.26),  and  (9.4.28),  we  get 


_y±  _  **  =  *-j*-yj* 

G,  Gy  G: 


Using  expressions  (9.4.35)  and  (9.4.36)  for  x.  and  yz  and  x*  and  y*.  respectively,  we  find  that 
equations  (9.4.41)  are  indeed  observed,  surface  normals  N*  and  N  are  collinear,  and  the  envelope 
£2  is  in  tangency  with  the  generating  surface 

Remark:  It  is  easy  to  verify  that  tangent  T  to  the  contact  line  of  surfaces  £,  and  Z2  is  represented 
by  vector  R..  This  statement  is  based  on  the  following  consideration:  The  envelope  is  represented 
by  the  vector  function  R(z,0).  Fixing  the  parameter  of  motion  0,  we  get  that  the  tangent  T  is 

T  =  Rj  =  *jl  +  y.  j  +  k  (9.4.42) 

Here  xz  and  y,  are  represented  by  equations  (9.4.35). 

Example  9.4.1  With  the  same  conditions  as  those  stated  for  example  9.3.1,  let  us  consider  that 
the  generating  surface  £(  is  represented  in  implicit  form  by  the  equation 

X!  tan  1^,-y,  +  z,  tan  j3  =  0  (x^.z^efl  (9.4.43) 


This  equation  may  be  derived  on  the  basis  of  equations  (9.3.24).  Let  us  determine  the  envelope, 
surface  of  action,  and  contact  lines. 

Family  of  generating  surfaces  in  the  coordinate  system  52.— The  coordinate  transformation 
from  coordinate  system  S2  to  St  is  represented  by  matrix  [M|2J,  which  is  the  inverse  of  matrix 
[Af2|J  represented  by  expressions  (9.3.30).  We  get 


cos  <t>  -sin  0  0  -r 


W2I  = 


sin  <t>  cos  0  0  — r0 

0  0  10 

0  0  0  1 


(9.4.44) 
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and 


X(  -  Xi  cot  0  -  yj  sin  0  -  r  y,  ■  x2  sin  0  +  y2  co*  0  -  r0  2i  “  ?i  (9.4.45) 
Equations  (9.4.45)  and  (9.4.43)  yield 

Clx2,y2,Z2.<t>)  -  --*2  sin  (0  -  0,)  -  >2  cos  (0  -  0,) 

+  z2  cos  0,  tan  0  +  r<0  cos  0,  -  sin  0,)  »  0  (9.4.46) 


where 


Cr2.y2.Z2) «  £ 
a  <  6  <  b 

Equation  (9.4.46)  represents  the  family  of  generating  surfaces. 

Envelop*  equations.— The  necessary  condition  of  envelope  existence  yields 

G*(x2,y2,Z2.<£)  ”  -  *2  cos  (0  -  0,)  +  y2  sin  (0  -  0,)  +  r  cos  0,  *  0  (9.4.47) 

If  sufficient  conditions  of  envelope  existence  are  observed  (see  expressions  (9.4. 16)  and  (9.4. 17)). 
equations  (9.4.46)  and  (9.4.47)  represent  the  envelope  (the  generated  surface  Ej)  as  a  regular 
surface.  The  envelope  is  a  screw  involute  surface.  To  prove  this,  we  may  investigate  cross  sections 
of  the  envelope  by  setting  Z2  =  constant  in  equation  (9.4.46).  (See  example  9.3.1.) 

Singular  points  of  the  generated  surface.— Singular  points  occur  on  the  generated  surface  if 
G+t  =  0,  which  yields 

G**  »  x2  sin  (0  -  0,)  +  y2  cos  (0  -  0,)  *  0  (9.4.48) 

With  G+t  =  0,  the  generated  surface  normal  N*  cannot  differ  from  zero. 

Singular  points  on  the  generated  surface  are  determined  by  equations  (9.4.46)  to  (9.4.48)  which 
yield 


x2  -  rh  cos  (0  -  0,)  y2  =  -  rh  sin  (0  -  0,)  z2  =  -  rb  tan  X*(0  -  tan  0,)  (9.4.49) 

Here  rb  =  r  cos  0,  is  the  radius  of  the  base  cylinder,  rk  tan  =  r  cot  0  is  the  screw  parameter 
h,  and  Xb  is  the  lead  angle  on  the  base  cylinder.  Equations  (9.4.49)  represent  a  helix  on  the  base 
cylinder. 

Surface  of  action  — The  surface  of  action  is  the  locus  of  contact  lines  determined  in  the  fixed 
coordinate  system  Sf  (Sf  is  rigidly  connected  to  the  frame).  The  contact  lines  in  coordinate  system 
S2  (contact  lines  on  the  envelope)  are  represented  by  equations  (9.4.46)  and  (9.4.47).  To  develop 
equations  of  contact  lines  in  coordinate  system  Sf,  it  is  necessary:  (I)  to  determine  equations 

x2  =  x2(xf.yf.Zf,<t>)  y2  =  yz(xf,yf,Zf.<t>)  z2  =  z2  U/.y/,Z/.0)  (9.4.50) 

which  express  the  coordinate  transformation  from  Sf  to  S2  and  (2)  to  substitute  (x2,y2,z2)  'nt0 
equations  (9.4.46)  and  (9.4.47)  using  expressions  (9.4.50). 

Equations  (9.4.50)  may  be  derived  from  the  matrix  equation 

1  r2]  =  [M2,)[rf)  (9.4.51) 


where  (fig.  9.3.2) 
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cos  <t>  sin  0  0  r  cos  ^ 
—sin  ^  cos  $  0  —r  sin  4 


(9.4.52) 


[%]  = 


0 

0 


0  1  0 
0  0  1 


Equations  (9.4.51)  and  (9.4.52)  yield 

jr2  =  -*/  cos  $  +  yf  sin  d>  +  r  cos  <£  y2  =  “  xf  sin  0  +  y/  cos  $  -  r  sin  $ 

"  z2  *  Zf  (9.4.53) 

Using  equations  (9.4.46),  (9.4.47),  and  (9.4.53),  we  get  the  following  equations  of  coordinate 
lines  in  coordinate  system  S/. 


Xf  tan  \fr,  -  y/+  Z/ tan  f)  +  nl>  =0  (9.4.54) 

Xfcos  \f/,  +  yysin  &  =  0  (9.4.55) 

By  fixing  the  parameter  of  motion  <t>,  equations  (9.4.54)  and  (9.4.55)  represent  contact  line  L  as 
a  straight  line.  Line  L  is  the  line  of  intersection  of  two  planes:  (1)  generating  plane  E,,  which  is 
represented  by  equation  (9.4.54)  and  (2)  plane  P,  which  is  represented  by  equation  (9.4.55).  Plane 
P  passes  through  axis  Zf  and  is  tangent  to  the  cylinder  of  radius  rb  =  r  cos  (fig.  9.3.6).  The 
surface  of  action  is  the  plane  y,  =  0.  All  contact  lines  represented  in  the  coordinate  system  Sf 
belong  to  the  plane  y,  =  0  (figs.  9.3.6  and  9.3.7). 


9.5  Theorem  of  Singular  Points  of  Generated  Surface  £2 

Sufficient  conditions  of  envelope  existence  given  in  equations  (9.3.8)  to  (9.3.10),  if  observed, 
guarantee  that  the  generated  surface  Zi  is  the  envelope  of  the  locus  (family)  of  regular  surfaces 
and  all  points  of  the  envelope  are  regular  points. 

We  consider  the  case  when  one  of  the  requirements  above  N2  ^  0  is  not  observed  (N2  is  the 
surface  2^  normal)  and  singular  points  on  the  generated  surface  2^  occur.  The  locus  of  these  points 
may  be  the  edge  of  regression,  the  line  which  connects  two  pieces  of  the  generated  surface 
(fig.  8.3.1(b)).  Appearance  of  such  a  line  means  that  the  generated  surface  will  be  undercut  by 
the  generating  surface  E(  (the  tool  surface).  This  is  the  reason  why  the  existence  of  singular  points 
of  surface  E2  is  to  be  investigated. 

We  may  determine  singular  points  of  surface  E2  by  setting  N2  =  0  in  inequality  (9.3.10).  But 
this  method  requires  complicated  transformations  and  therefore  a  more  simple  and  effective  method 
(proposed  by  Litvin,  1968)  is  applied.  The  essence  of  this  method  is  based  on  the  following  theorem. 

Theorem  Consider  a  family  of  surfaces  in  the  coordinate  systems  S2  given  by 

r 2(u,6,4>)  €  C2  — x  — /  0  ( u,& )  €  G  a<4><b  (9.5.1) 

du  36 

Point  M (uo,8q,<I>o)  is  given  in  the  space  of  parameters  (u,6,<j>)  and  at  this  point  the  following 
requirements  are  observed: 
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[t  S  5] -° /<c' 

(9.5.2) 

l/.l  +  l/.l  *  o 

(9.13) 

dr 2  du  dr2  dB  dr2  d<b  _ 

—  —  +  —  —  +  —  —  =  0 

du  dt  dB  dt  d<t>  dl 

(9.5.4) 

A  piece  of  the  generated  surface  E2  passes  through  point  fi(x2,y2,.r2),  which  corresponds  to  point 
Af(uo.0O’^o)-  This  surface  piece  may  be  represented  by 

R2(h,$)  *  r2(u,0(u,0),$)  €  C1 

(9.5.5) 

if  ft  ft  0,  or  by 

R’(f,*)-r2(it«,(*),«i)(Cl 

(9.5.6) 

if 


/.*  0 

At  point  Q  the  normal  N2  of  the  surface,  given  by  vector  function  (9.5.5)  or  (9.5.6),  is  equal  to 
zero  and  point  Q  is  a  singular  point. 

Proof:  Consider  that  the  inequality  (9.5.3)  is  observed  just  because  f,  #  0.  Then  equation  (9.5.2) 
may  be  solved  in  the  neighborhood  of  point  M  by  the  function  (see  app.  B) 

B{u,d> )  €  C*  (9.5.7) 

As  a  result  of  expression  (9.5.7),  a  piece  of  surface  E2  may  be  represented  by  equation  (9.5.5). 
To  prove  that  point  Q  of  this  surface  is  a  singular  point,  let  us  consider  the  following  system  of 
four  linear  equations  in  three  unknowns  ( du/di ,  dB/dt,  d<t>fdt): 


du  dB 

~  +  0(2  — 
dt  dt 

d<t> 

+  an  ~ —  0 
dt 

(i  =  1 .2,3,4) 

(9.5.8) 

n  -^1 

"  du 

n  -d*2 
d\2 - 

dB 

3*2 

a  ij  =  — 

d<t> 

d>'2 

dy  2 

a??  =  — 

2‘  dB 

an  —  — 
d<t> 

(9.5.9) 

„  _&2 
031  ~Tu 

a  _^2 
032  ~Te 

dzz 

a  3j  =  — 
d<t> 

O 

II 

0*2  -  ft 

o*j  =  fo 

By  a  randomly  chosen  value  of  d<j>/dt  *  0,  the  system  of  equations  (9.5.8)  has  a  unique  solution 
for  du/dt  and  dB/dt  if  the  rank  of  matrix 
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an  fl|2  flu 

fl2l  a22  a2i 

flj,  fl32  fljj 

a4i  a42  a*)  . 

is  equal  to  two.  Consequently,  four  determinants  of  the  third  order  must  be  equal  to  zero. 


P(*2>y2'Z2) 

D(u,9,4>) 


dX2 

9X2 

9X2 

du 

99 

9<t> 

dy2 

3y2 

3y2 

du 

99 

d  4> 

dj2 

9z2 

9Z2 

du 

99 

9<t> 

PQ>2.22/)  _  D(z 2.X2J)  _  P(x2,y2J) 
D(u,9,<t>)  D(u,9,<t> )  D(u,9,4>) 


(9.5.11) 


(9.5.12) 


Equation  (9.5.11)  is  the  same  as  equation  (9.5.2).  Equations  (9.5.12),  if  observed,  yield  that  the 
surface  normal  N2  =  0.  To  prove  this  statement,  let  us  transform  the  equation  of  the  normal  N2. 
According  to  expression  (9.3.10),  we  get 


N2  =  f— 
\99 


Equation  (9.5.13)  yields 


9yj 

9y 

9j2 

du 

99 

9<)) 

&2 

d3 

9Z2 

9u 

99 

9<f> 

f* 

ft 

u 

9_Z2 

9Z2 

9Z2 

9u 

99 

9$ 

9xj 

9X2 

9X2 

9u 

99 

9<t> 

L 

f» 

f* 

9X2 

9X2 

9X2 

9u 

99 

9<t> 

3y2 

9y2 

9yj 

du 

99 

9<j> 

L 

f» 

f* 

D(y2-z2tf) 

D(u,9,$) 


P(.Z2.X2  /) 

D(u,d,<t>) 


P(x2,y2/) 

D(u,8,<j>) 


(9.5.13) 


(9.5.14) 


(9.5.15) 


(9.5.16) 
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Equations  (9.5.12)  to  (9.5.16)  yield,  if  conditions  (9.5.2)  to  (9.5.4)  are  observed,  the  normal 
N2  -  0  and  singular  points  on  the  generated  surface  occur. 

The  kinematic  interpretation  of  this  theorem  may  simplify  its  applications  to  the  problem  of 
avoiding  undercutting  of  the  generated  gear.  Consider  the  generated  surfaces  Ej,  which  is 
represented  in  the  coordinate  system  52  as  follows: 


r2  -  r 2(u,M)  €  C'  f(u,0,<t>)  =  0  (9.5. 17) 

Vector  function  r2(u,0.<t>)  represents,  in  coordinate  system  S2,  the  locus  of  generating  surfaces 
Et;  /(u,0»  *  0  is  the  equation  of  meshing. 

Differentiating  equations  (9.5.17),  we  receive 


dr,  du  dr-,  dd  dr,  d<& 

— -  —  +  — -  —  +  — -  — 

du  dt  dd  dt  d4>  dt 


dfdu  dfdO+dfd* 
du  dt  dO  dt  d<t>  dl 


(9.5.18) 


Here  r2  ■  v®  is  the  velocity  of  the  contact  point  in  its  motion  with  respect  to  the  coordinate  system 
52  (over  the  generated  surface  E2).  The  velocity  vector  vj2’  may  be  represented  as  a  sum  of  two 
components  (1)  v®,  the  velocity  of  a  point  which  moves  over  the  surface  Et  and  (2)  v,l2)  the 
velocity  of  sliding  (the  velocity  of  a  point  which  is  rigidly  connected  to  the  generating  surface  E| 
and  moves  with  respect  to  E2).  Thus, 

v®  -  v®  +  V<,J>  (9.5.19) 


where 


'  du  dl  dO  dl 


(9.5.20) 


V(IJ)  _  *2  d± 
3<t>  dl 


(9.5.21) 


According  to  the  theorem  discussed,  singular  points  in  the  generated  surface  Ej  occur  if  equation 
(9.5.4)  is  observed.  Equations  (9.5.4)  and  (9.5. 18)  to  (9.5.21)  yield  that  singular  points  of  surface 
£2  occur  if  the  velocity  of  the  contact  point  in  its  motion  over  E2  is  equal  to  zero;  that  is,  if 

v®  =  v®  +  v(®  =  0  (9.5.22) 


Equation  (9.5.22)  is  invariant  under  the  applied  coordinate  system.  Particularly,  we  may  express 
vectors  of  this  equation  in  terms  of  components  of  coordinate  system  5|.  Consequently,  we  may 
consider  equations 


dr,  du  dr.  dd  ,l7l  „ 

du  dt  dO  dt 


du  d6  d<t> 
fu  ~  +  /» ~  +  U  —  -  0 
dt  dt  dt 


(9.5.23) 

(9.5.24) 
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Here  vj12’  is  the  velocity  of  sliding  expressed  in  terms  of  components  of  coordinate  system  5,. 

Equations  (9.5.23)  and  (9.5.24)  yield  a  system  of  four  linear  equations  in  two  unknowns,  which 
is  similar  to  the  system  in  equation  (9.5.8)  and  is  represented  by 


(9.5.25) 


Here 


du  dB  . 
0(1  ~  +  Ofl-T  *  °i 
dt  di 


dx , 

-  dXx 

Q\2  = - 

12  36 

ja¬ 

il 

1 

M 

Old 

£1* 

n 

a 

<3 

*2  -  -  V,V2> 

Bz\ 

a"=Tu 

_  _fel 

h,  =  -  v<,'2> 

p 

ii 

042  =/l 

h  «  _ 

4  d<t>  dt 

where  d$ldt  *  0  is  an  arbitrarily  chosen  value;  for  instance,  d<j>/dt  =  1  rad/sec.  The  sliding  velocity 
must  correspond  to  the  chosen  value  d<t>ldt. 

Similarly,  for  the  discussions  above,  we  say  that  this  system  has  a  unique  solution  for  du/dt  and 
d$/dt,  if  the  matrix 


has  rank  r  *  2.  This  yields 


ax, 

3x, 

du 

aa 

dy, 

dy, 

du 

aa 

dzi 

az. 

du 

aa 

otl  0,2  b , 

02,  022  b2 

“31  “32  b} 
041  042  b4 


-c 


(9.5.26) 


(9.5.27) 


ax. 

3x| 

-v<P 

du 

aa 

3y, 

dy. 

-v<S2> 

du 

aa 

d<t> 

/. 

~f*7, 

(9.5.28) 
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du  36  xt 

fu  »  -° 

/.  /.  -A* 

*!  **  _  ,,2» 

du  de  x' 

j1  ^  “0  (9.5.30) 

du  36 

d& 

/.  /«  -/*  — 

dt 

Equation  (9.5.27)  is  similar  to  the  equation 

(9.5.31) 

[a«  36  d<t> j  [du  36  1  \\dt) 

Here 

T<i2> ,  ^ 

a* 

is  the  sliding  velocity. 

The  triple  vector  product  (9.5.31)  does  not  depend  on  the  chosen  coordinate  system.  Therefore, 
the  triple  vector  product  (9.5.27)  may  be  applied  instead  of  (9.5.31).  Triple  vector  products  (9.5.27) 
or  (9.5.31)  yield  the  equation  of  meshing. 

/(u,6,<f>)  =  0  (9.5.32) 

Therefore,  equation  (9.5.27)  is  observed  for  all  contact  points  of  the  conjugate  surfaces  E,  and 
E2,  including  singular  points  of  the  generated  surface  E2. 

Equations  (9.5.28)  to  (9.5.30)  are  additional  equations  to  be  observed  if  contact  points  of  surface 
E2  are  singular  points.  It  is  sufficient  to  apply  only  one  of  equations  (9.5.28)  to  (9.5.30)  if  the 
surface  E,  normal 


N 1  =  —  x  — 
du  36 

is  not  perpendicular  to  any  coordinate  axis  of  system  S,.  Thus,  any  equation  of  the  system  (9.5.28) 
to  (9.5.30)  yields  the  relation 

F(u.6,<t>)  =  0  (9.5.33) 
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There  is  a  simple  way  to  avoid  undercutting  of  the  generated  surface  E2  (proposed  by  Litvin. 
1968).  Equations  (9.5.32),  (9.5.33),  and  the  vector  equation  which  represents  the  generating  surface 


£,  determine  the  line  L  on  surface  Et  as  a  locus  of  points  which  generate  singular  points  on  the 
surface  E2.  This  line  is  represented  by 

r  ,(«,*)  €C‘  /(«,*.*)=  0  F(«,M)«0  (9.5.34) 

To  avoid  undercutting  of  the  generated  surface  £3,  we  must  limit  the  generating  surface  £,  or  apply 
special  machine  and  tool  settings  to  exclude  the  limiting  line  L  (see  example  (9.8.1)). 


9.6  Envelope  of  a  Family  of  Surfaces:  Kinematic  Method 
of  Determination 

The  determination  of  the  envelope  of  a  locus  of  surfaces  is  based  on  necessary  and  sufficient 
conditions  of  envelope  existence  worked  out  in  classical  differential  geometry.  These  methods  are 
of  course  workable,  but  the  solution  may  be  substantially  simplified  if  a  kinematic  method  of  envelope 
determination  is  applied. 

The  key  to  the  problem  of  envelope  existence  lies  in  (1)  determining  the  equation  of  meshing 
and  (2)  observing  the  requirements  that  the  envelope  is  a  regular  surface.  We  will  discuss  both 
of  these  stages. 

Equation  of  Meshing 

Consider  a  family  of  surfaces  given  in  parametric  form  by 


r7(u,d,<j>)  €  C1  —  x  ^  ^  0  (u,0)  €  G  a  <  <)>  <  b 

du  d« 

We  found  in  section  9.3  that  the  equation  of  meshing  may  be  represented  by 


dr 2  dr 2  dr7 
du  dO  d<t> 


(9.6.1) 


(9.6.2) 


Equation  (9.6.1),  with  the  fixed  parameter  <t>,  represents  a  single  surface  E,  of  the  locus.  The  cross 
product 


dr7  dr7 
—  x  — 
du  do 


(9.6.3) 


represents  the  normal  to  surface  E,  in  components  of  coordinate  system  S2. 

Vector  dr2ld<t>  represents  the  velocity  vV2)  of  a  fixed  point  M\  on  the  surface  E)  with  respect 
to  the  point  M2  of  the  envelope  E2.  Points  M,  and  M7  coincide  and  form  a  common  point  M,  the 
point  of  tangency  of  surface  E{  and  E2.  The  subscript  2  in  v2121  means  that  the  velocity  vector  is 
represented  in  terms  of  components  of  coordinate  system  S2. 

The  equation  of  meshing  (9.6.2)  may  be  represented  as 


f(u,6,<)>)  =  N2  •  v^l2)  =  0  (9.6.4) 

The  equality  of  the  scalar  product  (9.6.4)  to  zero  is  an  invariable  property  under  the  applied 
coordinate  system.  Instead  of  equation  (9.6.4),  we  may  apply  the  equation 

N,  •  vj12)  =  0  (9.6.5) 


with  vectors  expressed  in  components  of  the  coordinate  system  St. 
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Considering  that  the  generating  surface  is  given  by  the  vector  function 


rt(n,0)  €  C1 


dt\  dr< 

—  x  —  t*  0 

du  do 


(u,9)  €  G 


we  obtain  that 


(9.6.6) 


N, 


3ri  xar, 

du  dfl 


and  the  equation  of  meshing  may  be  expressed  by 

'96J) 

The  velocity  in  relative  motion  (the  sliding  velocity  vjl2))  may  be  determined  kinematically.  (See 
sec.  2.3.)  The  representation  of  the  meshing  equation  by  expression  (9.6.3)  simplifies  the 
transformations  substantially. 

Equation  (9.6.4)  may  also  be  represented  in  terms  of  components  of  the  coordinate  system  Sf 
as  follows: 


f{u,e,4)  -  v)1J)  -  “  0 

Here  dr y/du  and  drt VdO  are  partial  derivatives  of  the  vector  function 


(9.6.8) 


r/u.M)  €  C1 


^  X  ^  *  0  ( u,0 )  €  G 

du  dO 


a  <  <  b 


(9.6.9) 


Vector  function  (9.6.9)  represents  the  family  of  surfaces  Eg  in  the  coordinate  system  Sf.  It  may 
be  derived  on  the  basis  of  matrix  equation 

[rf]  -  [3f/,][r,]  (9.6.10) 

Here 


Jfi  (u,9) 
yi(u.O) 
Zl(u.ff) 
1 


(9.6.1!) 


are  homogeneous  coordinates  of  a  point  of  the  generating  surface  Et  represented  by  the  vector 
function  (9.5,6).  In  the  modem  theory  of  gearing,  equations  of  meshing  are  applied  in  forms 
represented  by  expressions  (9.6.7)  or  (9.6.8). 

Remarks:  (1)  The  resulting  equation 


)  =  0 
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does  not  depend  on  the  order  of  factors  in  the  triple  products  (9.6.7)  or  (9.6.8)  and  (2)  the  vector 
of  relative  velocity  v<l2>  =  -  v<12‘  may  be  applied  instead  of  relative  velocity  v(l2). 

General  Theorem  of  Conjugate  Surfaces 

Equations  (9.5.4),  (9.5.5),  and  (9.5.8)  may  be  interpreted  geometrically  as  the  General  Theorem 
of  Conjugated  Surfaces:  At  points  of  tangency  of  the  generating  surface  E,  and  the  generated 

surface  Ei,  the  common  normal  N  to  the  surfaces  is  perpendicular  to  the  relative  velocity  vectors 
V(I2)  of  V(2I) 

There  is  a  particular  case  when  the  input  and  output  gears  rotate  about  parallel  or  intersected 
axes  and  the  relative  motion  represents  rotation  about  an  instantaneous  axis.  (See  secs.  2.1  and 
2.2.)  The  relative  velocity  is 


v|l!l  =  ull!|xp  (9.6.12) 

Here  W112’  is  the  angular  velocity  of  rotation  about  instantaneous  axis  /-/  (fig.  9.6.1)  and  is  directed 
along  that  axis,  and  p  is  a  position  vector  drawn  from  a  point  of  axis  /-/  to  the  point  M  of  tangency 
of  surfaces  E,  and  Ei. 

The  triple  product  may  now  be  represented  by 

N.»(l2l  =  N.(tfll2lXp)  =  [Nu)(,2)pl  =  0  (9.6.13) 

Equation  (9.6.12)  yields  that  vectors  N,  <i>(121,  and  p  must  belong  to  the  same  plane  drawn  through 
the  instantaneous  axis  l-l.  Thus,  the  common  normal  to  contacting  surfaces  E,  and  Ej  must 
intersect  the  axis  l-l  of  instantaneous  rotation. 

The  discussion  above  may  be  summarized  by  the  following  theorem:  Consider  gears  which 
transform  rotation  between  parallel  or  intersected  axes.  The  instantaneous  contact  line  of  gear  surfaces 
must  be  such  that  the  common  surface  normal  at  any  point  M  of  the  contact  line  would  pass  through 
the  instantaneous  axis  of  rotation  in  relative  motion. 

Applying  this  theorem,  we  may  develop  the  following  equation  to  determine  the  equation  of 
meshing: 


*i  -*t  _  ~  >'i  _  Zi  ~  Zi 

Nx  i  Nyi  N:i 


(9.6.14) 


Here  Xt,  Y\,  and  Z]  are  coordinates  of  a  point  of  the  instantaneous  axis  of  rotation:  X\,  V|,  and 
2i  are  coordinates  of  a  point  of  the  generating  surface  E,;  and  Nxl,  iVvl.  and  N.j  are  projections 
of  the  normal  N,  to  the  generating  surface  E,.  Equations  (9.6. 14)  yield  the  equation  of  meshing. 


Determination  of  Singular  Points  on  the  Generated  Surface 

The  appearance  of  singular  points  on  the  generated  surface  E2  means  that  this  surface  will  be 
undercut  by  the  generating  surface  E,  in  the  process  of  meshing  (generation).  The  existence  of 
singular  points  on  the  generated  surface  E2  may  be  determined  by  the  equation  N2  »  0,  where  N2 
is  the  normal  to  the  generated  surface  £2.  This  classical  method  needs  a  complicated 
transformation.  A  more  effective  and  simple  method  is  based  on  the  theorem  proposed  by  Litvin. 
(See  sec.  9.5.)  It  follows  from  this  theorem  that  singular  points  of  surface  £2  are  generated  by 
such  points  of  the  generating  surface  E|  at  which  the  following  equation  is  observed: 

vj,"  +  v|,2)  -  0  (9.6.15) 

Here  vr',n  is  the  velocity  of  the  contact  point  in  its  relative  motion  over  the  generating  surface  E| 
and  vjIJ)  is  the  sliding  velocity.  Both  vectors  of  equation  (9.6.15)  are  expressed  in  components 
of  coordinate  system  S,  rigidly  connected  to  the  generating  surface  Et. 


9.7.  Envelope  of  Contact  Lines  on  the  Generating  Surface  E, 

Usually,  contact  lines  cover  the  entire  working  part  of  surface  E,  There  are  cases  (they  are 
not  so  rare)  when  contact  lines  on  the  generating  surface  have  their  envelope  and,  therefore,  these 
lines  may  cover  only  a  part  of  the  generating  surface.  Figure  9.7. 1  shows  a  locus  of  contact  lines 
L*  on  the  generating  surface  E|.  Line  D  is  the  envelope  of  these  contact  lines  which  divides  surface 
£,  into  the  following  two  parts:  (I)  part  I,  which  is  covered  with  contact  lines  (we  include  envelope 
D  in  part  I)  and  (2)  part  II,  which  is  free  of  contact  lines.  Line  E  is  the  edge  of  surface  E|.  The 
conditions  of  lubrication  and  heat  transfer  become  unfavorable  near  envelope  D.  This  is  one  of 
the  reasons  why  the  envelope  D  should  be  excluded  from  the  meshing. 

Consider  generating  surface  Et  represented  by 

r ,(«.«)  €CJ  (u.9)  €  G  (9.7.1) 

du  96 

Surface  Et  is  covered  with  a  locus  of  contact  lines  Lt,  whose  location  depends  on  the  parameter 
of  motion  <h.  Locus  L+  is  represented  by  the  vector  equation  (9.7.1)  and  equation 

f(u.9,<t >)  = 

Here  vjIJl  is  the  velocity  of  sliding  at  the  point  of  contact  of  surfaces  E,  and  E:.  The  equation 
of  meshing  (9.7.2)  relates  surface  E,  parameters  u  and  6  with  the  parameter  of  motion  <j>. 


dr,  dr | 
du  36 


v|'2> 


=  0  fiC'  l/.l  +  \f,\  *  0  a<<t><b  (9.7.2) 


We  define  ■  piece  of  envelope  D  as  a  regular  curve 

Rce>)  €  C'  R*  *  0 


(9.7.3) 


on  surface  E|,  which  is  in  tangency  with  a  single  curve  of  the  locus  L+  at  each  value  of  <t>.  We 
propose  the  following  theorems  of  necessary  and  sufficient  conditions  of  envelope  D. 

Theorem  The  necessary  conditions  of  existence  of  an  envelope  of  a  locus  of  contact  lines  on 
the  generating  surface  are  described  as  follows:  If  the  locus  of  contact  lines  L4  has  an  envelope 
D  and  point  (uo,0o,$o)  corresponds  to  the  point  of  tangency  of  D  with  one  of  the  contact  lines  Lt, 
then  this  point  (uo,0o>4o)  belongs  to  the  set  determined  by  the  equation 

/♦  -  q(u,0,<t>)  =  0  (9.7.4) 

Proof:  Consider  vectors  of  displacement  5r,  along  the  tangent  T  to  the  contact  line  and  dr  ,  whose 
direction  differs  from  T.  The  parameter  of  motion  <)>,  which  corresponds  to  the  displacement  along 
the  contact  line  6r|,  is  fixed;  however,  4  must  be  considered  as  a  variable  for  the  displacement 
dr,.  Vectors  6rt  and  dr,  are  represented  as  follows: 


3r,  3r! 

at  - +  - 50 

du  dO 

f„du  +/,50  =  O 

(9.7.5) 

dr,  ,  3r, 

—  du  +  —  dO 
du  dO 

f„du  +  ftdO  +  d<j>  =  0 

(9.7.6) 

If  envelope  D  exists,  displacement  vectors  5rt  and  dr,  must  be  collinear  at  the  point  of  tangency 
of  the  envelope  D  and  a  contact  line.  This  yields  the  relation 


5u  _  60 
du~  dO 


(9.7.7) 


Equation  (9.7.7)  may  be  observed  if,  and  only  if, 

f*d<t>  =  0  (9.7.8) 

Equation  (9.7.8)  may  be  observed  only  if  =  0,  because  continuously  varying  values  of  <t> 
correspond  to  different  points  of  envelope  D. 

Theorem  The  sufficient  conditions  of  existence  of  an  envelope  of  a  locus  of  contact  lines  on 
the  generating  surface  E,  are  described  as  follows:  A  locus  of  contact  lines  is  represented  by 


rt(u.0)  €  C2 


dr,  dr, 

du  He 


*0 


dr,  dr, 
~du  30 


=  0 


I/.I+  !/*!  *o 


(u,9)  €  G  a  <  <t>  <  b 


(9.7.9) 


If  at  a  point  (uo,0o,<£o)  the  following  conditions  are  observed: 


/*  =  q(u.6.<t>)  -  0 


D(f.q) 

D(u.d) 


*  0 


/*»  =  <7«  *  0 


(9.7.10) 
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then  an  envelope  piece  D  is  represented  by 

dR 

R,<«)  -  r, («(*),**),*)  R,(«)€C'  -rr^O  (9.7.11) 

Envelope  piece  D  is  a  regular  curve  which  is  in  tangency  with  a  contact  line  of  the  locus  L+  at 
any  value  of  <t>.  The  envelope  in  question  may  be  represented  on  surface  Et  by 

r,(M.fl)  €  C2  /(«,*,*)«  0  4  «  ?(u.0.*)  -  0  (9.7.12) 

Proof:  Consider  a  system  of  equations 

/(u.0,*)  -  0  /#  -  <?(«.*,*)  -  0  (9.7.13) 

which  are  satisfied  at  the  point  (ug.0o<4o).  Because  of  the  inequality 


*0 

D(u.O) 

equations  (9.7.13)  may  be  solved  by  functions 

|«(*).**)!  i  C'  (9.7.14) 

in  the  neighborhood  of  point  (i4o.0o.$o)-  With  functions  (9.7.14)  we  may  represent  a  curve  on 
surface  E|  by  equations 


R,(*)  -  r,(u  <*).*(*))  R,(*)  €  C'  (9.7. 15) 

Let  us  now  prove  that  the  curve  (9.7.15)  is  regular  and  that  it  is  in  tangency  with  a  contact  line 
at  the  point  (uo.0o.$o)-  To  prove  this,  we  must  observe  the  following  conditions: 


dR,  „  3R,  „ 

— '  »  XT |  (X  s>e  0)  — !  at  0 

3$ 


(9.7.16) 


where  T  is  the  tangent  vector  to  the  contact  line.  A  contact  line  may  be  represented  by  equations 
r,(«.0)€C2  -  0  (9.7.17) 


where  6o  has  a  fixed  value. 

A  vector  of  displacement  along  the  contact  line  5rt  is  given  by 

«r.  +  />+/,*)  =  0  |4 1  +  \f,\  *  0 

3u  cxt> 


Assuming  (hat  the  inequality 


l/.l  +  !/»!  *  0 


(9.7.18) 


is  observed  because  /*  *  0.  we  obtain 


Equation  (9.7.17)  yields  that  for  /,  *  0,  the  tangent  Tt  may  be  expressed  as 

T,  *  —ft  -  — /,  T,*0 

1  du  M 


(9.7.19) 


(9.7.20) 


The  tangent  T,  differs  from  zero  because 

w+w-° 


(9.7.21) 


Let  us  now  prove  that  equation  (9.7. 16)  is  indeed  observed  and  that  envelope  D  is  in  tangency 
with  the  corresponding  contact  line  of  the  locus  L+.  After  differentiation  of  equation  (9.7.15),  we 


H  du  *  dO  * 

To  determine  the  derivatives  u4  and  $4,  let  us  differentiate  equations 

/(h(*),0(<1>),*)  *  0  «j(u(*),0M>),*)  -  0 

We  get  a  system  of  two  linear  equations  in  two  unknowns,  u4  and  d4 
+/**♦  **  -/♦  <?*“♦  +  9«*.  “  “  9* 


(9.7.22) 


(9.7.23) 


(9.7.24) 


With 


/.  /#  D(f,q)  r  p 
9.9. 


(9.7.25) 


and  taking  into  account  that  f4  =  0,  we  may  get  the  following  solutions  for  unknowns  u4  and  u, 
foi  points  of  the  envelope: 


— a  —  -^9* 

u4~—  94  -  -  — 


Equations  (9.7.22)  and  (9.7.26)  yield 

d<t>  \duJ '  deJ“)  A 


(9.7.26) 


(9.7.27) 


Equations  (9.7.27)  and  (9.7.20)  yield  that  the  envelope  tangent  (9.7.27)  is  collinear  with  the 
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contact  line  tangent  (9.7.20),  the  envelope  tangent  differs  from  zero  since  qt  mf^  **  0,  and  the 
envelope  is  a  regular  curve.  Due  to  the  existence  of  functions  (9.7. 14),  there  is  only  one  point 
(u,9)  which  corresponds  to  the  parameter  of  motion  Consequently,  the  contact  line  hat  only 
one  point  of  tangency  with  the  envelope  D. 

Representation  of  the  Envelope  on  the  Plane  of  Parameters  (u,$) 

Contact  lines  L*  on  surface  E,  n  ay  be  obtained  by  mapping  a  locus  of  plane  curves  represented 
on  the  plane  ( u,0 )  by  equations 

0  /(«,«,*)  t  CJ  |/„|+ |/#|  *0  (u,9)  €  G  a<  +  <b  (9.7.28) 

Here  4,  if  fixed,  corresponds  to  a  single  contact  line  of  the  locus. 

The  locus  of  plane  curves,  represented  in  implicit  form  by  equations  (9.7.28),  has  an  envelope, 
if  the  following  requirements  are  observed  (see  sec.  4.3.): 


/4-q(w.*.*)«  0  *  0  /*  »-0  (9.7.29) 

D(u,9) 

Requirements  (9.7.29)  are  sufficient  for  the  existence  of  the  envelope  D  of  the  locus  of  contact 
lines  L,  on  the  surface  E|.  Consequently,  if  the  envelope  D  on  surface  E,  exists,  there  is  definitely 
an  envelope  of  the  locus  of  plane  curves  (9.7.28)  on  the  plane  of  parameters  (u.9).  This  result 
is  important  for  applications.  The  graphical  representation  of  the  locus  of  contact  lines  L+.  and 
their  envelope  D,  on  the  generating  surface  Et  needs  complicated  drawings.  It  is  easier  to  represent 
images  of  L+  and  D  on  the  plane  of  parameters  (u,6).  An  example  of  the  determination  of  envelope 
D  is  discussed  in  example  problem  9.8.1. 


9.8  Conjugate  Surfaces:  Working  Equations 

Initial  Conditions 
Given  the  generating  surface  E(  by 


r,(«,0)€C:  —  x  — ( u,9)(C  (9.8.1) 

du  dO 

The  location  of  the  rotation  axes  of  gears  1  and  2  and  the  ratio  of  angular  velocities  are  known. 
The  parameter  of  motion  $  belongs  to  the  interval 

a  <<j>  <b 

We  set  up  three  coordinate  systems  5,,  S^.  and  Sf  rigidly  connected  to  gears  I  and  2  and  the  frame, 
respectively.  It  is  necessary  to  determine  the  generated  surface  Ej,  contact  lines  on  surfaces  E) 
and  Ej,  surface  of  action,  condition  to  avoid  undercutting  of  surface  E:,  and  the  appearance  of 
the  envelope  D  of  contact  lines  on  the  generating  surface  E(.  The  stages  of  investigation  and 
solution  are  presented  as  follows. 

Equations  of  meshing.—  Generally  this  equation  may  be  represented  by 


f(u.9,<t>) 


—L  d**1  v(i2> 
du  dO 


=  0 


(9.8.2) 
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Here  v{l2)  is  the  velocity  of  sliding  determined  kinematically.  (See  ch.  2.3.)  After  determination 
of  equation  (9.8.2)  it  is  necessary  to  make  sure  that 


l/.l  +  l/.l  *  o 


(9.8.3) 


If  gears  1  and  2  transform  motion  between  parallel  or  intersecting  axes,  the  equation  of  meshing 
may  be  represented  not  only  by  equation  (9.8.2),  but  by 


X)  -*i(«.g)  ^  Y{  -yi(u,9)  _  Z|  -  Zt(u,d)  g 

N,i  "  N„  Ntl 

Here  xt,  y,,  and  Z|  are  coordinates  of  a  point  on  surface  Et;  X\,  Yh  and  Z,  are  coordinates  of 
a  point  of  the  instantaneous  axis  of  rotation;  and  Nlt,  Nyh  and  Nlt  are  projections  of  surface  normal 
N|  given  by 


N, 


3r,  ^dr, 
du  dO 


(9.8.5) 


Contact  lines  on  surface  E|.— Contact  lines  on  surface  E,  are  represented  by  expressions  (9.8. 1) 
and  (9.8.2)  with  fixed  values  of  the  parameter  of  motion  <t>. 

Surface  of  action.— The  surface  of  action  is  the  locus  of  contact  lines  determined  in  the  coordinate 
system  Sf.  This  surface  is  represented  by  expression  (9.8.1),  equation  (9.8.2),  and  matrix  equation 

ty  -  (Af/iJfr,)  (9.8.6) 

Here  matrix  [Mn\  represents  the  coordinate  transformation  from  coordinate  system  5,  to  Sf.  Vector 
function  (9.8.1)  and  equations  (9.8.2)  and  (9.8.6)  yield  the  following  expressions  for  the  surface 
of  action: 


r/ii.0,*)  €  C 2 

l/.l  +  l/.l  *  o 


3iy  drf  „ 
— l  x  — i  7t  0 
du  96 

( u,9 )  €  G 


f(u,9,<t>)  =  0 

a  <  <b  <  b 


(9.8.7) 


Generated  surface.—  The  generated  surface  Z2  is  the  locus  of  contact  lines  determined  in  the 
coordinate  systems  S2.  Surface  Z2  is  represented  by  vector  equation  (9.8.1),  equation  (9.8.2).  and 
matrix  equation 

lr2)  =  IWz.llr,]  (9.8.8) 

Matrix  [M2\\  represents  the  coordinate  transformation  by  transition  from  coordinate  system  St  to 
coordinate  system  Vector  function  (9.8.1)  and  equations  (9.8.2)  and  (9.8.8)  yield  the  following 
expressions  for  the  generated  surface  E2: 

r2(u.0,$)  €  C2  f(,u,e,<t>)  =0  |/.|  +  |/»l  (u.0)€G  a<<t><b  (9.8.9) 

Nonundercutting  of  the  generated  surface  E2.— To  avoid  undercutting  of  the  generated  surface 
E2  it  is  necessary  to  limit  the  dimensions  and  settings  of  the  generating  surface  E|.  The  limiting 
line  of  surface  E'  is  the  locus  of  points  of  Et  which  generate  singular  points  of  the  generated 


■urface  £2.  Thu  line  ii  determined  by 


r,(«,#)  t  C1 


3r,  8r(  „ 

— -  x  — -  ft  0 

du  30 


F(u,0.4)~  0  l£ I  +  1/ij  U  0  («,#)<  C  a  <  4  <  b 


(9.8.10) 


The  equation 


may  be  developed  from  equations 


F(u,9,4)  m  0 


(9.8.11) 


*1'  „<ih 

Js  N  " 

*b  di'  w 

an  30 

/.  A 

at 


dxj 

dx, 

a.vi 

dy  | 

du 

do 

du 

30 

y* 

3£l 

a. 

dz. 

fct 

du 

d« 

du 

30 

f. 

U 

,  d4 

/. 

d4 

f, 

-0 


(9.8.12) 


Usually  it  is  sufficient  to  apply  only  one  equality  of  the  three  equalities  in  equations  (9.8.12)  to 
get  equation  (9.8.11). 

Investigation  of  existence  of  envelope  of  contact  lines  on  the  generating  surface  E, . — It  is 
essential  to  investigate  the  existence  of  an  envelope  of  contact  lines  considering  the  plane  of 
parameters  (u.9).  The  envelope  in  question  is  represented  by  equations 

ffn.9.4)  *  0  f(u.9,4)  €  C7  /«  *  q(u,8.4)  -  0  |/.|  +  |/,|  d  0 


Dlf.q) 

-  --  --  *  0  /*,  *  0  (u.9)  €  G  a  <  4  <  b 

D{u.9) 


(9.8.13) 


Example  9.8.1 

Conjugate  surfaces  of  a  worm-gear  drive  are  considered.  Assuming  that  the  surface  of  the  worm 
is  given,  we  must  determine  (I)  the  equation  of  meshing.  (2)  the  surface  of  action,  (3)  the  worm- 
gear  surface,  and  (4)  the  equations  of  the  envelope  of  contact  lines  on  the  worm  surface.  Conditions 
of  nonundercutting  of  the  worm-gear  surface  may  be  determined  with  the  aid  of  a  computer  program. 
Because  of  the  complexity  of  this  program,  it  is  not  discussed  in  this  example. 

Solution 

Worm  thread  surface.  —Consider  that  the  worm  thread  surface  is  an  involute  screw  surface 
(fig.  9.8.1).  Such  a  surface  may  be  generated  by  a  screw  motion  of  the  straight  line  ML.  This 
line  is  the  tangent  to  the  helix  on  the  base  cylinder  of  radius  rh.  (The  helix  in  question  is  traced 
out  on  the  base  cylinder  surface  by  point  M.  the  point  of  tangency  of  the  straight  line  ML  with 
the  cylinder.)  The  generating  line  ML  forms  the  angle  X*  with  the  plane  perpendicular  to  the 
ii»*is. 

The  position  vector  for  point  N  of  the  screw  involute  surface  is 


77JT  =  TTfi  +  KM  +  Mft 


(9.8.14) 


Developing  the  cylinder  surface  (fig.  9.8.2)  on  &  plane,  we  may  represent  the  helix  by  a  straight 
line  and  obtain 


tan  X* 


h 


(9.8.17) 


Equations  (9.8.16)  and  (9.8.17)  yield 

N,  ™  u  cos  X^sin  X*  sin  01,  -  sin  X*  cos  0j,  +  cos  X*k,)  (9.8. 18) 

With  u  *  0  the  screw  involute  surface  is  a  regular  surface  and  the  surface  unit  normal  is 

fli  *  sin  X»  sin  01,  -  sin  X*  cos  0j,  +  cos  X*k,  (9.8.19) 

Coordinate  systems.— We  set  up  coordinate  systems  S,,  Sj,  and  Sf  rigidly  connected  with 
worm  I.  gear  2,  and  the  frame,  respectively  (fig.  9.8.3).  An  auxiliary  coordinate  system,  also 
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rigidly  connected  to  the  frame,  is  designated  by  S,.  The  worm  and  gear  route  about  crossed  axes 
which  form  an  angle  y.  Usually  y  =  90* ,  but  we  assume  that  y  *  90*. 

Coordinate  transformation.— The  coordinate  transformation  by  transition  from  system  St  to  S/ 
is  represented  by  the  matrix  equation 


[r,  1  -  l-tylhl 


Here 

[W/iJ 

Equations  (9.8.18)  to  (9.8.20)  yield 
xf»x |  cos  4|  -  y,  sin  0t 
Matrix  equation 


cos  0t  -sin  di  0  0  ' 
sin  cos  0  0 

0  0  10 

0  0  0  1  . 

yf  *  x,  sin  0,  +  y,  cos  4,  y  =  z, 


(9.8.20) 


(9.8.21) 


represents  the  coordinate  transformation  from  5!  to  Sj.  Here 


10  0  c 

0  cos  y  -sin  y  0 
0  sin  y  cosy  0 
0  0  0  1 


1*2,1  = 


cos  ^  sin  $2  0  0 
-sin  <t>2  cos  0  0 
0  0  10 

0  0  0  1 


Equations  (9.8.22)  to  (9.8.24)  yield 


■*2  =  *1  (cos  0|  cos  02  +  cos  y  sin  0|  sin  02) 


+  yi( —  sin  0j  cos  02  +  cos  y  cos  0|  sin  02) 
-  Z|  sin  y  sin  02  +  C  cos  02 


>2  =  Jf|(~  cos  0|  sin  02  +  cos  y  sin  0)  cos  02) 

+  yj(  sin  0,  sin  02  +  cos  y  cos  0,  cos  02) 

-  Z|  sin  y  cos  02  —  C  sin  02 
Z2  =  x,  sin  y  sin  <t>\  +  yi  sin  y  cos  0i  +  Z|  cos  y 


(9.8.22) 


(9.8.23) 


(9.8.24) 


(9.8.25) 


205 


Sluing  rWocjfy— The  sliding  (relative)  velocity  v)w  is 

v),2>  _  vy>  _  ^2>  (9.8.26) 

Here  v/n  and  v}21  are  velocities  of  the  points  of  gears  1  and  2.  respectively,  which  form  their 
mutual  contact  point.  The  subscript /means  that  vectors  are  expressed  in  components  of  coordinate 
system  Sf-,  henceforth  we  will  drop  this  subscript. 

Gears  I  and  2  rotate  about  crossed  axes  Z/  and  Zp  with  angular  velocities  <i»(n  and  u),2>  (figs. 
9.8.3  and  9.8.4).  The  velocity  v("  may  be  represented  by 

v‘"  -  x  r  (9.8.27) 

where  r  is  a  position  vector  drawn  from  the  origin  Gy  of  the  coordinate  system  Sf  to  the  point  of 
contact. 

The  sliding  vector  «(2)  does  not  pass  through  the  coordinate  origin  Of.  We  substitute  this  vector 
by  an  equal  vector  ut2),  which  passes  through  Of,  and  the  moment  (fig.  9.8.4) 

m  -  R  x  u>(2»  (9.8.28) 

where  R  is  a  vector  drawn  from  point  Of  to  any  point  on  the  line  of  action  Zp  of  vector  «<2).  We 
choose  the  vector  R  *  fly 7Tp. 

The  velocity  v12’  is 


v'2»  -  («,2>  x  r)  +  (c  X  «<2')  (9.8.29) 

Equations  (9.8.26).  (9.8.27),  and  (9.8.29)  yield 

v"2’  -  ((w«>  -  ««>)  x  r)  -  (C  x  w<2>)  =  (w"2'  x  r)  -  (C  x  w,2>)  (9.8.30) 

Here  (fig.  9.8.4) 

w<i2»  ,  w<n  _  w(2)  (9.8.31) 
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Taking  into  account  that 

«<n  -  w("l^  u(2>  m  w<J,(sin  yjf  +  cos  7k,)  C  ■»  -  Cl/  r  -  Af  +  yf J/  +  if  k/ 

we  get 


w|,2)  —  I  —  y/<  1  -  mJt  cos  7)  -  ifm2i  sin  yJw(,) 
v«'2'  ■  [Xf{  1  -  m2i  cos  y)  -  Cm2i  cos  y]«(I) 

voi>  *  [(jy+  C)m2|  sin  ■y]u><1>  (9.8.32) 


Here  m2l  «  <i>(JVw(". 

The  sliding  vector  v<IJ>  may  be  expressed  in  components  of  coordinate  system  St  by  using  the 
matrix  equation 

[v}11')  *  IC,/j(v(,2)J  (9.8.33) 

The  3x3  matrix  [Lxj{  is  represented  by  (fig.  9.8.3) 


tf/il 


cos  4i  sin  4]  0 
-sin  cos  <£,  0 

0  0  I 


(9.8.34) 


Equations  (9.8.21)  and  (9.8.32)  to  (9.8.34)  yield 

vJl2>  «*  f-  yi(l  -  m21  cos  y)  -  z,m2l  sin  y  cos  4,  -  Cm2,  cos  y  sin 

v<,'2>  =  [jr,(l  -  m2l  cos  7)  +  i,m2,  sin  y  sin  <hi  -  Cm2l  cos  y  cos  $|]w<1>  (9.8.35) 

v}}2)  «  [m2,  sin  y(x,  cos  -  y,  sin  6,  +  C)J«(,) 

Equation  of  meshing.— We  apply  the  equation 

N|  •vjl2)  =0  (9.8.36) 


where  N|  is  represented  by  equation  (9.8.18)  and  vfIJ>  by  equations  (9.8.35).  The  involute  screw 
surface  is  a  helicoid  and  therefore  we  may  use  the  relation  (8.4.41),  which  may  be  represented  as 


i  -  *,*„  -  WV;,  -  0  (9.8.37) 

Equations  (9.8.15),  (9.8.37),  (9.8.18),  and  (9.8.36)  yield  the  following  equation  of  meshing: 
=  (u  —  hO  sin  X*)  sin  (8  +  <£|)  sin  y 

+  cos  ( 8  +  0, )(rb  cos  X*  sin  7  +  C  sin  X*  cos  y)  (9.8.38) 

-  [Ji(mu  -  cos  7 )  -  C  sin  7)  cos  X(,  =  0 


1  w(,> 

ml2 - -  -m 

m2]  ur' 


:o7 


\ 


where 


Surface  of  action.— The  surface  of  action  is  represented  by  equations 


lr/1  -  [A^llr,] 

and 


/(w.*.*i)  -0 


(9.8.20) 


(9.8.38) 


Matrix  equation  (9.8.20)  yields  equations  (9.8.21).  Thus,  the  surface  of  action  is  represented  by 
equations  (9.8.15),  (9.8.21),  and  (9.8.38). 

Gear-tooth  surface.— The  gear-tooth  surface  is  represented  by  equations 


[r2]  -  [Mj.Hr.l 


(9.8.22) 


and 


f(uA*d  -  0  (9.8.38) 

Matrix  equations  (9.8.22)  yields  equations  (9.8.25).  Thus,  the  gear-tooth  surface  is  represented 
by  equations  (9.8.15),  (9.8.25),  and  (9.8.38). 

Investigation  of  the  existence  of  the  envelope  D  of  contact  lines  on  the  generating  surface 
£|.— The  envelope  D  is  determined  on  the  plane  or  parameters  (u,8)  by  equations  (9.8.13). 
Equation 


/♦(«.0.*t)  =  0 


yields 


(u  -  M  sin  X*)  sin  7  cos  (6  +  <t>f) 

-  (rk  cos  X*  sin  y  +  C  sin  X*  cos  7)  sin  (0  +  0,)  =  0 
Considering  equations  (9.8.39)  and  (9.8.38),  we  get 


cos  v  = 


rh  sin  y  +  C  tan  X*  cos  y 


sin  v  = 


h(mu  —  cos  7)  -  C  sin  7 

(u  -  H6  sin  Xs)  sin  7 


(v  =  9  +  0,) 


[h(mi2  -  cos  7)  -  C  sin  7]  cos  \b 


(9.8.39) 


(9.8.40) 

(9.8.41) 


Du:  to  the  inequality 

-  1  S  cos  (6  +  <t>)  %  1 

we  get  that  equation  (9.8.40)  may  exist  (consequently  the  envelope  D  may  appear)  if,  and  only  if, 

\rb  sin  7  +  C  tan  Xj  cos  y|  S  \h(ml2  -  cos  7)  -  C  sin  7 1  (9.8.42) 

If  inequality  (9.8.42)  and  al*  inequalities  of  expression  (9.8.13)  are  satisfied,  the  envelope  P 
indeed  exists.  This  envelope  is  a  straight  line  in  the  plane  of  parameters  ( u.9 )  and  may  be  represented 
by  the  equation 

(u  -  hd  sin  X*)  sin  7  -  [h(m]2  -  cos  7)  -  C  sin  7J  cos  \b  sin  v  =  0  (9.8.43) 
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where 


r/,  sin  y  +  C  tan  X*  cos  y 
h(m]2  —  cos  y)  -  C  sin  y 


(See  eq.  (9.8.40).) 

Figure  9.8.5  shows  the  locus  of  contact  lines  given  by  equation  (9.8.38)  and  their  envelope  D. 
(Envelope  D  is  represented  by  equation  (9.8.43).)  The  appearance  of  the  envelope  is  inevitable 
for  worm-gear  drives  with  the  crossing  angle  y  =  90*.  This  envelope  appearance  is  a  disadvantage 
of  such  worm-gear  drives. 

With  y  *  90*,  we  represent  the  inequality  (9.8.42)  as 


ri  S  | m]2h  -  C\ 

It  results  from  the  geometry  of  involute  worm-gear  drives  that 

_ _ h _ _ Nl _ 

Vtai2  \pc  +  tan2  Xp  2Pa\\an 2  \j/c  +  tan2  \p 


(9.8.44) 


(9.8.45) 


u)<"  Ni 

mi2  =  —  =  (9.8.46) 

'  N  | 

C=rp  +  Rp  =  rp  +  ^-  (9.8.47) 

Here  rp  and  Rp  are  the  radii  of  pitch  cylinders  of  the  worm  and  of  the  worm  gear.  \p  is  the  lead 
angle  on  the  worm  pitch  cylinder,  Pa  =  N{/2h  is  the  axial  pitch  of  the  worm.  P,  =  Pa  is  the  worm- 
gear  diametral  pitch,  A/,  and  N2  are  numbers  of  worm  and  gear  teeth,  and  i/v  is  the  angle  of  the 
worm  shape  in  its  axial  section. 

We  may  avoid  the  appearance  of  envelope  D  by  using  definite  crossing  angles  y  90* .  To  get 
the  range  of  angle  y  with  which  the  envelope  D  does  not  exist,  we  may  find  edges  of  this  area 
making  cos  (6  +  $,)  =  !  and  cos  (6  +  0,)  =  -  1  in  equation  (9.8.40);  this  enables  us  to  obtain 


:o9 


the  limit*  of  this  range.  We  found  that  the  area  of  y  it  125*  <  y  <  155*  and  7*  <  y  <  72*  for 
the  worm-gear  drive  with  parameter*  C  -  150  mm,  k  ■  12  mm,  r*  *  27.5  mm,  and  ml7  -  25:3. 
By  applying  a  worm-gear  drive  with  a  crotting  angle  y  U  90*.  we  may  provide  better  condition* 
of  lubrication  due  to  the  more  favorable  thape  of  contact  lines.  Figure  9.8.6  thowi  the  contact 
lines  determined  for  the  worm-gear  drive  with  the  parameters  listed  above  and  crossing  angle 
>-130*. 


u 


FlfWt  9.1.6. 

Example  9.1.2 

Consider  that  a  rack,  with  the  given  surface  Et,  generates  the  gear  tooth  surface  E:.  We  set  up 
the  coordinate  systems  S|,S2,  and  Sf  discussed  in  example  9.3.1  (fig.  9.3.2).  Equations  of  the 
generating  surface  E|,  according  to  equations  (9.3.24),  are 

jr,  «  u  cos  y,  *  u  sin  4-  t  sin  0  z,  *  f  cos  0  (9.8.47) 

where  (u.f)  <  E. 

Determine  the  equations  of  (I)  meshing,  (2)  surface  of  action,  (3)  generated  surface.  (4)  conditions 
of  nonundercuniiig  of  gear  teeth,  and  (5)  existence  of  an  envelope  of  the  contact  line  on  the  generating 
surface. 

Sotutkm 

Equation  of  mtthing.— The  normal  to  the  generating  surface  is 
dr,  dr. 

N|  «  —  x  —  ■»  cos  0  sin  -  cos  0  cos  ^,J,  +  sin  0  cos  (9.8.49) 

du  df 

We  determine  the  sliding  velocity  by 

vj12’  .  v|»  -  vj2)  (9.8.50) 

The  velocity  of  the  rack  is  (fig.  9.3.2(a)) 


(9-8.51) 

di 

The  gear  rotates  about  02  with  the  angular  velocity 

»  wkj  (9.8.52) 


The  sliding  vector  (9.8.52)  may  be  substituted  by  the  equal  vector 


(9.1.53) 


W  -  u*| 

directed  along  the  z,-axis  and  the  moment 

■  -  0,02  x  w 

where  (fig.  9.3.2(a)) 

0,0}  -  -  rt,  -  ij,  -  -  r(l,  +  dj,) 

Vector  V]  of  the  gear  velocity  ii 

vj1' -(*>*«•,)  +  (  0,0j  x  u») 

where 


r,  +  yj,  +  z,k, 

Equations  (9.8.48)  and  (9.8.50)  to  (9.8.57)  yield 

»j,I(  -  uK(yi  +  rdX,  -  xj,|  -  «K(*  ««  +  f  sin  0  +  r^)i,  -  u  cos  ^,J,J 

Using  the  equation 

N,.vj1J>-0 


(9.8.54) 


(9.8.55) 


(9.8.56) 


(9.8.57) 


(9.8.58) 


we  get 


/(a.f.d)  -  cos  j3(sin  +  l  sin  0)  +  u]  -  0 


(9.8.59) 


which  is  the  same  as  equation  (9.3.35).  It  is  necessary  to  emphasize  that  we  got  the  equation  of 
meshing  by  a  simpler  method  than  the  one  applied  in  section  9.3. 

Stufmce  of  action.— 'Me  use  equation  (9.8.59)  and  the  matrix  equation 

Vj )  -  lty,]lr,)  (9.8.60) 

where  (fig.  9.3.2(a)) 


ItyiJ- 


10  0  0 
0  1  0  rd 
0  0  10 


0  0  0  1 


(9.8.61) 


Equations  (9.8.60),  (9.8.61),  (9.8.48),  and  (9.8.59)  yield 

Xf=u  cos  d,  Vf  —  u  sin  di  +  t  sin  0  +  rd  if  —  f  cos  0 
cos  /3(sin  d,(rd  +  t  sin  0)  +  u]  =  0  (9.8.62) 

With  0  *  90*.  we  represent  the  surface  of  action  as  follows: 


Xf  mu  CX*  i,  y,m  - 


M  CO*1  i, 


"  -  (  ~[  + 

\*in  / 


(9.1.63) 


which  coincides  with  equations  (9.3.36)  of  the  surface  of  action  determined  in  example  9.3.1.  The 
surface  of  action  it  a  plane  shown  in  figure  9.3.7. 

Generated  turfuct  —  We  use  equation  (9.8.39)  and  the  matrix  equation 


I'll  -  (Wi.H',1  -  MMM/iHnl 


(9.8  64) 


Here  (fig.  9.3.2(a)) 


cos  d  tin  d  0  r  cos  d 
-sin  i>  cot  d  0  -r  tin  d 


(9.8.65) 


[  0  0  0  1  J 

Equations  (9.8.64),  (9.8  65).  (9.8.61),  (9.8.48),  and  (9.8.59)  yield 
xj  *  u  cos  (i,  -  6)  +  f  sin  0  tin  6  +  r(d  sin  d  +  cos  6) 


yj  m  if  sin  (^,  -  d)  +  f  sin  0  cos  0  +  r(d  cot  d  -  tin  d) 

j2  m  t cos  0  /(«.0,d)  ■  cos  0(sin  ^,(rd  +  f  sin  0)  +  u]  •  0 


(9.8.66) 


(«,0  4  £  a  <  d  <  b 


Rsck  cutler 
centnde 


G ut  centrotfe 


Equations  (9.8.66),  which  represent  the  generated  surface  E2.  coincides  with  equations  (9.3.32) 
and  (9.3.35).  Eliminating  parameter  f  ( see  example  9.3.1),  we  may  represent  the  generated  surface 

jtj  «  -  a  cot  sin  (*  -  tM  +  r  cos  4  h  ■  -  *  cot  \l>,  cos  (4  -  +,)  -  r  sin  4 


It  was  demonstrated  previously  (see  example  9.3.1)  that  equations  (9.8.67)  represent  an  involute 
screw  surface. 

Conditioni  of  nonmiuUrcuttiMg  of  tkt  tooth  turfact  of  gear  2.— We  base  the  investigation  on 
the  effective  method  proposed  in  this  section.  Using  equations  (9.8.12),  we  get 


a*, 

vj',2' 

to 

to 

tot 

tot 

<,2» 

to 

to 

/. 

f, 

/#*■* 

cos  0  a  sin  +  l  sin  (3  +  rp 

sin  sin  0  -u  cos  u  m  0  (9.8.68) 

1  sin  0  sin  r  sin 


Equation  (9.8.68)  yields 

Ffa.f.P)  ••rp  +  fsin/5-rtan^,  “0  (9.8.69) 

Equations  (9.8.69).  (9  8.59),  and  (9.8.48)  determine  the  line  on  surface  E,  by  which  Et  must 
be  limited  to  avoid  undercutting  of  the  generated  surface  £2.  This  line  is  represented  by 


We  derived  equation  (9.8.69)  by  using  the  first  of  three  equations  i>i  equation  set  (9.8.12).  We 
would  get  the  same  result  by  using  the  second  or  the  third  equation  in  equation  set  (9.8.12).  Equation 

Xj  =  -  r  sin2  p,  (9.8.71) 


may  be  used  to  express  conditions  of  nonundercutting  in  terms  of  the  pressure  angle  of  the  rack 
cutter  an  the  number  of  teeth  N  of  the  generated  gear. 

Let  us  designate  the  limiting  value  of  |jt,  j  by  <1  (fig.  9.8.7)  where  a  is  the  height  of  the  rack 
cutter  measured  from  the  rack  cutter  centrode  aa  to  the  fillet.  Equation  (9.8.71)  yields  that 


a  S  r  sin2  i,  =  —  sin2 


where  N  is  the  number  of  gear  teeth  and  P,  is  the  diametral  pitch  measured  in  section  AA  (fig. 
9.3.3). 
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According  to  equation  (9.3.28) 


tin 


ton  j,  _  tan 
cotfi  cot  0 


where  i*  the  shape  angle  of  the  rack  cutter  in  section  BB  (fig.  9.3.3). 

Investigation  of  existence  of  envelope  of  contact  lines  on  the  generating  surface  Et.— The 
necessary  condition  of  envelope  existence  is  represented  by  the  equation 

a 

—  l/‘(«.8.d)|  mf4(u,8,6)  -  0 
do 


Equation  (9.8.59)  yields  that  the  envelope  doe*  not  exist  since  f4  *  0.  This  result  may  be 
interpreted  geometrically  to  mean  that  contact  lines  on  the  generating  surface  and  on  the  surface 
of  action  are  parallel  straight  lines  (fig,  9.3.7)  and  therefore  cannot  have  an  envelope. 

We  used  the  simplified  method  of  investigation  (proposed  by  Litvin)  in  problems  9.8. 1  and  9.8.2. 
Comparing  this  method  with  the  ones  used  for  solutions  of  problem  9.3. 1  and  9.4. 1 ,  we  may  see 
its  advantages. 


Chapter  10 


Curvatures  of  a  Surface 


10.1  First  and  Second  Fundamental  Forms 

Definition  of  Form* 

Consider  a  regular  surface  given  by  the  vector  (unction 

r(u,8)(C2  r,xr()<0  (u,8)tA  (10.1.1) 

The  surface  unit  normal  is  represented  by 


■  («.*) 


r„  xr ♦ 

|r.  x  r,| 


(10.1.2) 


The  first  fundamental  form  of  a  surface  is  defined  as  follows: 

I  -dr2  -  (r*du  +  r td8)2  *  r2du2  +  2(r„»r ,)dudO  +  r jdd2 

-Edit2  +  2Fdude+Gd82  (10.1.3) 

Here 

dr  =  r„du  +  Ttd8  (10.1.4) 

£  =  r2  f  =  r,ir(  C=  r}  (10.1.5) 

The  far  right  side  of  equation  (10.1.3)  is  a  quadratic  form  in  differentials  du  and  dd. 

The  second  fundamental  form  of  a  surface  is  defined  by 


\ 


II  =  d2 r  •  n  =  -  dr  •  da 


(10.1.6) 


The  equality  of  icalar  product* 


d*r««  “  -dr»du 


(10.1.7) 


results  from  the  equation 


dr»m  -0 


(10.1.*) 


after  its  differentiation. 

Equation  ( 10. 1 .8)  is  based  on  the  following  considerations:  ( 1 )  vector  dr  represents  an  infinitesimal 
displacement  over  the  surface  from  the  given  point  Af  to  the  infinitesimally  close  point  Af  *  and 
(2)  vector  dr  it  tangent  to  the  surface  at  point  Af  and  therefore  must  be  perpendicular  to  the  surface 
unit  norma]  n  at  point  Af. 

The  differentiation  of  equation  (10.1.8)  gives 

d{dr»m)-  (d2r  •  n)  +  {dr  •  da)  -  0  (10.1.9) 


Thus, 


d*r  •  a  •  -  dr»dn 


and  equality  (10.1.7)  is  proven. 

Let  us  develop  the  equation 

n  -  <f :r  •  n  (10.1.10) 

The  differentiation  of  equation  (10.1.4)  yields 

d*r  -  d(r,du  +  r^O)  -  rmdu2  +  2r *dud6  +  rMd$7  +  rud2u  +  r (d2® 
and 

II  -  d*r»u  »  (r..*n)duJ  +  2(r* >n)dud6  +  (rM»n)d02  +  (rm»n)d2u 

+  (r,'n)d26-Ldu2  +  2Mdud0  +  Nd92  (r.-n-O  r,*B-0)  (10.1.11) 

where 

L  »  r„  •  n  M  -  r* •  n  Af  =  rw  •  n 

The  right  side  of  equation  (10.1.11)  is  a  quadratic  form  in  differentials  du  and  JO. 

We  may  get  equation  (10.  i .  1 1 )  by  using  the  expression 

II  *  -  dn»  dr  (10.1.12) 

The  differentiation  of  equation 

n  =  n(u.O) 

gives 
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da  m  +  n ,dt 

Equations  (10.1.12),  (10.1.13),  and  (10.1.4)  yield 


(10.1.13) 


II  -  -  ((n,»r„)<kJ  +  (n,«r,  +  n,*r ,)dud9  +  (n,»r,)d0J| 

(10.1.14) 

We  may  transform  the  right  side  of  equation  (10.1.14)  by  taking  into  account  that  vectors  r, 
and  r»  are  tangent  to  the  surface  and  therefore 

■  •  r,  «■  0  n  •  r*  »  0 

(10.1.15) 

Equations  (10.1.15)  yield 

a 

— (n  •  r„)  -  n.  •  r.  +  n  •  rm  -  0 

6U 

(Id.  1.16) 

(10.1.17) 

a 

—  (n  •  r#)  *  n.  •  rt  +  a  •  r*  =  0 
du 

(10.1.18) 

a 

-(nT,)*n,.r,  +  «Ta*0 

aa 

(10.1.19) 

Equations  (10.1.14)  and  (10.1.15)  to  (10.1.19)  yield  expression  (10.1. II). 

Interpretations  of  Fundamental  Forms 

Consider  a  line  L  (fig.  10.1.1)  given  on  surface  (10.1.1)  as  follows: 

r(«(/).0(f))€C  r,  xr,*0  [«(/), 0(/))  €  C1 

|u,|  + 1»,|  *  0  (u,0)€A  t,  <  t  <  l2  (10.1.20) 

where  t  is  the  curve  parameter. 

A  point  is  displaced  along  the  line  L  from  position  M  to  M *  and  vector  dr  =  MM  is  the 
infinitestimal  displacement  of  this  point.  With  members  of  the  first  order  only,  we  get 

dr  =  rMdu  +  rtdd  =  rj4, dt  +  Tf8,di  (10.1.21) 


rO 
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Here 


du  *  u,dt  ■  —  d/  dtm8,dt»—dt  (IO.I.22) 

dt  dt 

when  r„  and  r,  ire  the  tangent*  to  the  coordinate  line*  (the  u-line  and  the  9-line,  fig.  10. 1 .2)  on 
the  surface;  the  derivative*  r„  and  r#.  u„  and  8,  are  taken  at  the  point  M;  and  the  displacement 
vector  dr  lies  in  the  tangent  plane  to  the  surface  because  vectors  r.  and  r«  belong  to  this  plane. 
The  point  displacement  dr  (provided  du  d  0)  may  be  repnsented  by 


dr  m  du 


(  M 

V  +  r'^. 


(10. 1.23) 


10.1.2) 

«  WZ5  r$  m  KIN 

dd  — t 
r,—  -  MN* 
du 

r,-f  fUK 

du 

(10.1.24) 

Vectors  dr  and  MK  an  collinear.  It  results  from  equation  (10. 1.23)  that  the  direction  of  the 
point  displacement  over  the  surface  depends  only  on  the  ratio 


d«_8, 

du  u, 

The  point  displacement  is  an  arc  of  length 

ds  *  |dr| 

and  the  first  fundamental  form  I  represents  the  squared  length  of  this  arc 

ds1  *  dr1  -  I 


(10.1.25) 


(10. 1. 26) 


(10.1.27) 


The  first  fundamental  form  is  always  positive  and  may  be  used  for  the  determination  of  the  length 
ds2  for  diffennt  curves  which  pass  through  the  same  point.  If  the  curve  parameter  f  is  the  time, 
it  is  seen  that 


(10.1.28) 


when  rr  is  the  nlative  velocity,  the  velocity  of  the  point  in  its  motion  over  the  surface.  Vectors 
yr  and  dr  an  of  the  same  direction,  and  their  direction  depends  on  the  ratio  (10.1.25). 

Now,  let  us  prove  that  the  second  fundamental  form  represents  the  deviation  of  the  curve  point 
M  *  from  the  tangent  plane  7" (fig.  10. 1 .3).  Vector  T  is  the  unit  tangent  vector  to  the  curve  L.  The 
perpendicular  to  the  tangent  plane  T,  drawn  from  point  M  * .  intersects  T  at  point  B.  Vector 

SAp  =  fn  (10.1.29) 

represents  the  deviation  of  point  Af  *  from  the  tangent  plane.  Here  t  is  a  signed  value,  and  f  is 
positive  if  the  direction  of  vector  BM '  coincides  with  the  direction  of  the  surface  unit  normal  n. 
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There  are  two  options  for  the  determination  of  the  direction  of  n,  and  they  are  represented  by 


f.xr, 
|r.  x  r,| 


or 


r»xr. 
|r#  x  rw  | 


(10.1.30) 


The  unit  normals  n  and  n*  have  opposite  directions. 

The  relation  between  the  signed  deviation  t  and  the  second  fundamental  form  II  is  based  on  the 
following  considerations: 

(1)  We  designate  the  position  vectors  of  points  M  and  M*  of  the  surface  by  r(«o.0o)  and 
r(«o  +  du,8 o  +  d8),  respectively. 

(2)  Taking  into  account  that 


r(«o.0o)  f  MM  m  r(uo  +  du,8$  +  dff) 


(10.1.31) 


we  get 


MM1  -  r(«o  +  du,80  +  d8)  —  r(«o.®o) 

(3)  The  deviation  (  of  point  M *  from  the  tangent  plane  is 

(=  MM*  •  n 


Equations  (10.1.32)  and  (10.1.33)  yield 

t  =  [r(«o  +  du,80  +  d8)  -  Huo.floJJ.n 

(4)  We  apply  Taylor’s  formula  to  the  difference 

At  =  r(«o  +  du,80  +  d8)  -  r (uq,60)  =  MM* 
and  limit  the  series  expansion  to  the  members  of  second  order  only.  Thus, 


At  =  (r „du  +  r  fd6)  +  -  (r^du2  +  2  r^dudd  +  rMdd2) 


(10.1.32) 

(10.1.33) 

(10.1.34) 

(10.1.35) 

(10.1.36) 
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The  derivatives  of  the  (Unction  r(u,5)  are  taken  at  wo.d0. 

(3)  The  derivatives  r,  and  r,  lie  in  the  tangent  plane  and 

(10.1.37) 

(6)  Equations  (10.1.33)  to  (10.1.37)  yield 

~[{tm»n)du2  +  I2rwt-n)dude  +  (r«*n)<#2)  »  -  (10.1.38) 

2  2 

Thus,  the  second  fundamental  form  of  the  surface  is  equal  to  the  doubled  value  of  the  deviation  f. 
Another  representation  of  the  second  fundamental  form  is  based  on  the  relative  acceleration  ar, 
the  acceleration  of  a  point  in  its  motion  along  the  curve  L. 

Considering  that  the  curve  L  is  given  by  equation  (10. 1.20)  and  the  curve  parameter  t  is  the 
time,  we  get 


dt  du  d6 

—  ■  v,  m  r,  —  +  r,  — 

dt  dt  dt 


d'r  /du\7  ,  dude  (d» V  d7u  d2e 

?  *  *•  ■  r-u)  +!r'is+r«w 


Taking  into  account  that 


we  get 


r,  •  n  **  0  r*  •  n  »  0 


D 


(10.1.39) 

(10.1.40) 


(10.1.41) 


Equation  (10.1.41)  expresses  the  second  form  in  terms  of  ar,  n,  and  dt2. 

Example  problem  10.1  The  surface  of  a  cone  (fig.  10.1.4)  is  represented  by  the  equations 
r(u,5)  -  u  cos  1  +  u  sin  sin  6}  +  u  sin  cos  5k 

where 

r(u,0)  6  C*  k  >  2  0  <«<«’  0  <  5  <  2t  (10.1.42) 

and  ( u.9)  are  the  surface  coordinates  (u  =  OM). 

Determine  the  first  and  second  fundamental  forms. 

Solution.  The  surface  unit  normal  (provided  u  sin  *  0)  is 


r,  xr, 

k,  *  r»l 


-  sin  >lrc  I  +  cos  4/c  sin  5j  +  cos  4>c  cos  5k 


(10.1.43) 


The  first  and  second  fundamental  forms  are.  respectively: 


/ 

-  -7 


I  ~du*  +  u1  sin2  t'dB1 


(10.1.44) 


D  «  -  u  sin  cot  fcd$2  (provided  u  sin  *  0)  (10.1.45) 


10.2  Surface  Normal  Section:  Osculating  Plane 

Consider,  on  the  given  surface,  various  curves  which  pass  through  a  common  point  M  and  have 
the  same  unit  tangent  T  at  M  (fig.  10.2.1).  One  of  these  curves  (designated  by  Lq)  represents  the 
normal  section  of  the  surface  formed  by  cutting  the  surface  with  plane  II.  This  plane  is  drawn 
through  the  unit  tangent  vector  r  and  the  surface  unit  normal  n  (fig.  10.2.1).  Curve  Lq  is  plane 
curve— all  points  of  Lq  belong  to  the  plane  II.  Other  curves,  designated  by  L,  are  spatial  curves. 
But  we  can  find  such  a  plane  P  (fig.  10.2.2),  that  an  infinitestimally  small  piece  of  a  spatial  curve 
L  may  be  located  on  P.  This  plane  is  called  the  osculating  plane.  Consider  three  infinitesimally 
'  ,se  points,  Af,.  M,  and  M2,  of  the  curve  L  (fig.  10.2.2).  The  osculating  plane  is  the  limiting 
1  ition  of  a  plane  which  is  drawn  through  three  infinitesimally  close  points  Af, ,  M,  and  M2  that 
approach  point  M.  The  osculating  plane  for  the  curve  L  at  its  point  M  may  be  determined  as  the 
plane  which  is  drawn  through  the  unit  tangent  vector  f  (or  the  relative  velocity  vr)  and  the 
acceleration  vector  ar  (represented  by  equation  (10.1.40)). 

Let  a  point  move  along  the  curve  L  which  is  represented  by  equation  (10.1.20).  The  total 
acceleration  ar  in  this  motion  may  be  represented  as  the  sum  of  two  components:  the  normal 
acceleration  a?  and  the  tangential  acceleration  a'r.  These  components  are  determined  as  follows: 
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Figure  10.2.2. 


(10.2.1) 


d\  d'-t 

r.  — -  +  r,  — 
dr  dr 


(10.2.2) 


(See  eo.  (10. 1 .40).) 

Vector  a'  is  col  I  inear  with  the  tangent  vector  T  The  direction  of  vector  *7  defines  die  direction 
of  the  so-called  main  normal  m  to  curve  L  (fig  10.2.3)  which  belongs  to  the  osculating  plane. 
Thus,  the  osculating  plane  may  be  determined  by  vectors  T  and  a,"1  The  osculating  plane  and  the 
surface  unit  normal  n  form  the  angle  F>  (fig.  10.2.3)  determined  by 


cos  6  = 


aT-n 

i»T| 


(10.2.3) 


10.3.  Curvature  of  a  Spatial  Curve 

Consider  a  regular  spatial  curve  (fig.  10.3  1(a))  represented  by  the  equations 

r(  s)€C:  r,  *  0  j,  <  s  <  s2  (10.3.1) 


where  v  is  the  length  of  the  arc  of  the  curve  M  and  M*  are  the  infinitesimally  close  points  of 


(10.3.9) 


—  (t1(i))  -  2r(i)  •r,(»)  -0 

tu 


Thus,  vector*  r,  and  T  ire  perpendicular.  Equation  (10.3.4)  i*  proven. 

(3)  To  prove  equation  ( 10.3.5),  we  consider  the  unit  vector*  r ( j)  and  f(t  +  At)  which  form 
the  angle  Aa;  points  N and  W* —the  ends  of  the  above  vectors— belong  to  the  circle  of  radius  equal 
to  I;  the  circle  it  centered  at  0  fig.  10.3.1(b)).  With  the  radius  of  the  circle  equal  to  I,  we  get 


Then, 


We  repretent  the  ratio 


A a 

At 


Jaw*)  ™  ji  |  |ao|  “  |Aa| 

|MV*|  -  |r(t  +  At)  -  r (t)  | 

by 


Aor 

AW* 

AW* 

Nff 

A s 

Aj 

At 

aw* 

r(t  + At)  -  r(t) 


At 

The  limit  of  this  ratio  as  At— 0  is  as  follows: 

|r(t  +  At)  -  r(t) 


MV* 

AW* 


da 

*  lim 

Aa 

■  lim 

ds 

4,-0 

Aj 

4,-0 

At 


lim 

wv* 

Ax-0 

AW* 

(10.3.10) 


(10.3.11) 


(10.3.12) 


(10.3.13) 


Vector 


r(t  -f  At)  -  t(j ) 
At 


as  At— 0  approaches  the  derivative  is 


t,  *  ~  (r.)  =  r„ 

ds 


and 


lim 

4,-0 


r(t  +  At)  -  t(s) 


At 


=  r„ 


(10.3.14) 


Taking  into  account  that  AW*  and  AW*  represent  an  arc  and  its  chord,  we  get 

Iaw* 


lim 

Ax— 0 


AW 


=  I 


(10.3.15) 


Equation*  (10.3.13)  to  (10.3.13)  yield 


lim 

*«-o 


Aar 

I  At 


“  t, 


(10.3.16) 


Equation  (10.3.3)  it  proven. 

According  to  the  definition  of  the  curvature  of  a  spatial  curve,  we  get 

«-  fr«|-  W  (10.3.17) 


(See  eq.  <  10.3.2). ) 

We  may  represent  the  curvature  of  the  curve  in  terms  of  the  acceleration  and  the  velocity  of 
a  point  which  moves  with  constant  velocity  along  the  curve.  We  consider  that  the  curve  is  represented 
by  the  vector  function  r(i(r)),  where  t(i)  it  a  linear  function  and  /  it  the  time.  Thus, 


* 


T, 


ds 

—  •  VT 


dt 


(10.3.18) 


Equations  (10.3.17)  and  (10.3.18)  yield 


c  ” 


Jtfj 


(10.3.19) 


The  curvature  of  a  spatial  curve  is  always  positive.  The  radius  of  the  curvature  has  the  same 
direction  at  the  vector  r„  or  the  vector  of  acceleration  ar  determined  with  the  velocity 
|vr|  »  constant.  The  radius  of  curvature  lies  in  the  osculating  plane. 


10.4  The  Meusnier  Theorem 

Consider  that  on  a  surface  a  set  of  curves  pass  through  the  given  point  M  and  have  a  common 
unit  tangent  T  (fig.  10.2.1).  We  pick  out  from  this  set  the  curve  Lq,  which  represents  the  normal 
section  of  the  surface,  and  a  spatial  curve  L  (fig.  10.2.3).  The  Meusnier  theorem  states  the  relation 
between  the  curvatures  of  curves  L  and  Lq.  We  assume  that  the  normal  curvature  of  the  surface, 
the  curvature  of  curve  Lq,  is  not  equal  to  zero.  Plane  P  is  the  osculating  plane  for  the  spatial 
curve  L,  and  4  is  the  angle  formed  between  the  surface  unit  normal  n  and  the  binormal  m  to  the 
spatial  curve  L  at  point  M. 

The  Meusnier  theorem  states  that  the  curvatures  «„  and  *  are  related  by  the  equation 

=  k  cos  4.  Here  k„  is  the  curvature  of  the  curve  Lo  (which  represents  the  normal  section  of  the 
surface),  «  is  the  curvature  of  the  curve  L,  and  5  is  formed  between  vectors  n  and  m.  The  product 
k  cos  4  is  of  the  same  magnitude  for  all  spatial  curves  which  pass  through  the  same  surface  point 
M  and  have  the  common  unit  tangent  T. 

Proof:  We  employ  die  following  considerations  to  prove  the  Meusnier  theorem: 

( 1 )  The  product  <c  cos  4  may  be  represented  by  the  equation 

.  11  Ldu2  +  2Mdude  +  Nde2 

k  cos  4  =  —  = 

I 


Edu2  +  IF  dude  +  Gde 2 


(10.4.1) 


(2)  The  ratio  du/dt  determine*  the  direction  of  the  unit  tangent  to  a  ipatiaJ  curve.  Ataume  that 
a  set  at  spatial  curve*  paaae*  through  the  given  point  M  and  they  have  a  common  tangent.  Thu*,  we  get 

a  oo*  6  m  conttant  (10.4.2) 

(3)  The  curvature  «.  of  the  cuive  Lo  (the  normal  curvature)  it  represented  by 

a,  ■  t  co*  S  (10.4.3) 

(I)  Let  ut  begin  with  the  proof  of  equation*  (10.4.1).  According  to  equation  (10.3. 19),  the 
curvature  of  a  spatial  curve  on  the  surface  may  be  represented  by 


Taking  into  account  that  the  acceleration  a,"  and  the  main  normal  m  (fig.  10.2.3)  have  the  same 
direction,  we  get 


Km  “ 


•T 

v,: 


(10.4  4) 


We  multiply  both  sides  of  equation  (10.4.4)  by  the  surface  unit  normal  n.  Thus, 

a,  •  n 


«n  ■  n  - 


*r 


(10.4.3) 


Here 

a,.«-(aT  +  a'r)  (10.4.6) 

because  the  component  a'  is  collinear  with  the  unit  tangent  r  and  is  perpendicular  to  the  unit 
normal  a. 

The  dot  product  (fig.  10.2.3) 


m  •  n  »  cot  4 

Applying  equations  (10.4.5)  to  (10.4.7),  (10.1.28),  and  (10.1.41).  we  get 
,  n  Ldu2  +  2Mdud6  +  Nd92 

K  COS  5  -  -  *  - r - r 

1  Edu2  +  IF  dude  +  Gd92 


(10.4.7) 


(10.4.8) 


Equation  (10.4.1)  is  proven. 

(2)  Equation  (10.4.2)  is  based  on  the  following  considerations:  (a)  Coefficients  L,  M,  l V,  E,  F, 
and  G  are  taken  at  the  given  point  M  which  is  the  same  for  the  considered  set  of  spatial  curves, 
(b)  The  ratio  du/dB  is  the  same  for  all  the  curves  above  because  they  have  the  common  tangent 
Tat  point  M  (fig.  10.2.1).  Thus,  the  right  side  of  equation  (10.4.1)  is  constant  for  the  given  point 
M  and  tangent  r.  Equation  (10.4.2)  is  proven. 

(3)  It  results  from  equations  (10.4.1)  and  (10.4.2)  that  the  curvature  *  of  the  spatial  curve  of 
the  considered  set  of  curves  depends  on  the  angle  5  which  determines  the  direction  of  the  osculating 
plane  with  respect  to  the  surface  unit  normal.  The  angle  6  is  equal  to  zero  for  the  curve  Lo  (fig. 


10.2.3).  Thus  (he  normal  curvature,  (he  curvature  of  the  normal  section  of  the  surface,  it  represented 

«.  «  j  (10.4.9) 

Equations  (10.4.9)  and  (10.4.8)  yield 

«  *  cot  S  (10.4.10) 

Equation  (10.4.3)  it  proven,  and,  with  this,  the  proof  of  the  Meusnier  theorem  is  completed. 
Example  10.4.1  Consider  that  a  spherical  surface  is  represented  by  equations  (8.4.9). 
x  «=  p  cos  8  cos  i  y  *  p  cos  8  sin  ^  z  »  p  sin  8 

where 


0  s  0  s  2*  0  s  i  s2r 

The  surface  normal  vector  it  represented  by 


N«  —  x  —  -  —  pJcos  0(cos  8  cos  H  +  cos  8  sin  +  sin  8k) 

88  8i 

The  surface  unit  normal  (provided  by  cos  8  *  0)  it 

a  -  -  (cos  8  cot  ^1  +  cos  8  sin  +  sin  0k)  (10.4.1 1) 

Let  the  surface  be  cut  by  the  plane  (fig.  10.4.1) 
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(a  »  constant) 


(10.4.12) 


and  let  £  be  the  curve  by  which  plane  (10.4. 12)  intersects  the  spherical  surface  (8.4.7).  We  may 
represent  the  curve  £  by  the  equations 

jr  ■  a  cos  9  cos  i  ymP  cos  8  sin  ^  t  ■  p  sin  f  ■  s  (10.4.13) 

It  is  necessary  to  determine  the  curvature  x  of  the  curve  L  at  a  point  with  f  and  9  »  90  by 
using  equation  (10.3.19). 

Considering  that  Hi)  is  a  linear  function  and  9  is  constant,  we  get 


v,  a  —  |  +  — J  m  -  p  cot  9  —  (sin  ^1  -  cos  ^J)  (10.4.14) 

dt  dt  dt 


c 


d7x  d7  y 
dt1  dt7* 


-  p  cos 


/di\7 

9  (  —  )  (cos  ^1  +  tin  £1) 
\di ) 


(10.4.13) 


Here  vr  and  a,*  *rt  the  velocity  and  the  normal  component  of  the  acceleration  of  a  point  in  its 
motion  along  the  curve  L. 

Equations  (10.3.18),  (10.4.14),  and  (10.4.13)  yield 


x 


kl _ L_ 

v,J  p|cos4| 


(10.4.16) 


It  results  from  equations  (10.4. 15)  and  (10.4.  II)  that  vectors  n  and  ■"  form  the  angle  5  (fig. 
10.4.1)  determined  by  the  equation 


cos  6 


■  ♦a," 


jeos  9| 


(10.4.17) 


The  curvature  of  the  curve  L  may  be  determined  very  easily  if  we  employ  the  Meusnier  theorem. 
According  to  equation  (10.4.3),  we  get 


x  m 


cos  & 


(10.4.18) 


Here  x„  ■  1/p  is  the  normal  curvature  of  the  spherical  surface  (the  curvature  of  the  curve  Lq.  fig. 
10.4.1),  x  is  the  curvature  of  the  curve  L.  and  5  is  the  angle  formed  by  vectors  m  and  n.  We  may 
interpret  equation  ( 10.4. 18)  geometrically.  Curves  L  and  Lq  have  a  common  tangent  at  point  Af. 
It  is  evident  from  the  drawings  of  figure  10.4.1  that 

AfC  =  OM  cos  5  =  p  cos  3 

where  AfC  is  the  curvature  radius  of  curve  L. 


10.5  Normal  Curvature 

Consider  that  a  surface  I  is  given  and  the  surface  unit  normal  n  at  a  regular  point  Af  of  the 
surface  is  determined  (fig.  10.5.1).  Unit  vectors  r1".  ?a> . r1"’  belong  to  the  plane  that 


it  tangent  to  the  surface  at  point  M  and  represent  different  directions  on  the  surface.  A  plane  II,. 
drawn  through  the  vectors  n  and  r(l>,  cuts  the  surface  by  a  planar  line  L,.  The  normal  curvature 
c.  of  the  surface  at  point  M.  is  the  curvature  of  the  planar  curve  L,  at  Afj  (i  «  1,2). 

Let  a  regular  surface  be  given  by 

r (u,9)(C2  r„  x  r  ft  0  (u.  d)(  A  (10.5.1) 

Equations  (10.4  10)  and  (10.4.8)  yield  that  the  normal  curvature  may  be  represented  by 

II  Ldu1  +  IMdude  +  Ndd1 

- : - T  (10.5.2) 

I  Edu2  +  IFdudd  +  GdO2 

where  L.  M,  N,  E,  F,  and  G  are  functions  taken  at  point  M.  Expressions  for  the  first  and  second 

fundamental  forms  I  and  II  arc  given  by  equations  (10.1.3)  and  (10.1. II).  respectively. 

Using  the  kinematic  interpretations  of  forms  I  and  II  (eqs.  (10.1.28)  and  (10.1.41)),  we  get 


a,  •  n 

“ — - 
v  * 


(10.5.3) 


Here  a,  is  the  acceleration  of  a  point  in  its  motion  over  the  surface  in  the  direction  of  T  represented 

*>y 


/du\2  ,  du  dd  ( de\ 2 

■*r"W  +2'**7,*r"{7,) 


(10.5.4) 


(In  deriving  eq.  (10.5.4),  we  assumed  that  u(t)  and  9{t)  are  linear  functions  and  that  du/di  and 
dO/dt  are  constant.)  The  velocity  v,  of  the  point  is 


du  dd 

v,  =  r„—  +  re- 
dt  dt 


(10.5.5) 


The  surface  unit  normal  is 


— Fi rn'“-,) 


(10.5.6) 
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The  surface  normal  N  i*  given  by 


N  ■  r,  k  r, 


(10.5.7) 


or  by 


N*  -  r,  x  r. 


(10.5.8) 


Another  equation  for  the  surface  normal  curvature  «,  it  based  on  the  following  expression: 


dr  •  n  «  0 


The  differentiation  of 


which  yields 


Here 


equation  (10.5.9)  results  in 

(«/2 r  •■)  +  (</!■•  dn)  ■>  0 

-  v,*h. 


(10.5.9) 


(10.5.10) 


(10.5.11) 


(hk  du  dB 

T  “n»T  +  ,1«T  (10.5.12) 

di  dt  dt 

is  the  velocity  of  the  tip  of  the  surface  unit  normal  n  which  changes  its  direction  while  the  point 
moves  over  the  surface.  Equations  (10.5.11)  and  (10.5.3)  yield 


>• 


a,.v. 


(10.5.13) 


A  positive  sign  for  the  normal  curvature  determined  by  equations  (10.5.3)  and  (10.5.13)  indicates 
that  the  center  of  curvature  is  located  on  the  positive  normal. 

Example  problem  10.5.1  Consider  a  cone  surface  given  by  equations  (10.1.42).  The  surface  unit 
normal  is  represented  by  equations  (10.1.43). 

Derive  the  equation  for  the  normal  curvature. 

Solution.  Velocity  vector  v,  is 


du  df) 

r.—  +  r,— 

di  dt 


du  (  du  d9\ 

cos  —  1  +  I  sin  sin  9  —  +  u  sin  cos  9  —  lj 
dt  \  dt  dt) 

(  du  d9\ 

I  sin  cos  6 - u  sin  sin  9 —  Ik 

\  dt  dt) 


(10.5.14) 


(10.5.15) 
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Vector  a,  it 


du 

'VT* 


df  d$ 

i  “  (cot  cot  6}  —  cot  \fic  tin  0k)  — 
at  at 


(10.S.16) 


The  normal  curvature  it  represented  by  the  equation 


*»  “ 


■r»*r 

r? 


u  tin  cot  i, 


<*)' 


(10.5.17) 


We  may  get  the  same  result  by  using  equation  (10.5.3)  for  the  normal  curvature. 

The  normal  curvature  depends  on  the  direction  of  vector  r,  on  the  ratio  du/dd.  We  consider 
three  particular  cases  as  follows: 

(1)  The  point  moves  along  the  u-line  (9  is  constant).  Taking  dB'dt  -  0  in  equation  (10.5. 17),  we  get 


*.-0 


(10.5.18) 


(2)  The  point  moves  over  the  0-line  (u  is  constant).  Taking  du/dt  =*  0,  we  get 


«■ - l-—  (10.5.19) 

u  tan  ic 

The  normal  curvature  *,  <  0  and  the  curvature  center  C  is  located  in  the  negative  direction  of 
the  surface  normal. 

(3)  The  direction  of  motion  of  the  point  over  the  surface  is  such  that 


y-y  =>cos  q  (10.5.20) 

lr«  I 

Here 

T  m  T~j  (10.5.21) 

hvl 


=  cos  4>c  1  +  sin  sin  0j  +  sin  cos  0k 


Equations  (10.5.20)  to  (10.5.22)  and  (10.5.14)  yield 


du 

di 


+  u2  sin2 


<0 


COS  q 


(10.5.22) 


(10.5.23) 
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The  ratio  du/JB  may  be  determined  from  equation  (IO.S.23)  by  considering  q  and  u  sin  as 
given.  Then  the  surface  normal  curvature  may  be  determined  by  using  equation  (10.3.17). 


10.6  Principal  Directions  and  Curvatures,  Indicatrix  of  Dupin,  and 
Working  Equations 

Consider  that  a  regular  point  M  is  taken  on  the  given  surface  and  the  normal  curvatures  which 

correspond  to  different  unit  tangents  r(".  r<2' . .  r*”’  are  determined  (fig.  10.3.1).  As  we 

can  tec,  the  normal  curvature  of  the  surface  depends  on  the  direction  of  r.  The  extreme  values 
of  the  normal  curvature  taken  at  a  certain  point  of  the  surface  are  called  the  principal  curvatures. 
The  directions  of  the  normal  sections  of  the  surface  with  the  extreme  normal  curvatures  are  called 
the  principal  directions.  We  may  determine  the  principal  directions  as  directions  for  which  vectors 
v,  and  a,  are  collinear.  (See  app.  C.)  Here 


vr-r.— +  r#—  (10.6.1) 

dt  dt 

and 


du  dB 

a,  -  n„—  +  n,  — 

dt  dt 


(10.6.2) 


We  assume  that  the  surface  unit  normal  is  represented  by  the  equation 


■  «  n(«,0) 


(10.6.3) 


Due  to  the  collinearity  of  vectors  vr  and  nr  for  the  principal  directions,  we  get 


du  dB 

+  **~r 
dt  dt 


du  d9 

y.—  +  f#T 

dt  dt 


du  de 

Z.—  +  Z»-T 
dt  dt 


du  d8  du  dB  du  dB 

na  ~r  +  nJ*~T  7  +  7  nw  7  +  n!t  T 

dt  dt  dt  dt  dt  dt 


(10.6.4) 


Here  y„,  z*.  xt,  »,  z,,  na,  n„,  n^,  n^,  h*.  and  are  taken  at  the  considered  point  M  of 
the  surface. 

According  to  the  results  of  appendix  C,  section  3  (eq.  (C.3.21)),  the  principal  curvatures  are 
represented  by  the  equation 


*uivr  -  “  °r 


(10.6.5) 


that  yields 


du  dB  du  dB  du  dB 

7  +  nxt  —  ">»  7  +  n-4  7  «.-»  7  +  nrl  7 

dt  dt  dt  dt  dt  dt 


du  dB 

* +  **  7 
dt  dt 


du  dB 

y.  7  +  »  7 
dt  dt 


du  dB 

z«7  +  z»7 

dt  dt 


-  ~  *i.n 


(10.6.6) 


The  system  of  three  equations  (10.6  6)  contains  three  unknowns,  the  ratio  du/d»,  and  the  principal 
curvatures  «|  and  «u.  The  procedure  for  the  solution  of  these  unknowns  is  as  follows: 

Using  one  of  the  equations  from  (lo.J.4),we  may  develop  a  quadratic  equation 


(10.6.7) 


The  two  roots  of  this  equation  correspond  to  two  principal  directions  on  the  surface.  By  putting 
both  roots  into  equation  (10.6.6),  we  may  determine  the  principal  curvatures  x,  and  xn.  We 
emphasize  that,  in  general,  two  orthogonal  principal  directions  exist  at  each  point  of  the  surface 
with  different  values  of  principal  curvatures.  A  spherical  surface  is  an  exception;  each  direction 
on  the  surface  may  be  considered  as  the  principal  direction  and  the  normal  curvature  is  the  same 
for  all  normal  sections  of  the  surface. 

Another  exception  is  the  case  when  the  normal  curvature  of  the  surface  is  equal  to  zero  for  all 
directions.  This  is  true  for  a  plane  or  for  a  surface  which  turns  into  a  plane  at  a  certain  point  (called 
a  flat  point). 

The  product  of  the  principal  curvatures  at  the  considered  point  M  is  designated  by 

K  *  *]*n  (10.6.8) 

and  called  the  Gaussian  curvature  of  the  surface  at  point  M. 

Indicatrix  of  Dupin;  Three  Types  of  Surface  Points 

Consider  that  the  tangent  plane  T  is  drawn  to  a  surface  at  its  regular  point  M  (fig.  10.6.1(a)). 
The  coordinate  system  (ij,  £).  whose  axes  coincide  with  the  principal  directions  of  the  surface  at 
point  Af,  is  rigidly  connected  to  plane  T.  We  know  that,  according  to  the  theorem  of  Euler,  the 
normal  and  principal  curvatures  are  related  by  the  equation 

«„  *  K|  cos2  q  +  xn  sin2  q  (10.6.9) 


(See  app.  C,  sec.  3.) 

Function  *„(?)  relates  the  normal  curvature  x„  and  the  angle  q.  We  consider  that  the  principal 
curvatures  xf  and  x„  are  given. 

We  express  the  normal  curvature  x„  by 


*»  =  * 


1 

I*.  I 


(10.6. 10) 


where  |7f„|  is  the  magnitude  of  the  curvature  radius  in  the  normal  curvature.  We  then  represent 
tlje  position  vector  p  (fig.  10.6.1(b))  by 

p(q)  =  vr|/?„|  (10.6.11) 


Equations  (10.6.9)  to  (10.6.11)  yield 

*tKI  cos2  q  +  x,,|/f„|  sin2  q  =  x,(p  cos  q)2  +  x„(p  sin  q)2  =  ±  1 
p  cos  q  =  rj  p  sin  q  —  £ 


(10.6.12) 


and 


/(>?.{)  =  +  *n«2  ^  1  =0  l/,|+|/(i*0  (10.6.13) 


/ 

I 
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Figure  10.6,3. 


Equation  (10.6.13)  represents  a  plane  curve— the  so-called  Dupin's  indicatrix.  The  magnitude  of 
the  position  vector  p  of  such  a  curve  is  represented  by  equation  (10.6. 1 1). 

There  are  three  types  of  surface  points  as  follows: 

(1)  The  elliptic  point— when  the  principal  curvatures  are  of  the  same  sign  and  the  Gaussian 
curvature  K  >  0  (fig.  10.6.2).  (See  eq.  (10.6.8).) 

(2)  The  hyperbolic  point— when  the  principal  curvatures  are  of  different  signs  (fig.  10.6.3(a)) 
and  the  Gaussian  curvature  K  <  0.  The  surface  has  the  form  of  a  saddle  near  the  considered  point 
M.  There  are  two  such  directions  in  the  neighborhood  of  M  where  the  normal  curvature  is  equal 
to  zero.  The  above  directions  are  called  asymptotic. 
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(3)  The  parabolic  point— when  one  of  the  principal  curvatures  is  zero  (direction  II  in  fig.  10.6.3(b)) 
and  the  Gaussian  curvature  K  *  0. 

Example  problem  10.6.1  Consider  a  cone  surface  given  by  equations  (10. 1 .42).  The  surface  unit 
normal  is  represented  by  equations  (10.1.43).  Determine  the  principal  directions  and  curvatures 
at  a  point  (u.d). 

Solution  Along  principal  directions,  vectors  v,  and  nr  are  collinear.  (See  app.  C.)  The 
differentiation  of  equations  (10.1.42)  and  (10.1.43)  yields  the  expressions  for  v,  and  ft,  represented 
by  (10.5.14)  and  (10.5.16),  respectively.  Due  to  the  coilinearity  of  v,  and  nr,  we  get 


nx r  m  n IT 


(10.6.14) 


cos  cos  0  - 


du  du  dd 

cos  —  sin  tfr.  sin  d  —  +  u  sin  \l>c  cos  6  — 
dt  dt  dt 


dd 

cos  tlic  sin  6  — 
dt 

du  dd 

sin  cos  B - u  sin  4>e  sin  d  — 

dt  dt 


(10.6.15) 


Equations  (10.6.15)  are  satisfied  if 


—  —  =  o 
dt  dt" 


(10.6.16) 


du  dd 

One  of  the  principal  directions  corresponds  to  —  =  0;  the  other  one  to  —  =  0.  These  direc- 

dt  dt  / ...  \ 


tions  are  tangents  to  the  surface  coordinate  lines  as  follows:  (1)  to  the  6 


(2)  to  the  u-line  ^  —  =  0 J  that  is  the  generatrix  of  the  cone,  OM  (fig.  10.1.4). 

We  determine  the  principal  curvatures  by  using  equations  (C.3.16)  and  (C.3.19),  which  yield 


■'“(s’0) 


xin=-— =-^=-  — 


(10.6.17) 


du  dB 

(See  app.  C.)  One  of  the  principal  curvatures  corresponds  to  —  =0.  the  other  one  to  —  =  0. 
Equations  (10.6.17),  (10.6.15),  and  (10.6.16)  result  in  ^ 


u  tan 


;  (H 


(10.6.18) 
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*n  “0 


(10.6.19) 


e-) 

The  center  of  the  curvature  k,  lies  on  the  cone  axis,  and  the  curvature  radius  is  perpendicular  to 
the  generatrix  OM  =  u  (fig.  10.1.4).  The  negative  sign  for  the  curvature  indicates  that  the 
curvature  radius  is  directed  opposite  to  the  surface  unit  normal. 

Problem  10.6.2  Consider  a  surface  of  revolution  represented  by  equations  (8.4.3) 

x  */(0)  cos  ^  y  =  /(0)  sin  ^  z  =  g(0) 

8i  <»<e,  0  s  +  <  2t 

The  surface  unit  normal  is  represented  by  equations  (8.4.?) 

g#  cos  ^  _  g#  sin  ^  _ f, 

A  y  A  1  A 

where 

^J=/«+g»  ft  =  ~r.\f(0)\  g#  =  ^lg(0)) 
do  do 

Determine  the  principal  directions  and  principal  curvatures  of  the  surface  at  a  point  (d.4>). 

di  dd 

Answer.  Principal  directions  I  and  II  correspond  to  —  =  0  and  —  *  0,  respectively.  They 

may  be  determined  as  tangents  to  the  0-line  and  ^-line  of  the  surface. 

The  principal  curvatures  are 


K  _  SmA  -f,A»  _  gMA  -  g,A,  /W  =  Q\ 

'  A2g,  A2/,  \dl  ) 

and 

(-.o) 

Af(6)  \dt  j 

Here 

Problem  10.6.3  With  the  conditions  of  problem  10.6.2,  prove  that  the  principal  curvature  *[  may 
be  represented  as  the  curvature  of  the  generating  plane  curve  given  by  equations  (8.4.1)  such  that 
x  =/(0),  y  =  0,  and  z  =  g{6). 


2J6 


Directions  for  solution.  The  curvature  of  a  plane  curve  may  be  determined  as  follows: 

dmx  dml 

dr,  drt 

(See  ch.  3.3.)  Here 

dxl+dzk 
Tm(dx1  +  dz2)'12 

is  the  unit  tangent  to  the  generating  curve; 


m  « 


J  X  T 
U*T  I 


is  the  unit  normal  to  the  generating  curve. 

Problem  10.6.4  An  involute  screw  surface  is  represented  by  equations  (8.4.30) 

r  *  (p  cos  0  -  u  cos  X,  sin  0)1  +  (p  sin  0  +  u  cos  X,  cos  0) j  +  (H6  +  u  sin  Xp)k 
The  surface  unit  normal  is  represented  by  equations  (8.4.34)  (provided  u  cos  X„  *  0): 
n  »  sin  X„(sin  tt  -  cos  0j)  +  cos  X„k 

Determine  the  principal  directions  and  principal  curvatures  at  a  point  ( u,6 ). 

M  du 

Answer.  The  derivatives  —  and  — ,  which  correspond  to  the  principal  directions  I  and  II.  are 


determined  as  follows: 


dt 


dt 


d» 

(a)  —  =  0 
dt 


du 

dt 

du 


d6 

(b)  p—  +  cos  X  —  =  0 
dt  dt 


vt  0  (principal  direction  I) 

(principal  direction  II) 


The  principal  curvatures  are:  *i  =  0  and  xn  =  tan  \fu. 

The  radius  r  of  a  circle  in  the  cross  section,  and  the  parameters  u  =  MN  and  p  (fig.  8.4.9)  are 
related  by  r2  =  x2  +  y2  =  p2  +  u2  cos2 


10.7  Geodesic  Curvature 

Consider  a  spatial  curve  L  on  surface  Z  (fig.  10.7.1).  Vectors  f,  n,  and  m.  taken  at  point  M, 
represent  the  unit  tangent  to  the  curve  L.  the  surface  unit  normal  and  the  main  normal  m  to  the 
curve,  respectively;  vector  m  lies  in  the  osculating  plane. 

The  radius  of  the  curvature  for  curve  L  has  the  same  direction  as  vector  m  and  belongs  to  the 
osculating  plane.  The  curvature  of  L  is  determined  by  equation  (10.3.19). 

Now,  consider  that  the  spatial  curve  L  is  projected  on  the  tangent  plane  T  and  on  the  normal 
plane  N ,  respectively.  Projections  of  L  on  planes  T and  N  are  designated  by  Lj and  Z.v  (fig.  10.7. 1). 
Vectors  T,  n,  and  b,  where  b  =  T  x  n,  form  a  right-hand  trihedron  (fig.  10.7.2).  We  may  express 
the  unit  vector  m  of  the  principal  normal  to  curve  L  as  follows: 


a  -  (m  •  i»)n  +  (m  •  b)b  (10.7.1) 

Multiplying  both  tides  of  equation  (10.7.1)  by  the  curvature  of  curve  L.  («).  we  get 


«a  -  «(m  •  n)n  +  *(m  •  b)b 

We  have  seen  that  the  normal  curvature  is  represented  by  the  equation 

-  «(m  •  n) 

(See  section  4  of  this  chapter.)  Equation 

t.  *  »(m  •  b)  -  qm  •(rxn)l-  «(m  r  nj 


(107.2) 


(10.7.3) 


(10.7.4) 


represents  the  geodesic  curvature.  The  curvatures  of  curves  LN  and  LT  at  point  M  (fig.  10.7.1) 
are  designated  by  *„  and  respectively.  Here.  LN  and  LT  are  projections  of  curve  L  on  the  normal 
and  tangent  planes.  It  results  from  equations  (10.7.2)  to  (10.7.4)  that 

*m  -  +  Kjb  (10.7.5) 

Let  us  now  derive  equations  of  the  geodesic  curvature.  Consider  that  curve  L  is  represented  by 
R(j)*r(u(r),«(j))(C!  i,<j<r2  (10.7.6) 

where  j  is  the  arc  length.  With  equations  derived  in  section  10.2,  we  obtain 

*m  *  R„  T  =  R,  (10  7.7) 

Equations  (10.7.4)  and  (10.7.7)  yield 

=  R„.b  =  [R„  R,  n)  (10.7.8) 

Instead  of  equation  (10.7.8)  we  may  determine  the  geodesic  curvature  as  follows: 

[■r  n] 


Kl’ 


Here 


ds 

v,  =  R,  —  =  R,vr 
dt 


(10.7.9) 


(10.7.10) 


2.1* 


n 


where  r,  it  the  velocity  and  a,  it  the  acceleration  of  the  point  which  moves  along  the  curve  L. 
The  acceleration  a,  ma»  be  represented  by  its  two  components,  a"  and  a'r.  Here,  a,"  is  directed 
along  the  principal  normal  to  the  curve  (m)  and  a^  is  collinear  to  r.  (See  sec  10.3.)  Hence,  we 
have 


[af  *r  nl  [aTvfn|  +  [a'v,nl  [arv.nl 

KP  "  KP  “  kP 


(10.7.11) 


since  [a'  v,  n|  -  0  because  of  the  collinearity  of  vectors  a'  and  v,. 

The  positive  sense  of  the  geodesic  curvature  indicates  that  the  curvature  center  of  the  curve  Lr 
(fig.  10.7. 1(a))  is  located  on  the  positive  direction  of  vector  b  (fig.  10.7.2);  this  vector  is  the  normal 
to  curve  LT  at  point  M. 

A  geodesic  line  (a  geodesic)  of  the  surface  is  a  curve  whose  geodesic  curvature  is  zero  at  each 
curve  point.  It  is  proven  in  differential  geometry  (Hohn,  1973  and  Lipschutz,  1969)  that  only  one 
geodesic  line  may  be  drawn  through  a  regular  point  of  a  surface  of  class  CJ  in  each  direction. 
A  small  arc  of  a  geodesic  line  on  the  surface  is  the  shortest  distance  between  two  surface  points. 
It  results  from  equation  (10.7. 11)  that  a  regular  curve  on  a  surface  is  a  geodesic  line  if  and  only 
if  vectors  a"  and  n  are  collinear  or  if  a"  is  zero.  Vectors  a"  and  n  are  collinear  if  the  osculating 
plane  coincides  with  the  normal  plane  (fig.  10.7.1).  Vector  a"  *  0  if  the  curve  on  the  surface  is 
a  straight  line.  A  great  circle  on  a  spherical  surface  is  a  geodesic  line  since  the  principal  normal 
to  such  a  curve  coincides  with  the  surface  normal. 

We  say  that  a  curve  is  a  geodesic  line  locally  if  nf  *  0  at  the  given  point  M.  We  must  observe 
the  requirement  ■  0  for  local  synthesis  of  approximate  gearings  to  obtain  a  small  piece  of  the 
contact  point  path  on  the  gear-tooth  surface  as  a  local  geodesic  line.  Such  a  line  does  not  deviate 
from  the  desired  direction  in  the  neighborhood  of  the  given  contact  point. 

Consider  that  a  surface  is  represented  in  parametric  form  by 

r («,$)€  C2  r„  xr,  *0  («,0)€  Am  (10.7.12) 

We  may  represent  vectors  v,  and  a"  as  follows; 

du  d6 

vr  =  r,  — +  rf—  (10.7.13) 

dt  dt 


_  du  d9 

+  2r^ - 

dt  dt 


(10.7.14) 


The  derivatives  du/di  and  dB/dt  are  related  since  the  ratio  du/dd  depends  on  the  given  direction 
of  point  motion  over  the  surface. 


19.7.1  A  cylinder  surface  ii  represented  by 
x  •  p  cot  9  y  ■  p  tin  •  z  ■  « 

Consider  a  helix  on  the  cylinder  surface  given  by  the  equation 

«  mh§ 

where 

h  m  fi  tan  X 

X  it  die  lead  angle  of  the  helix.  Determine  the  geodesic  curvature  of  the  helix. 

Solution. 


■  ”  r"  *  f< ,  -  cot  M  +  tin  0J 


k,  *  r»l 


vr  «  p  —  ( -  tin  8i  +  cos  0j  +  tan  Xk) 
dt 


+  sin  0J) 


(10.7.13) 

(10.7.16) 

(10.7.17) 

(10.7.18) 

(10.7.19) 

(10.7.20) 


The  geodetic  curvature  of  the  helix  «,  is  zero  because  of  the  collinearity  of  vectors  a"  and  n. 


Chapter  11 


Spatial  Gearing  Analysis 

The  problem  of  spatial  gearing  analysis  may  be  formulated  at  follows:  Given  are  equations  of 
gear-tooth  surfaces,  the  crossing  angle,  and  the  shortest  distance  between  the  axes  of  rotation.  The 
gear-tooth  surfaces  are  in  point  contact.  It  is  necessary  to  determine  (I)  the  law  of  motion  (the 
relation  between  the  angles  of  gear  rotation),  (2)  the  line  of  action,  and  (3)  the  paths  of  contact 
on  the  gear-tooth  surfaces. 

The  method  of  gearing  analysis  (Litvin,  1968)  may  be  used  for  the  investigation  of  approximate 
gearing'  (with  nonconjugate  surfaces),  the  determination  of  kinematical  errors  induced  by  errors 
of  manufacturing  and  assembly,  and  the  investigation  of  the  optimal  synthesis  of  gears.  The  optimal 
synthesis  of  spatial  gearings  is  usually  an  iterative  computational  procedure,  which  needs  intermediate 
analysis  between  iterations.  Such  analysis  provides  information  about  the  results  obtained  and  is 
the  basis  for  the  next  iteration. 


11.1  Tangency  of  Gear-Tooth  Surfaces 

We  set  up  three  coordinate  systems  S(,  $2,  and  Sf,  rigidly  connected  with  gears  I  and  2  and 
the  frame,  respectively.  The  tooth  surfaces  and  are  represented  in  coordinate  systems  5, 
and  S2,  respectively,  by  the  following  functions: 


r,(M.)  €  C2 


~  X  5*  0  (M.)  f  1  =  1.2 

a«,  ae, 


Gi.i.i) 


The  surface  unit  normals  are  represented  as  follows: 

dr,  dr, 
—  x  — 
dut 

n,  = - 

3r ,xdri 

du,  dd. 


(11.1.2) 


Consider  that  gear  i,  with  the  tooth  surface  E„  rotates  about  a  fixed  axis  located  in  the  frame. 
Thus,  a  locus  of  gear-tooth  surfaces  is  generated  in  the  coordinate  system  Sf.  The  locus  of  these 
surfaces  may  be  determined  by  the  matrix  equation 

[r/»]  =  lMj,)\r,\  (»=1,2)  (11.1.3) 
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Here,  die  column  matrix 


*t  to.#,) 


X(M,) 


I 


(11.1.4) 


represents  the  homogeneous  coordinates  of  a  surface  point.  The  square  4x4  matrix  [Mf, J 
describe*  the  coordinate  transformation  in  transition  from  5,  to  Sf.  Elements  of  this  matrix  are 
expressed  in  terms  of  the  parameter  of  motion  d,.  The  column  matrix 


*X|  (  ) 

y,  (a,  .Mi) 

1 


(11.1.5) 


represents  the  homogeneous  coordinates  of  a  point  of  the  locus  of  gear  tooth  surfaces  in  the  coordinate 
system  Sf.  This  matrix  with  the  fixed  parameter  of  motion  d,  represents  a  point  of  surface  E,  in 
coordinate  system  Sf. 

Similarly,  we  may  also  determine  the  surface  unit  normals  by  using  the  matrix  equations 

[*/'•]-  IlfJfoJ  (»  -  U)  (11.1.6) 

Matrices  given  by  equation  (1 1.1.6)  are  3  x  3  matrices.  Matrix  \Lf, )  may  be  determined  from 
matrix  \Mf,\  by  crossing  the  last  row  and  column  in  (See  app.  A.) 

The  point  of  tangcncy  of  gear-tooth  surfaces  in  the  coordinate  system  Sf  is  a  point  at  which  the 
position  vectors  and  the  surface  unit  normals  coincide.  Thus, 

.*,.*■)  -  ryJ>(«2,tfj.dj)  (IL.1.7) 

-  n/:>(u2,*2,d2)  (11.1.8) 

Vector  equation  (11.1.7)  yields  three  scalar  equations,  but  equation  (11.1.8)  yields  only  two 
independent  scalar  equations  since 


We  may  require  the  collinearity  of  surface  normals  with  the  equation 


(11.1.9) 


N"'(M„di)  =  XN,2’(«2,02.dj)  (11.1.10) 

instead  of  equation  (11.1.8).  However,  equation  (11.1.8)  is  preferable  since  it  can  be  applied  as 
a  basis  for  important  kinematic  relations. 

It  is  important  to  emphasize  that  the  directions  of  unit  normals  n^11  and  n}*’  may  either  coincide 
or  be  opposite  each  other  and  still  insure  the  tangcncy  of  surfaces  E,  and  E2.  We  prefer  to  apply 
equation  ( 1 1  1 .8)  for  the  tangcncy  of  surfaces,  since  we  can  get  the  desired  direction  of  the  surface 
unit  normals  by  changing  the  order  of  factors  in  one  of  the  cross  products.  For  instance,  vectors 
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Nf- 


i  ^  dr± 
dO,  du, 


are  opposite  to  vectors 


and 


3r|  dr, 

N,  -  —  x  —  and 
du,  dO, 


»i  - 


n: 

ki 


N, 


IN, 


(II.  II!) 


(II.  U2) 


11.2  Analysis  of  Meshing  of  Spatial  Gearings 

Equations  (11.1.7)  and  (11.1.8)  may  be  represented  as 


r}"  (u,.0,.0,)  -  r/J,(*2.$2.*2)  -  0 

■/"(n,.*,.*,)  -  n/J,(u2.tf2.«2)  «  0 

Vector  equations  (1 1.2.1)  and  (11.2.2)  yield  five  independent  scalar  equations  in  six  unknowns, 
n,.0,,O, ,1*2.0},  and  Here 


(1 1.2.1) 
(11.2.2) 


f(u,.0,,*,.u2.02,*2)~0  / €  C1  (»  «  1.2.3.4.5)  (11.2.3) 

The  aim  of  gearing  analysis  is  to  obtain  from  equations  (1 1.2.3)  the  functions 

{u,(<M.*i(<M.*<2<*,).a2<*i).<M<M  €  C'  (11.2.4) 

According  to  the  Theorem  of  Implicit  Function  Systems  Existence  (see  app.  B).  we  may  state  that 
functions  (1 1.2.4)  exist  in  the  neighborhood  of  a  point 


p°  =  (uIoUIhI  «?.*?) 


(11.2.5) 


if  the  following  are  true: 

(1)  functions  [/.//i./s./s!  €  C 

(2)  equations  (11.2.3)  are  satisfied  at  point  P° 

(3)  the  following  Jacobian  differs  from  zero;  that  is  if 


£*  (/./;. /./<./) 

D(u,,9\ ,l<2.^2.^2) 


a/, 

a/, 

a/, 

a/, 

a/, 

du, 

dO, 

dui 

<w: 

a*2 

a/5 

a/s 

a/s 

a/. 

a/, 

du, 

dO, 

d«2 

d02 

d<t>  2 

(11.2.6) 


Functions  (1 1.2.4)  provide  complete  information  about  the  conditions  of  the  meshing  of  gears 
which  are  in  point  contact.  Function  <t>2(<i>\)  represents  the  relation  between  angles  of  gear  rotation 
(the  law  of  motion).  Functions 
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(11.2.7) 


determine  the  locus  of  conuct  points  on  surface  £,.  Similarly,  function* 

rjfMi)  «2(^)  (1 1 .2.8) 

determine  the  locus  of  contact  points  on  surface  The  locus  of  contact  points  on  surface  L, 
(i  “  1,2)  is  the  working  line  of  the  gear-tooth  surface.  The  gear-tooth  surface  contacts  the  mating 
surface  at  points  of  the  working  line  only.  The  line  of  action  of  gear-tooth  surfaces  is  represented 
by  functions 


r/ «,(*,)  «,(*,)  (11.2.9) 

or  by  functions 

r <h(4i)  *2(*i>  (1 1.2. 10) 

In  some  cases,  a  variable  parameter  other  than  di .  for  instance  uu  may  be  chosen  when  solving 
equations  (1 1 .2.3).  We  may  solve  these  equations  in  the  neighborhood  of  point  P°,  which  is  given 
by  equation  (11.2.5),  if  the  respective  Jacobian  differs  from  zero,  that  it  if 


D(fli,di,u2,®2.dj) 


The  solution  of  equations  (11.2.3)  will  be  obtained  by  functions 

ldi(ui).®i(ui ).“:(“! ).®j(U|).^2(«i)i  €  C1  (11.2.11) 


11.3  Process  of  Computation 

The  determination  of  functions  (1 1.2. 4)  (or  functions  (1 1 .2.11))  requires  an  iterative  numerical 
procedure,  which  is  based  on  the  computer-aided  solution  of  the  system  of  five  nonlinear  equations 
(11.2.3).  Litvin  and  Gutman  proposed  a  simpler  method  of  solution  (Litvin  and  Gutman,  1981a) 
based  on  the  separate  solution  of  two  subsystems  which  contain  two  and  three  equations  of  system 
(11.2.3). 

Consider  a  spatial  gear  mechanism  with  crossed  axes  (fig.  11.3.1)  where  C  is  the  shortest  distance 
between  axes  of  rotation,  and  H  and  Q  are  (he  axial  displacements  of  pinion  1  and  gear  2.  We 
may  represent  the  equations  of  system  (11.2.3)  as  follows: 


(11.3.1) 

(11.3.2) 

(11.3.3) 

/l(M|,9|.d|.W2'®2'^2)  =  0 

(11.3.4) 

(11.3.5) 

Equations  (1 1 .3.4)  and  (II  .3.5)  do  not  contain  parameters  C,  Q.  and  H,  since  projections  of  the 
surface  unit  normal  do  not  depend  on  the  displacement  of  the  surface. 


z. 


The  iterative  process  of  computations  for  the  determination  of  numerical  functions  (1 1 .2.4)  is 
based  on  the  following  procedure: 

Sup  /.—Choose  points  /*,(«, ,0,)  and  P2(ui,di)  on  surfaces  £,  and  £2,  respectively,  and  start 
computations  with  the  set  of  parameters  (u,,0|,«2,02)  as  given. 

Sup  2.  —Determine  parameters  4i  and  02  from  equations  (11.3.4)  and  (11.3.5). 

Sup  3.— Rearrange  equations  (11.3.1)  to  (11.3.3)  as  follows: 


C  =  F,(u,.0hU2.02'tl-*2) 

(11.3.6) 

Q  —  F2(H|.0|,l/2,02,^|,$2) 

(11.3.7) 

H  =  /rj(u,,0,.tt2,02,<51,i>2) 

(11.3.8) 

and  determine  C,  Q.  and  H.  If  the  values  of  C,  Q,  and  H  differ  from  the  given  ones,  change 
parameters  (U|,0|,u2,02)  and  start  the  second  iteration. 

As  we  can  see,  the  iterative  process  of  computations  requires  separate  solutions  of  two  subsystems: 
(1)  of  two  equations  (eqs.  (1 1.3.4)  and  (11.3.5))  and  (2)  of  three  equations  (eqs.  (11.3.6)  to  (1 1.3.8)). 

It  is  important  to  notice  that  at  every  iteration  only  three  parameters  are  to  be  changed.  For  instance, 
one  of  the  above  parameters  ut,  may  have  the  same  value.  We  say  that  the  system  of  equations 
(1 1.3.1)  to  (11.3.5)  is  solved  if  equations  (1 1.3.4).  (1 1.3.5),  and  (11.3.6)  to  (1 1.3.8)  are  satisfied 
by  the  set  of  related  parameters  (u;,0|.u2,02,<5 |,$2). 

Step  4.— Start  the  computations  for  the  determination  of  another  set  of  parameters 
(Wi,0,,h2,02,^,.<>2)  which  satisfy  equations  (11.3.1)  to  (11.3.5).  Choose  a  new  set  of  four 
parameters  (u,,0|.u2.02)  and  repeat  all  operations  mentioned  in  steps  1,  2.  and  3. 

Using  the  above  procedure,  we  can  determine  functions  (11.2.4),  the  law  of  motion  (function 
the  line  of  action,  and  the  working  lines  on  the  surfaces  £|  and  E2.  (See  sec.  11.2.) 

Function 


ml2  (<*i)  = 


,12) 


(11.3.9) 
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which  represent*  the  angular  velocity  ratio,  may  be  determined  by  direct  differentiation  of  function 
or  by  using  the  equation 

(113. 10) 

Here  v)'J>  is  the  relative  velocity  (the  velocity  of  sliding)  and  r/ 1  *  (Xf.yf.tf)  is  the  position  vector 
of  the  contact  point.  Vectors  u)1  and  u}21  are  angular  velocities  of  the  gears  (it  is  assumed  that 
the  line  of  action  of  v}1'  passes  through  the  origin  Of  of  the  coordinate  system  ty,  and  is  a 
position  vector  drawn  from  Of  to  any  point  on  the  line  of  action  of  wy2\  for  instance  (fig.  11.3.1) 

(11.3.11) 

For  the  case  where  y  ”  90*.  equation  (11.3.10)  yields 

-  ~  +  (x/w'2' -  +  y/ta»")n,  -  0  (11.3.12) 


Thus, 


+  yfh 

lyf-C)n,  -Xffty 


(11.3.13) 


By  using  function  ^j(^i).  we  may  determine  the  function  of  kinematical  errors 


A^j(^i)  “  ^j(^i)  —  — '  (11.3.14) 

n2 

where  V,  and  V3  represent  the  number  of  gear  teeth  and  the  linear  function  $|V,/iV2  represents 
the  ideal  relation  between  angles  of  gear  rotation. 

As  previously  mentioned,  the  locus  of  contact  points  on  the  gear-tooth  surface  represents  the 
working  line  of  the  surface.  Because  of  the  elasticity  of  surfaces,  the  gears  contact  each  other  over 
an  elliptical  area  whose  center  coincides  with  the  theoretical  contact  point.  The  locus  of  the  contacting 
ellipses  represents  the  so-called  bearing  contact.  The  analysis  of  bearing  contact  is  considered  in 
section  13.4. 

Analysis  of  conditions  of  meshing  and  bearing  contact  is  called  tooth  contact  analysis  (TCA). 
Computer  programs  for  TCA  have  been  worked  out  by  (Gleason  Works,  1960)  and  by  (Litvin 
and  Gutman,  1981a).  In  general,  the  application  of  the  discussed  method  for  spatial  gearing  analysis 
is  based  upon  a  computer  program  from  which  we  obtain  numerical  results.  The  following  example 
is  a  case  in  which  the  result  may  be  represented  as  an  analytical  solution. 

Example  11.3.1  Consider  a  direct  contact  mechanism  with  two  movable  links  (fig.  1 1 .3.2).  Links 
1  and  2  are  interconnected  by  a  highly  kinematic  pair  of  surfaces  whose  elements  can  be  (1)  two 
cylinders  as  shown  in  figure  1 1.3.2.  (2)  a  cylinder  and  a  straight  line,  (3)  a  ball  and  a  plane,  or 
(4)  two  straight  lines,  etc.  We  will  limit  the  discussion  to  the  case  where  links  1  and  2  are 
interconnected  by  two  cylindrical  surfaces. 

Links  1  and  2  are  connected  with  the  frame  by  revolute  pairs  and  rotate  about  crossed  axes. 
We  designate  the  cylinder  axes  by  Oa  and  Oh.  The  angle  which  is  made  by  the  cylinder  axes  and 
the  perpendicular  to  the  axis  of  rotation  is  designated  by  y,(i  =  1 .2).  Two  planes  which  are  drawn 
through  the  axes  of  link  rotation  are  designated  by  II  and  K,  respectively;  p,  and  p:  are  cylinder 
radii,  and  A  is  the  shortest  distance  between  the  axes  of  rotation.  Design  parameters  a.  b,  c.  and 
d  determine  the  location  of  the  link  cylinders. 

Consider  the  following  coordinate  systems:  (1)5,  and  Sa.  which  are  rigidly  connected  to  link  1; 
(2)  S;  and  Sh,  which  are  rigidly  connected  to  link  2;  and  (3)  S,  which  is  rigidly  connected  to  the 
frame. 


Hie  turface  unit  normal  it  given  by 


nm  ■  0  Hy,  m  tin  0|  nm  *»  cot  9t 

(11.3.16) 

Similarly,  surface  £2  of  link  2  and  the  turface  unit  normal  are  represented  in  coordinate  system 
S»  by  the  following  equations  (fig.  11.3.4): 

•**  -  P2  «>*  *2  y*  *  pj  tin  z*  ■  -  u2 

(11.3.17) 

«*  -  cot  $2  "yt  m  ~  ^2  «■»  m  0 

(11.3.18) 

We  obtain  equations  of  surfaces  E,  and  E2  »nd  their  unit  normals 
(fig.  11.3.5)  by  using  the  following  matrix  equations: 

in  coordinate  system  S/ 

[»■;“]  -  |A#„]|MuHrJ  -  [M„\[r.\ 

(11.3.19) 

[«/n]  “  -  (£*][«.) 

(11.3.20) 

[^2>]  -  lMn)[Mu)[r,\  «  \M,h\\rk) 

(11.3.21) 

[n/J>]  -  -  (!*»](*) 

(11.3.22) 

Here  (tee  fig*.  11.3.3  to  11.3.3) 


l*ul 


cot  7 i  0  tin  ti  c 
0  10  0 
-tin  71  0  cot  7,  0 
0  0  0  1 


(11.3.23) 


IW/.l  - 


1^2*]- 


\Mp\  = 


cot  tin  <t>\  0  0 

-tin  cos  0  0 

0  0  10 

0  0  0  1. 

cos  72  0  sin  72  0 

0  10  0 

-sin  72  0  cos  72  -d 

0  0  0  1 

10  Ob' 
0  cos  <bi  sin  £2 
0  -sin  <t> 2  cos  <>2  a 
0  0  0  1 


(11.3.24) 


(11.3.25) 


(11.3.26) 


The  matrix  products  are  represented  as  follows: 


[Mm] 


coa  0,  co»  y,  sin  0, 
-sin  0,  cos  y,  cos  0, 
-sin  >|  0 

0  0 


cos  0,  sin  y, 
-sin  0t  sin  y, 
cosy, 

0 


c  cos  0, 
—c  sin  0| 
0 
1 


(11.3.27) 


cos  >i 

-sin  02  sin  y2 
-cos  02  sin  >2 


0  sin  >2 

cos  02  sin  02  cos  Y2 

-sin  02  cos  cos  >2 


b 

-(A  +  d  sin  $2) 
a  -  d  cos  £2 


0 


0  0  1 


(11.3.28) 


Wc  develop  matrices  [£*,]  and  [Lfh\  from  matrices  [M^]  and  [AfyjJ  by  deleting  the  fourth  column 
and  row  in  the  latter  two  matrices. 

Equations  (11.3.15)  to  (11.3.28)  yield 

x)x)  «  u,  cos  0,  cos  Yi  +  Pi  sin  0,  sin  0, 

+  p,  cos  8,  cos  0,  sin  y,  +  c  cos  0, 

*  -«!  sin  cosy,  +p,  sin  8,  cos  0,  (11.3.29) 

-  p,  cos  8,  sin  0,  sin  y,  -  c  sin  0| 

V”  “  -  «i  sin  Y,  +  p,  cos  8,  cos  y, 

*  sin  8,  sin  0,  +  cos  8 1  cos  0,  sin  yi 

»$’  »  sin  8|  cos  0,  -  cos  8,  sin  0,  sin  yi  (1 1.3.30) 

Hf’  =  cos  8,  cos  y, 

x}2)  =  p2  cos  82  cos  y2  -  u2  sin  72  +  b 

)j2)  =  —  P2  cos  82  sin  02  sin  y2  +  P2  sin  82  cos  02 

-  u2  sin  02  cos  y2  -  (A  +  d  sin  02)  (11.3.31) 

z}2)  =  —  P2  cos  82  cos  02  sin  y2  -  p2  sin  82  sin  02 

-  u2  cos  0n  ecs  y2  +  (a  -  d  cos  02) 


nj,p  =  -  cos  82  cos  72 
n™  =  cos  82  sin  02  sin  72  -  sin  82  cos  02 
=  cos  82  cos  02  sin  72  +  sin  02  sin  <t>2 


(11.3.32) 


At  the  point  of  tangency  between  surfaces  E|  and  the  following  condilions  must  be  observed: 

=  r (11.2.33) 
n/l,(0|.$t)  =  (11.2.34) 

Vector  equation  (11.3.34)  is  equivalent  to  two  independent  scalar  equations  only  since 

•n  I  =  n“'l  =  1  Equations  (11.2.33)  and  (11.2.34)  result  in  five  independent  scalar  equations 
in  six  unknowns,  U\,&\ and  <$>•*,  as  follows; 


/«C*  <««  1.2.3.4.5) 


(11.3.35) 


Remarks:  The  last  two  equations  of  system  (11 .3.35)  do  not  contain  ut  and  u2,  since  the  surface 
unit  normals  do  not  depend  on  these  surface  coordinates. 

Eliminating  unknowns  u(,  02.  and  u2  from  equations  (11.3.35),  we  get  a  system  of  two  equations 
in  three  unknowns 


^i(0|.0i.02) 


tan  - 


sin  0(  sin  02  sin  yt  -  cos  02  cos  yt  -  cos  0,  sin  >|  tan  y2 
cos  sin  02  +  sin  0,  tan  y2 


0 


(11.3.36) 


^2(^1.01.02) 


[b  sin  0!  -  A  cos  0j  -  (pi  +  p2)  sin  0t  -  d  cos  0,  sin  02 
sin  y2  sin  0,  +  cos  0,  sin  02  cos  y2 

»  *16  sin  >i  -  (pi  +  PiKsin  9,  sin  0,  sin  y(  +  cos  0t  cos  0,) 

+  a  cos  0(  cos  7|  —  c  cos  0!  sin  y\  —  d  ccs  0,  cos  02  cos  y,]  =  0 


(11.3.37) 


where 


sin  72  sin  yi  +  cos  0t  cos  02  cos  y2  cos  y. 

Usually,  A  —  px  +  p2,  and  when  0,  =  0,  we  get  that  0|  =  3*72  and  <t>2  =  0.  The  corresponding 
value  of  02  is  *72,  which  we  may  get  from  equations  (1 1.3.35).  Assuming  that  (F^l  €  C1  and 


0(01,0!) 


we  may  determine  functions  02(0|)  and  0i(0|). 

The  remaining  unknowns,  u2,  d2,  and  u,,  may  be  determined  from  the  following  equations: 


«2 


b  sin  0i  —  A  cos  0|  -  (p\  +  p2)  sin  0)  -  d  cos  0i  sin  02 
sin  0,  sin  y2  +  cos  0,  sin  02  cos  y2 


(11.3.38) 


sin  0,  sin  0]  +  cos  0i  cos  0|  sin  y, 

COS  uj  —  "" 

COS  72 


(11.3.39) 


«i 


(Pi  +  p2)  cos  0j  cos  yi  -  a  +  (u2  cos  y2  +  d)  cos  03 
sin  y, 


(11.3.40) 


The  angular  velocity  ratio  may  be  determined  by  using  equation  (11.3.13). 

Particular  case  /.—The  cylinder  axes  are  perpendicular  to  the  axes  of  rotation.  By  setting 
7i  =  72  =  0  in  equations  (11.3.26)  and  (11.3.37),  we  obtain 


cm  *,  «  -  cos  «t  tan  ♦, 


(II. 3.41) 


tan2  ♦sKpi  +  Pj)2  ~  <»2|  cm1  *i 

-  2a(A  cot  4{  -  b  tin  <*,)  cos  ♦,  tan 

+  (p,  +  p2)2  -(<4  cos  6,  -hstn*,)2  -0  (11.3.42) 

Equation  (1 1 .3.42)  represents,  in  implicit  form,  the  position  function  of  the  discussed  mechanism. 
Neglecting  radii  p,  and  pj  of  the  cylinders,  we  get 


b  tan  6i  -  A 

tan  *2  - - 

a 


The  differentiation  of  this  equation  yields 


«2I 


h 

wj  dt  b  cos 2  d: 
U),  d*:  o  CO*2  *1 

dT 


(11.3.43) 


(11.3.44) 


Pmrticuimr  cast  2  — The  cylinder  axes  are  parallel  to  the  axes  of  rotation.  By  setting  >|  »  -  v/2 
and  yrj  »  r/2  in  equations  (11.3.36)  and  (11.3.37).  we  get 


(11.3.45) 


tin 


c  sin  d|  -  f 
d 


(11.3.46) 


I 

I 


where  t  =  .4  -  (p,  +  pj). 

Equations  n^21  =  n^n  (use  eqs.  (11.3.30)  and  (1 1 .3.32))  and  (1 1.3.45)  yield 


^2 


(11.3.47) 


The  angular  velocity  ratio  is 

c  cos  di  c  cos 

m:i  = - =  — - 

d  cos  s/d2  -  (c  sin  6,  -  f)2 

The  discussed  mechanism  is  applied  in  gauges.  The  optimal  synthesis  of  such  mechanisms  is  worked 
out  by  (Litvin  and  Gutman,  1984). 


/ 

(11.3.48) 
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Chapter  12 


Basic  Kinematic  Relations  of  Spatial  Gearings 

Kinematic  relations  of  spatial  gearings  are  the  relations  between  velocities  and  accelerations  of 
the  points  of  contact  of  gear-tooth  surfaces  being  in  mesh,  and  the  relations  between  velocities 
and  accelerations  of  the  tips  of  the  surface  unit  normals.  These  relations  may  be  applied  as  the 
basis  for  effective  methods  of  determination  of 

(1)  conditions  of  tooth  nonundercutting  (ch.  9.5) 

(2)  relations  between  principal  curvatures  and  directions  for  two  surfaces  being  in  mesh  (ch.  13) 

(3)  kinematical  errors  of  gear  trains 

Basic  kinematic  relations  and  their  applications  have  been  proposed  (Litvin,  1968  and  1969). 


12.1  Relations  of  Contact  Point  Velocity  and  Surface  Unit  Normal 
Velocity 

Consider  two  gears  being  in  mesh.  Because  of  the  continuous  tangcncy  of  gear-tooth  surfaces, 
the  position  vectors  and  unit  normals  of  both  surfaces  at  their  instantaneous  contact  point  must 
be  equal  at  every  instant.  These  conditions  were  represented  by  equations  (11.2.1)  and  (1 1.2.2). 
Since  these  equations  are  to  be  observed  continuously  at  every  instant,  we  may  differentiate  them. 
This  yields 


r,lW*i.*i>  “  r,2’(«2,02.<*:>  (12.1.1) 

■(,V*i  .<*:)  *  h,2)(u2,92.<t>2)  (12.1.2) 

Here  r'1'  (i  *  1  2)  is  the  velocity  of  the  contact  point  in  absolute  motion  (motion  relative  to  the 
frame),  and  h(l1  !s  the  linear  velocity  of  the  tip  of  the  unit  normal  vector  in  absolute  motion. 
Equations  (12.1  1)  and  (12.1.2)  may  be  represented  as  follows: 


drn)  d<t>, 

▼,*,  =  r("(it, =—---  + 
d<(>  |  dt 


dr1"  dui  3rm  dut 
du  |  dt  d#i  dt 


=  ra\u2,92,(h)  = 


dr(2>  d<t>2  dra>  du2  dr,2)  d92 
d<t>2  dt  du2  dt  992  dt 


(12.1.3) 
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-  A"’<Mi.4i) 


aw"1  d4y  s*"'du,  da"1*, 
d^l  dt  dU\  dt  &$\  dt 


m  *<J’(Wj.® 2.Aj) 


dm121  d+:  dui  dw(2>  d9j 

d<h  dt  aui  dt  to2  dt 


(12.1.4) 


Here  r  represents  time. 

Let  us  interpret  equations  (12.1 .3)  and  (12.1 .4)  kinematically.  The  velocity  of  the  contact  point 
observed  in  the  coordinate  system  Sf  is  the  velocity  in  absolute  motion  v^.  This  velocity  may 
be  represented  as  the  sum  of  two  components 

*iil  -  (I  -  1.2)  (12.1.5) 

Here  *,<n  is  the  velocity  of  the  contact  point  in  its  motion  over  the  gear-tooth  surface  (in  relative 
motion  with  respect  to  the  surface),  and  vj"  is  the  velocity  of  the  contact  point  in  its  motion  with 
the  surface  (in  transfer  motion  of  the  point  which  is  considered  as  rigidly  connected  to  the  surface). 
The  relative  motion  of  the  contact  point  may  be  observed  in  a  coordinate  system  rigidly  connected 
to  the  surface.  Here 


v 


(O 

tr 


dr(l>  db, 
db,  dt 


(12.1.6) 


f 


dr01  du,  t  dr (,)dd, 
du,  dt  to,  dt 


(12.1.7) 


Equations  (12.1.3)  and  (12.1.5)  to  (12.1.7)  yield 

*lrU  -  *  v,<J»  -  (12.1.8) 

By  using  the  notation 

v"2’  .  vni  _  ya>  (12.1.9) 

we  obtain 

ytH  „  v02»  +  vni  (12.1.10) 

Here  v1121  is  the  sliding  velocity  which  is  the  velocity  of  point  Af|  of  surface  E(  with  respect  to 
point  Afj  of  surface  t2.  (Points  Af,  and  M2  coincide  forming  a  mutual  point  which  is  the  point 
of  tangency  of  the  surfaces.) 

In  addition  to  the  analytical  determination  of  transfer  velocity  by  equation  (12.1.6),  this  velocity 
may  also  be  determined  kinematically  as  was  explained  in  section  2.3.  Equation  (12.1.10)  is  the 
basic  equation  which  relates  the  velocities  of  contact  points  of  mating  surfaces. 

The  advantage  of  equation  ( 12. 1 . 10)  is  that  we  can  express  the  velocity  y'2>  in  terms  of  v"1  and 
v’12'.  Thus,  we  may  determine  the  velocity  vj2’,  although  the  equations  of  surface  Ej  are  not 
known. 

When  using  equation  (12.1.10)  we  have  to  differentiate  between  the  cases  of  line  contact  and 
point  contact  of  mating  surfaces.  In  the  case  of  point  contact,  only  a  line  of  the  surface  is  under 
the  action  (fig.  12. 1 .1(a)).  At  every  instant,  surface  £,  contacts  the  mating  surface  at  a  point,  and 
the  working  line  of  the  surface  is  the  locus  of  instantaneous  contact  points.  The  velocity  v,1"  of 
the  contact  point  in  the  motion  over  the  gear-tooth  surface  is  the  tangent  to  the  working  line.  In 


Figure  12  11 


(he  case  of  tine  contact  surface  E,  at  every  instant  contacts  the  mating  surface  along  a  line.  Thus, 
the  surface  is  covered  with  contact  lines  (fig.  12.1. 1(b)).  Consider  two  infinitesimally  close  contact 
lines  which  correspond  to  the  parameters  of  motion  4  and  (<t>  +  d<t>),  respectively.  Let  us  designate 
a  point  of  the  contact  line  /,)($,)  by  M.  To  be  a  point  of  the  new  contact  line  L2  (4,  +  d<t>,),  point 
M  can  be  moved  over  the  surface  in  an  arbitrary  direction  but  different  from  the  tangent  to  the 
contact  line  Lt. 

Taking  into  account  that  vector  v'121  may  be  determined  for  any  point  of  contact  of  the  surfaces, 
we  may  state  the  following  results: 

(1)  In  the  case  of  the  point  contact  vector,  v'"  has  a  definite  direction.  Knowing  the  magnitude 
of  v}1’.  we  may  determine  the  magnitude  and  direction  of  vector  vj2)  from  equation  (12.1.10). 

(2)  In  the  case  of  line  contact,  the  direction  of  is  indefinite.  We  may  determine  vector  vj2> 
from  equation  (12.1.10),  if  not  only  the  magnitude  but  also  the  direction  of  v‘"  is  given.  Similarly 
we  may  kinematically  interpret  equations  (12.1.4) 

iu.  -  b},1’  +  n,<n  *  h}2’  4-  hr(2)  (12.1.11) 

Here  vector 


a*,  dt 


W-  1.2) 


(12.1.12) 


represents  the  transfer  velocity  which  is  the  velocity  of  the  tip  of  the  surface  unit  normal  in  its 
motion  with  the  surface.  Vector 


an'"  dut  dnl"  d6, 
du,  dt  ddj  dt 


(12.1.13) 


represents  the  relative  velocity  of  the  tip  of  the  surface  unit  normal  which  corresponds  to  the  motion 
of  the  contact  point  over  the  surface. 

Equations  (12.1.11)  to  (12.1.13)  yield 

hr(2>  =n„<"  +h<,'>  -h!,2>  (12.1.14) 

Thus,  we  can  express  vector  nj2)  in  terms  of  n‘n,  h1,",  and  ri',2).  This  is  a  great  advantage  since 
we  are  able  to  determine  nj2’,  although  the  equations  of  surface  E2  are  not  defined. 

It  is  known  from  mechanics  that  if  the  transfer  motion  is  rotational  about  a  fixed  axis,  vector 
nj1!)  may  be  represented  by 


h};1  =  x  n/° 


(12.1.15) 


This  result  may  be  interpreted  kinematically.  Consider  that  nf  is  the  surface  unit  normal  vector 
at  point  M  (fig.  12. 1.2),  and  T  is  the  tangent  plane  to  the  surface  at  point  M.  (Superscript  i's  are 
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dropped.)  The  surface  rotates  about  axis  j-j  with  angular  velocity  uf.  We  may  replace  the  sliding 
vector  uf  by  the  equivalent  vector  u‘ passing  through  point  M,  and  the  moment 

mf-RfXUf  (12.1. 16) 

Here  Ry  is  a  position  vector  drawn  from  point  M  to  an  arbitrary  point  N  on  the  j-j  axis;  thus 
Rf  ■  MN.  The  moment  m;  represents  the  velocity  of  point  M  in  translational  motion  which  is 
perpendicular  to  the  plane  formed  by  vectors  uyand  MN.  The  transfer  motion  of  surface  £.  with 
unit  normal  nf,  may  be  represented  as  a  resulting  motion  of  the  following  two  components:  ( 1 )  of 
translation  with  velocity  inland  (2)  of  rotation  about  axis  j'-j'  with  angular  velocity  Uj.  Axis 
j'-j'  is  drawn  through  point  M  parallel  to  j-j.  By  translation,  the  unit  normal  will  be  moved 
parallel  to  its  original  direction  being  translated  with  the  surface  and  the  surface  point  M.  Thus, 
while  surface  E  with  point  M  and  surface  unit  normal  nt  are  translated  with  velocity 

R^x  Uf  (12. 1.17) 

vector  does  not  change  its  original  direction.  The  direction  of  n;,  however,  will  be  changed 
because  of  the  rotation  about  axis  j'-j' . 

Figure  12.1.2  shows  two  positions  of  the  unit  vector,  n y  is  the  initial  position,  and  ty  is  the 
changed  position  after  rotation  about  axis  j'-j'  through  an  angle 

dt,=  u,dj  (12.1. 18) 

The  difference 

a}  -  nf  =  dn„  (12.1.19) 

represents  the  displacement  of  the  surface  unit  normal  by  rotation  about  axis  j'-j' .  Vector  dn„  is 
represented  by  the  equation 


:v> 


dn,r  =  d<t>j  x  nr=  (Uf  x  n,Wr 


(12.1.20) 


and 


(12.1.21) 


d*lr 

dt 


*f**f 


Equations  (12.1.14)  and  (12.1.21)  yield 

i,<2>  -  n}"  +  fa'2)  x  B/)  (12.1.22) 

where  u/'JI  »  u}"  -  w/21.  Equation  (12.1.22)  is  the  basic  equation  which  relates  the  velocities 
of  the  surface  unit  normals  for  mating  surfaces. 

12.2  Relations  of  Contact  Point  Acceleration  and  Surface  Unit 
Normal  Acceleration 

To  determine  relations  between  the  accelerations  of  contact  points,  we  may  differentiate  vector 
equation  (12.1.10).  By  using  expression  (2.3.7)  for  v<l2\  we  represent  equation  (12.1.10)  as 
follows: 

v,<2»  «  fa"  -  «/2')  x  rf  -  faxu}2))  +  v,"'  (12.2.1) 

After  differentiation  we  obtain 

i  (v<2>)  -  *}"  +  «/2>  X  v<2>  -  i  £  fa"  -  «/2>)  x  r,  -  (r,  X  «/2>)  +  v,"> 

=  fa"  -  w/21)  x  iy  +  fa"  -  «/2>)  x  if-  fax  u>/21)  + 

+  «/"XTr"> 

The  differentiation  of  equation  (12.2.1)  was  based  on  the  following  considerations: 

(1)  Vector  rj°  (t  =  1,2)  is  represented  in  a  movable  coordinate  system  and  therefore 

a<2>  =*,<"+  («/l2>  x  if)  +  fa"  x  v«")  -  fa"  x  v<2>) 

+  fa"  x  r/)  -  fa2)  x  (r, -  Ry)j  (12.2.2) 

where 

u"2)  =  u}"  -  w/2) 

|  (yr(i>)  =  fa"  x  v«'»)  +  a«"  (12.2.3) 

The  cross  product  u}"  x  v}"  may  be  interpreted  kinematically  which  is  similar  to  the  interpre¬ 
tation  of  the  cross  product  <i )fx  n f.  (See  eq.  (12.1.21)  and  explanations  related  with  fig.  12.1.2.) 

(2)  Since  Ry  is  a  vector  of  constant  direction  and  magnitude,  its  derivative  d/di  (Ry)  is  equal 
to  zero. 
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Let  lit  now  derive  the  expression  for  if. 

Vector  rf  is  the  position  vector  of  a  contact  point  at  which  two  tingle  points  of  two  surfaces 
coincide.  Thus, 


(12.2.4) 

The  differentiation  of  equation  (12. 2  4)  yields 

r;«  r/"  ■  r/3)  ■  v,*,  (12.2.5) 

By  using  equation  (12  1.5).  we  may  represent  if  in  terms  of  vectors  v,m  and  vj,"  and  obtain 
if  -  v,">  4-  vj,' '  -  V," >  +  («/"  x  rf'»)  (12.2.6) 

Equations  (12.2.2)  and  (12.2.6)  yield 

■«*  -  a,"'  +  (w/131  x  <")  +  («/,3>  +  «/'»)  x  v‘"j  -  («;»  x  r<3>) 

+  («/'►  x  r/")  -  [«/*'  x  <r,  -  I V)]  (12.2.7) 

Substituting  for  v,<J’  in  (12.2.7)  by 


v<JI  -  v<"  +  v/,}» 


we  get 


,<:> 


*  *,<"  +  2(w;,J'  x  v«")  +  («/'3>  x  v*,1') 
+  («/"  x  r/'»)  -  [w/Jl  x  (r,  -  Ity] 


-  (o>/3>  x  *«'») 


(12.2.8) 


Equation  (12.2.8)  is  the  basic  equation  which  relates  the  accelerations  of  contact  points  of  two 
mating  surfaces. 

Let  us  now  get  the  relation  between  n’31  and  nj1'.  The  differentiation  of  equation  (12.1.22)  yields 
^  ("r121)  =  «/3’  x  "r<3)  +  h/3)  =  w/3’  x  hrm  +  (w}'2)  x  n^j  +  n,'3’  (12.2.9) 

hr"'  +  («;13'  x  n,)  =  («/’>  x  n<")  +  n‘"  +  (u>}'2'  x  h,)  +  j  («/'>  -  w/3’)  x  n,j 
=  (w/"  x  nr(n)  +  nr<u  +  |wyi3)  x  [(«/"  x  +  hrmjj 
+  [(«/'*- 1^3’)  x  „,J 


(12.2.10) 
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Equations  (12.2.9)  and  (12.2.10)  yield 

,  *,">  +  2(w;,J>  x  h«'»)  +  u}"  (<*}»>.  n)  -U}'"(u}".n,) 

~  B/(W/IJ’)2  +  [  ~  “/**)  x  "/]  (12.2. II) 

Equation  ( 1 1 .2. 1 1 )  is  the  basic  equation  which  relates  the  accelerations  of  the  surface  unit  normals 
of  two  mating  surfaces. 

The  set  of  equations  (12.1. 10).  (12.1 .22),  (12.2.2),  and  (12.2.  II)  represent  the  basic  kinematic 
relations  for  two  mating  surfaces  of  spatial  gears. 


Chapter  13 


Relations  Between  Curvatures  of  Mating  Surfaces 


13.1  Relations  Between  Principal  Curvatures  and  Directions  for 
Mating  Surfaces 

Baafc  equations 

Consider  two  gear-tooth  surfaces  E,  and  E2  tha*  *re  represented  in  the  coordinate  system  Sf 
rigidly  connected  to  the  frame.  The  parameters  of  motion  of  both  gears  are  given,  and  P  is  the 
point  of  tangency  of  the  surfaces.  There  are  two  cases  of  tangency  of  gear-tooth  surfaces:  (1)  the 
surfaces  are  in  point  contact,  and  P  is  the  single  point  of  tangency  at  the  considered  instant;  and 
(2)  surfaces  Et  and  E2  are  in  line  contact,  and  P  is  just  a  point  of  the  instantaneous  line  of  contact. 
We  assume  that  at  point  P  the  principal  curvatures  and  directions  for  one  of  the  surfaces,  for  instance 
surface  E2,  are  given.  The  problem  is  to  determine  the  principal  curvatures  and  directions  of  the 
second  surface  E,  at  the  point  of  tangency  P,  without  knowing  the  equations  of  E(.  The  key  to 
the  solution  of  this  problem  is  the  relationship  between  the  principal  curvatures  and  directions  of 
mating  gear-tooth  surfaces.  (First  proposed  by  Litvin,  1969  and  then  developed  by  Litvin  and 
Gutman.  1981.) 

Consider  that  a  set  of  parameters 

Q  =  (13.11) 

satisfies  the  following  vector  equations  (subscript  /  is  dropped): 

r(1’(H|,0|,$|)  =  r<J'(«:,02'^2)  (r(V:>]  €  C1  (13.1.2) 

n‘>, .«„*,)  -  n ,7)(u2.92,<h)  (13.1.3) 

Here  r(,)  is  the  position  vector  of  the  point  of  contact  drawn  from  the  origin  of  the  coordinate 
system  Sf.  and  n(,)  is  the  surface  unit  normal,  represented  by 


U-  1,2) 


(13.1.4) 


a 


(0 


N»> 

|N('»| 


N<‘> 


*<'>  drll)  n 

- x - *  0 

du,  90, 


Parameters  u,  and  0,  art  the  surface  coordinates,  and  is  the  parameter  of  motion.  It  is  assumed 
that  the  function  $2(4i)  <  C2  is  given.  Usually,  (<£,)  is  a  linear  function.  Surfaces  E,  and  Lj 
are  in  tangency  at  point  P  since  equations  (13.1.2)  and  (13.1.3)  are  observed. 

In  the  neighborhood  of  point  P  the  following  equations  are  observed: 


r('W«„«,)  -  rm(«j,«2,^) 


D(I>(N|,0|,4|)  -  h<J,(«2.tf2.0j) 

— (n(,> •  v(l2))  -* 0  (i«l,2) 

dn  ' 

Let  us  note  that 


1 

f 

' 

B<‘>  •  m  n*'*  •  . 

(u(t)  -  x  r(l)  -  (r  x  «(2>) 

1 

f 

\  /  \  / 

(13.1.5) 

(13.1.6) 

(13.1.7) 


(13.1.8) 


is  the  equation  of  meshing.  (See  ch.  9.8.) 

It  has  been  proven  in  chapter  12.1  that  equations  (13. 1.5)  and  (13. 1.6)  yield  the  following  relations: 


v,<2>  mv0)  +  vti2» 


h‘2>  -  h<'>  +  («<'2>  x  n) 


(13.1.9) 

(13.1.10) 


Toderive  equation  (13.1.7),  we  differentiate  equation  (13.1.8)  considering  that  «(l>  *  constant. 
This  yields 

(«<■'. v<'J»)  +n«".  f(-ci(J'xr<l>) 


We  may  transform  equation  (13.1.11)  by  using  the  following  relations: 


+ 

(«<»  -  u(2))  x  r<n 

-  (R  x  w<2>) 

; 

=  0 


h">  =  hr<'»  +  (w<"  x  n) 
r (,>  =  v/'1  +  v,V’ 

«(2)  =  w(2>k2  =  u<nm2|l,.» 


where 


w,2> 

m2i  ($i)  =  ~ rn 

Mu' 


(13.1.11) 

(13.1.12) 

(13.1.13) 

(13.1.14) 


Here  is  the  rotation  angle  of  gear  1,  and  k;  is  the  unit  vector  of  the  axis  of  rotation  of  gear  2. 
The  differentiation  of  equation  (13.1.14)  gives 
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i  (**)  ««<•>£  [*,,(*,)]  k,  -  «“>£-  [«1.(*.)]^!kJ  -  (13. 1.19) 


«JI 


Equations  (13.1.11)  to  (13.1.15)  yield 


(■»'.*"»)  +  x  n)  Jk,  x  (r"»  -  R)j  j 

+  »«'».  J^«<l2>  x  (v,<°  +  »{/>)!  -  0  (i  -  1,2)  (13.1.16) 

The  triple  product  in  equation  (13.1.16)  is  transformed  at  follows: 


(«“'  x  n)  .*"»  -  (w('»  x  n)  .  (*<,"  -  *<?')  (13.1.17) 


Taking  into  account  that 


(««'»  x  ■)  .  (»”>  -  *<?>)  +  ^n.  |«m>  x  (v/‘>  +  *«»)  -  n.  J  («»>  x  r<?>) 

-  ( ua>  x  »£.")  j  -  »,“> .  x  n)  (i  -  1.2)  (13.1.18) 

the  final  expression  for  equation  (13.1.16)  is  given  by 
(*,<'>. v(l2>)  -  ^Tr<'> .  («"J>  x  n)^  +  n.  J (w(l>  x  »«>)  -  (««>  x 

-  («,,,)*m2'i**^k2x  (r(l>-R)j  *0  ((=  1,2)  (13.1.19) 

Equations  (13.1.9),  (13.1. 10),  and  (13.1.19)  are  the  basic  equations  which  we  will  use  to  derive 
the  desired  relations  between  the  principal  curvatures  and  directions  of  mating  surfaces. 

Basic  Linear  Equations 

We  may  transform  the  system  of  equations  (13.1.9),  (13.1.10),  and  (13.1.19)  into  a  system  of 
linear  equations  by  using  a  linear  vector  function  that  relates  vectors  v,(,)  and  h/'1.  (See  app.  C.) 

Considet  two  right-handed  trihedrons  50(e/.e*,n)  and  Ss(e,,e,,n)  (fig.  13.1.1).  The  common 
origin  of  the  trihedrons  coincides  with  the  contact  point  M.  the  n-axis  represents  the  direction  of 
the  surface  unit  normal,  and  e*  are  the  unit  vectors  of  the  principal  directions  of  surface  E,, 
e,  and  e,  represent  the  principal  directions  of  surface  Ej,  and  a  is  the  angle  formed  between  tf 
and  e,  (measured  clockwise  from  e,  to  e^and  counterclockwise  from  tfVo  e,).  Henceforth,  we  shall 
drop  the  subscript  r  in  notations  such  as  vr'°  and  h},}  and  designate  these  vectors  by  v and  h"1, 
respectively.  Expressing  v(,)  and  h"’  by  their  projections  on  the  trihedron  axes,  we  obtain 
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T<0  -  v}\  +  *  v'%  +  v^e*  (13.1.20) 

■ (,)  «  n}\  +  hi‘ >e*  *  k}%  +  n}\  (13.1.21) 


The  third  projection  of  vectors  v(<)  and  n{,)  is  equal  to  zero  because  these  vectors  lie  in  the  plane 
that  is  tangent  to  the  surfaces.  Projections  of  vectors  v<0  and  n(,)  are  related  by  the  Rodrigues 
formula.  (See  app.  C.)  Thus 


r  «<■>  i 

nf 

ii 

■  -V  O' 

rn 

.  0  -x*. 

V 

r  i 

ni 

© 

>? 

1 

•  v,<J>  ‘ 

stz 

w<2> 

L  J 

0  —  x,  _ 

.  . 

(13.1.22) 


(13.1.23) 


Here  and  x*  are  the  principal  curvatures  of  surface  Et,  and  x,  and  x,  are  the  principal 
curvatures  of  surface  E2.  We  designate  the  curvature  matrices  by 


[*.1  = 


-v  o  ‘ 
0  -«». 


(13.1.24) 


Matrices 


and 


[**,)  = 


cos  a  sin  a 
-sin  a  cos  a 


[£*)  = 


cos  a  —sin  a 
sin  a  cos  a 


(13.1.25) 


(13.1.26) 


represent  the  transformation  from  Sa(e/,e*)  to  Sh(.t„eq)  and  from  5(,(e„e,)  to  Sa(.ef,eh), 
respectively  (fig.  13.1.1). 


Equations  (13.1.9).  (13.1.10),  (13.1.19),  (13.1.22),  (13.1.23),  (13.1.23),  and  (13.1.26)  yield 
a  system  of  three  linear  equations 


an  v«*>  +  an  v«'»  -  al3  (/  -  1,2,3)  (13.1.27) 

in  two  unknowns  v,'"  and 

Since  equations  (13.1.27)  are  represented  in  unknowns  v,(l>  and  v4(l>  instead  of  unknowns  v}]) 
and  v*»».  we  are  able  to  obuin  a  symmetric  augmented  matrix  [A]  such  as 


Ml 


<>ti  a u  a |) 

a)2  flu  a2J 


(13.1.28) 


L  flIJ  a2J  °3J  J 


This  is  the  particular  advantage  of  such  a  presentation. 

Let  us  derive  matrix  (13.1.28).  The  matrix  representations  of  equations  (13.1.9)  and  (13.1.10) 
are  given  by 


va\  ■ 

m 

’  v,<"  ' 

+ 

-  Vj(l2)  - 

v(2> 

v«'»  , 

v<») 

♦  J  l  r1  J  L  Y1 


(13.1.29) 


'  n?'  ' 

r  n.">  ■ 

'  («®xn).*f- 

s *  • 

+ 

i(2) 

L  . 

L  j 

.  (w021  xa)*t, 

(13.1.30) 


Vectors  of  equations  (13. 1 .9)  and  (13. 1 . 10)  are  expressed  in  terms  of  their  projections  on  the  axes 
of  tlie  coordinate  system  5„(e,.e,). 

Equations  (13.1.23),  (13.1.24),  and  (13.1.30)  result  in 


t*2l 


-  Vj<2)  - 

r 1 

(ua2>  x  n)  ‘e,  ' 

3B 

+ 

v0» 

»  J 

L  J 

.  («(,2>  xn)>t, 

(13.1.31) 


Take  into  account  that 


r  i 

nr 

r  w" 1 

i<» 

L  ni  J 

=  (4,1 

j 

=(4)l*il 

/ 

,1(1) 

L  nh  J 

v<» 

=  14,  M.JI4) 


,<i> 


(13.1.32) 


Equations  (la. 1.31),  (13.1.32),  and  (13,1.29)  yield 


l*2J 


r  v<u  i 

yt 

r  v(,2)  1 

+  [*:1 

.  **»  j 

.,(!?> 

L  J 

=  1411*.  H41 


...» 


(w,,2)  x  n)  »e, 
L  (wM2>  xn)>*, 


(13.1.33) 
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The  following  equation  results  from  equation  (12.3.33): 


-  m] 


r  „<■> 


„<■» 


l*2l 


u<ui 


,(ii) 


(«(,2>  x  a)  •«, 
[  («<l2>  xi)«t, 


We  may  represent  equation  (13.1.34(a))  as  follows: 


4||  al2 

‘  v,«"  ■ 

’  0ij  ' 

m 

.  021  022  . 

L  vi  J 

.  023  . 

(13.1.34(a)) 


(13.1.34(b)) 


Matrix  equation  (13.1.34(b))  is  the  matrix  representation  of  a  system  of  two  linear  equations  in 
two  unknowns.  Here 


0||  <*I2 
<*21  <>22 


[4.][*|][^1  -  1*2) 


cos  a 

sin  a  ' 

S? 

o 

_ a 

cos  a  -sin  a  " 

-«•  °  i 

-sin  a 

cos  a 

O 

1 

£ 

i _ 

sin  o  cos  a 

— i 

«r 

* 

1 

o 

_ 1 

4|J 

*23  J 


(*:J 


r  i 


,(I2) 


(«»2>xn).e, 
(«(,2)  xd)>(( 


(13.1.35) 


(13.1.36) 


Let  us  now  transform  equation  (13.1. 19).  Taking  the  superscript  index  i  =  2,  we  represent  the 
scalar  products  in  this  equation  as  follows: 


n«'.T"2> 


r  „<•«  i T 

.  J 


i«>  i 


i<2> 


(13.1.37) 


-  Tr(2)  •  («,l2)  x  n)  =  vf<2,(n  x  «(IJ))  = 


(n  x  «,,2))  •  e, 


T 

■  v,t2>  ' 

.  v,,2)  . 

(13.1.38) 


The  superscript  T  indicates  a  transposed  matrix.  (See  app.  A.) 
Equations  (13.1.37)  and  (13.1.23)  yield  _ 


nj2)«  v(l2)  = 


„(I2) 


„('2> 


L  "1 


„<2> 


(13.1.39) 
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Transform  equations  (13.138)  and  (13.1.39)  by  substituting  matrix 


r  v(t> 

vi 

y(t) 

V1 


by  its  expression  (13.1.29).  Then  we  obtain 
,(ti>  ir 


i*2*  •  v*12*  i 


r,*11 .  («,,n  x  a) 


,<iit 


(*:1 
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,<»> 


(ATjl 


U(U> 


f  (a  x  «e, 

(a  x«<IJ,).e< 

(a  x  •*, 

(■  x«(,J,)*«,  J 


r 

L  W”  J 

•  r 

■  v(i»  ■ 

L  v«  J 

(■  x  u»<IJ,).eJ 

(■  x  J 

+  [nw,IJVIJ»] 


ir 


Equations  (13.1.19),  (13.1.40),  and  (13.1.41)  yield 


( 


„<IZ» 


l*zl  + 


(ax  ««*>).•. 


O  r  v<n  i 


,t I2>  T  T 


„(I2> 


(|X«"!').«, 

-  £a«<IJVJ,j  -  n«  [(«<"  x  v)2')  -  (u(2>  x  »”’)] 


l^'ymjVs  x  k2)j  *(r  -  R)j 


[*21 


This  equation  may  be  represented  by 


- 1 

T 

r  vu) 

vi 

.  «32  . 

V<H 

L  9 

=  “33 


Here 


'  «31  ' 

r 

r  v(,2)  i 

vt 

T  f  (nx  u)(l21)  .e, ' 

.  «32  . 

V(I2) 

1  vq  j 

IK2)  +  ( 

[  (nxw"2>).ej 

(13.1.40) 

„tU)  1 

rj 

„<«» 

rf 

(13.1.41) 

VII2,  - 

V(I2> 

vf 

(13.1.42) 

(13.1.43) 
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The  coefficient  a33  is  represented  by  the  right  side  of  equation  (13.1.42). 

The  final  expressions  for  the  coefficients  an,  aa,  and  a,3  (i  =  1,2,3)  of  equations  (13. 1.27)  (for 
the  elements  of  the  augmented  matrix  (13.1.28))  are  as  follows: 


«n  »  «,  -  gfcot*  0  -  <*  sin1  0  -  «, 

Uij  »  *J|  «  - —  till  20 

2 

«u  “«n  -  -  -  [«"«■«,] 


~ 

2  ”  2 


CO*  2  <7 


0jj  m  *f~  */** 1,2  *  “  ** co*1  »*«,- **  +  cot  lo  (13. 1.44) 

«M  "  <*11  -  -  Vi'*’  ~ 

0))  ■  -  [b«(,1>V(,1)] 

|  («'"  X  ▼<?>)  -  («ffl  x  x  «j)]  .(r 

Rctolioa*  Between  the  Surface  Curvatures 

Equations  (13.1.27)  represent  a  system  of  three  linear  equations  in  two  unknowns.  Since  the 
number  of  equations  is  not  equal  to  the  number  of  unknowns,  the  system  of  equations  (13. 1  27) 
may  possess  a  solution  if  certain  conditions  are  observed  (see  below).  We  will  discuss  these  conditions 
for  two  cases  of  surface  contact,  the  mating  surfaces  contacting  each  other  at  a  line  and  a  single 
point,  respectively. 

Consider  that  the  velocity  of  the  contact  point  in  its  motion  over  surface  E(  is  represented  by 

v,"*  =  v,(l|e,  +  Vf^Cf 

In  the  case  of  the  line  contact  of  mating  surfaces,  the  direction  of  v'1*  is  indefinite  (fig.  12.1.1(b)). 
This  yields  that  equation  system  (13.1 .27)  must  have  an  infinite  number  of  solutions  for  vf(,)  and 
v«> 

It  is  known  from  linear  algebra  that  a  system  of  linear  equations  in  two  unknowns  possesses 
an  infinite  number  of  solutions  if  the  rank  of  ‘he  augmented  matrix  and  the  system  matrix  is  equal 
to  one.  The  augmented  matrix  [A]  is  represented  by  expression  (13. 1 .28).  The  rank  of  [A]  is  equal 
to  one  if  all  determinants  of  the  second  order  that  are  formed  from  the  elements  of  [A]  are  zero. 
This  yields 
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_  an 
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Oil 
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023 

033 
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023 
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(13.1.45) 


Equations  (13.1.45)  provide  relations  that  may  be  represented  as  an  equality  of  the  following 
symmetric  matrices: 
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N» 

_ 1 

1 

al3 

a13°23 

a, 2  <*22  . 

033 

.  a!3°23 

a23  . 

(13.1.46) 


Determ of  ihese  matrices  are  equal  to  zero. 
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Proa  equation  (13.1.46)  we  get 


a  m^jy  *11*21 

“II  “  -  “|J  ■  Oj2  m  - 

*11  “Jl  “Jl 

(13.1.47) 

Equations  (13.1.44)  and  (12.1.47)  yield 

tan  la  - - - 

*22  ~  “u  +  *,  - 

(13.1.48) 

2“|j  a22  -  O),  +  «,  -  «, 

—  «*  m  — - ™ - 1 

tin  2e  cot  2e 

(13.1.49) 

«r  +  «*-*.+  «, -“it  “ “22 

(13.1.50) 

Substituting  in  equations  (13.1.48)  to  (13.1 .50)  coemcients  aM,  an,  and  a22.  which  are  given  by 
expressions  (13.1.47),  we  determine  the  desired  relations  between  the  principal  curvatures  and 
directions  of  the  two  mating  surfaces.  This  yields 

tan  la  - 

“21  ~  “|3  +  (*,  ~  *,  )“33 

(13.1.51) 

_  2“ij“:j  afj  -  af3  +  («,  -  *f)a,5 

aJ}  sin  2o  a3J  cos  2a 

(13.1.52) 

*y  +  x*  »  («,  +  xf )  —  *  fl23 

“n 

(13.1.53) 

Equations  (13.1.51)  to  (13.1.53)  express  the  principal  curvatures  Kf,  and  a  in  terms  of  the 

blown  principal  curvatures  «,  and  <c,  and  coefficients  a,3>  a23.  and  ajj,  that  depend  on  the  given 
principal  curvatures  (*,  and  «,)  and  the  parameters  of  motion.  (See  eq.  (13.1.4*).)  With  these 
equations  we  may  determine  the  principal  curvatures  and  directions  of  surface  although 

equations  of  this  surface  are  not  yet  developed. 

Let  us  now  consider  the  case  of  surfaces  that  are  in  point  contact.  This  case  is  typical  for  bevel 
and  hypoid  gears  with  localized  contact  of  tooth  surfaces.  The  velocity  of  the  point  of  contact  in 
its  motion  over  the  surface  has  a  definite  direction  (fig.  12. 1 .1(a)).  Thus  the  system  of  linear  equations 

(13. 1.27)  must  possess  a  unique  solution.  Since  the  rank  of  matrix  \A\.  represented  by  equation 

(13.1.28) ,  must  be  equal  to  two,  we  get 

“ll  “|2  “ll  | 

“l2  “22  “23  =0 

(13.1.54) 

“l3  “23  “3.3 


Thus,  there  is  only  one  equation 
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F(k„  Kq,  Kf,  Kh ,  a)  =  0 


(13.1.55) 


that  relate*  the  five  parameters.  Considering  *,  and  i,  as  given,  we  cannot  determine  */,  «*,  and 
•  uniquely.  This  means  that  we  can  synthesize  an  infinitely  large  number  of  the  mating  surfaces 
that  are  in  point  contact  if  one  of  the  surfaces  is  given. 


Modified  Linear  Equations 

Consider  that  principal  curvatures  and  of  surface  £,  are  given  and  and  a  must  be 

determined.  In  this  case  it  it  preferable  to  use  equations 

v}2)  +  ba  v*(J)  -  bl}  («  -  1 .2.3)  (13. 1 .56) 


instead  of  system  (13.1 .27).  The  coefficients  bti,  b,7,  and  6,j  are  elements  of  the  symmetric  matrix 
(0]  represented  by 


IB\ 


bit  feu  b |) 

^12  ^22  *2J 
*IJ  bli 


(13.1.57) 


The  system  of  equations  (13.1.56),  representing  equations  (13.1.9),  (13.1  10),  and  (13.1.19), 
are  derived  as  follows: 


r  v(,»  i 
vf 

r  i 

vf 

-  VU2>  - 

.vl". 

.  v*,2)  . 

.  V/J'2’  . 

(13.1.58) 


r  *'/"  i 

r  vr2)  i 

■  (/'xn).t/ 

— 

.  v*  J 

.  (w"J)  x  n).e*_ 

-  yl  I2|  - 

r  l 

f  r  (2)  i 

i  7  1 

-  vm> 

\ 

(n  x  «(,2))  •«/' 

r 

-  vm  - 

l^ll  j 

— 

+ 

.  Vi"  . 

^1  v^j 

.  v*"2>._ 

.  (n  x  «<l2))  »e* 

-  [nM,,2V,2>]  +  n.  [(w,n  x  v«r2>)  -  (w,2>  x  vj,")] 

+  (u">)2m2ln»[k2x  (r,n  -  R)j  =0  (13.1.60) 


Equation  (13.1.60)  was  derived  from  equation  (13.1.19)  by  taking  i  =  1  in  the  expressions  for 
hr(0  and  v/'*. 

Equations  (13.1.58)  and  (13.1.59),  after  elimination  of  vy(,)  and  v* 1 1 ,  yield  the  following  two 
linear  equati  *  in  unknowns  vy<2)  and  vj21: 
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j»r 

K> 
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rs 

V' 
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-C> 
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tj 

l 

rt 

''-e 

_ 1 

.  *23  J 

269 


*11  *12 
.  *12  *22  . 


IAT.J  -  [AJMrjlU*.] 


(13.1.62) 


*u 

.  *23  . 


(nxw"1*).*/ 

(>  X  . 


+  {*,] 


v/'J> 

vm» 


(13.1.63) 


Equation  (13.1.60)  yield*  the  third  linear  equation 

*.>v/m+*Mv»,J»«*»  (13.1.64) 

Here 


*M  -  -  [(«(,)  X  v£>)  -  («<J|  x  ¥£.")]  +  (W(,,)J  m2',( n  x  kj)*^'"  -  K) 


[ti«mV»] 


,<I2>  If 


V*' 


<121 


r  u<i2>  i 


L 


(12) 


(13.1.65) 


In  the  case  of  line  contact  of  surfaces,  the  elements  of  matrix  (13.1.57)  are  related  by  equations 
which  are  similar  to  equations  (13.1.45)  and  (13.1.46).  These  relations  may  be  represented  by 
the  following  matrix  equation: 


*11  *12 

1 

'  *?  3 

*13*23 

.  *12  *22  . 

^  *33 

.  *13*23 

*23  . 

(13.1.66) 


Matrices  (13.1.66)  are  symmetric  and  their  determinants  are  equal  to  zero. 

Derivations  similar  to  those  discussed  above  yield  the  following  relations  between  the  principal 
curvatures  and  directions  of  the  two  mating  surfaces: 


tan  2  a 


_ 2*13*33 _ 

*i )  ~  *13  ~  (*/  ~  **)*33 


(13.1.67) 


*«  * 


2*13*33 
633  sin  2a 


*23  -  *13  -  (*/-  fc*)*33 

633  cos  2 a 


(13.1.68) 


**  +  «>=*/  +  *A 


*?  3 


+  6? 


23 


»33 


(13.1.69) 


Equations  (13.1 .67)  to  (13. 1 .69)  determine  the  principal  curvatures  *,  and  <r?  and  the  principal 
directions  of  surface  Ej  in  terms  of  the  principal  curvatures  Kf,  x*  of  surface  Et  and  the  parameters 
of  motion. 
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la  the  case  of  point  contact,  there  is  only  one  relation  represented  by  the  equation 

“  0  (13.1.70) 


which  is  provided  by  the  requirement 


^ii  bti 
hi  hi 
hi  hi 


(13.1.71) 


Example  Problem  13.1.1.  Consider  that  a  rack  generates  a  helical  gear  (examples  9.8.1  and  9.3. 1). 
Derive  equations  of  the  principal  curvatures  *,  and  «,  and  principal  directions  of  surface  £2  of 
the  helical  gear.  For  the  solution,  use  equations  (13. 1 .67)  to  (13. 1 .69)  and  consider  the  following 
as  given:  (1)  the  principal  curvatures  and  directions  of  surface  E,,  (2)  the  surface  of  action,  (3) 
the  unit  normal  to  surface  E|,  (4)  the  location  of  a  contact  point  on  the  surface  of  action,  and  (5) 
parameters  of  motion  v<IJI,  vj,1’,  v}/',  u»(l\  and  u(2). 


Solution.  The  surface  of  action  was  represented  by  equations  (9.8.61)  as  follows  (the  subscript 
/is  dropped): 

x  *  u  cot y  a>  m  sin  +  f  sin  /3  +  rd  z  =  f  cos  0 


(13.1.72) 


cos  dlsin  ^,(rp  +  t  sin  0)  +  u)  «  0  J 

Consider  that  the  family  of  surfaces  E(  is  represented  in  the  coordinate  systev  jyby  the  equation 

r(u,f,d)  €  C:  (u,t)  €  £  a  <  <t>  <  b  r,xr,^0 

Here  u  and  (  are  the  surface  coordinates  and  <t>  is  the  parameter  of  motion.  The  unit  normal  to 
E)  may  be  determined  by 


_N 

1N| 


N  =  r,  x  r( 


(13.1.73) 


After  certain  transformations,  we  get 

N,  =  sin  cos  0  Ny  =  —  cos  cos  0  N.~  cos  sin  0  (13.1 .74) 

We  use  the  following  relations  between  the  gearing  parameters  (example  9.3.1): 

tan 


tan  = 


cos  0 


(13.1.75) 


cos  <l>,  =  cos 


cos  0  tan  0O 
cos  0O  tan  0 


(13.1.76) 


sin  = 


sin 

cos  0O 


(13.1.77) 
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Here  i,  ii  the  pressure  angle  in  the  cross  section,  4,  is  the  pressure  angle  in  the  normal  section 
(fig.  9.3.3),  0  ts  the  angle  formed  between  the  gear  axis  and  the  tangent  to  the  helix  on  the  pitch 
cylinder,  and  do  is  the  angle  formed  between  the  gear  axis  and  the  tangent  to  the  helix  on  the  base 
cylinder. 

The  derivation  of  equations  (13.1.76)  to  (13.1.77)  is  based  on  the  following  considerations r 
Sup  l.— Let 


H  H 

—  “  cot  0  - - -  cot  /So  r0m  r  cot  4>, 

2  sr  2tfo 

where  r  and  r0  are  the  radii  of  the  pitch  and  base  cylinders  and  H  is  the  lead  of  the  helices.  These 
equations  yield 


cos  4, 


tan  /Sp 
tan  3 


0) 


Thus,  one  of  equations  (13.1.76)  is  confirmed. 

Sup  2.— Using  equations  (13.1.73)  and  (i),  we  get 

1  ,  ,  tan2  4.  1  +  tan2  4»  -  sin2  /S  I  tan2  0 

— r —  -  1  +  tan2  4,  -  1  + - —  - ^ - -  — 5 —  »  — ; — 

cos2  4i  cos2  0  cos2  0  cos2  4i  tan2  0o 

The  equation 


tan2  0  1  +  tan2  4*  -  sin2  0 

tan2  0o  cos2  0 


yields 


cos  4, 


sin  0O 
sin  0 


(«i) 


Then  using  equations  (ii),  (13.1.73),  and  (13.1.76),  we  obtain 

sin  0O  tan  4,  sin  0O  sin  4i 


sin  4>n  =  cm}n  tan  4, 


tan  0 


tan  0  cos  4< 


=  sin  4/,  cos  0o 


Thus 


sin  4,  ■■ 


sin  4>* 
cos  00 


(iii) 


and  equation  (13.1.77)  is  confirmed. 

(3)  Equations  (iii),  and  (13.1.75)  yield 


cos  i P, 


sin  4, 
tan  V \ 


cos  0O  sin  4',  sin  cos  0  ,  cos  0 

- = - =  cos  4>„ - 

cos  0O  tan  4,  cos  0O  tan  4*  cos  0O 


Thus  the  second  one  of  equations  (13.1.76)  is  confirmed. 


(iv) 
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We  may  now  derive  equations  of  (he  surface  unit  normal  by  using  equations  (1 3. 1.74)  to  (1 3. 1.77) 
as  follows: 


n,  ■  sin  cos  /So  ny  «■  -  cos  cos  do  n,  »  sin  do  (13.1 .78) 

We  will  also  need  the  equations  for  vj,11  v,12',  v<l2!,  and  «<l2’,  which  are  represented  in  the 
coordinate  system  iy  (fig.  9.3.2).  Since  *0,  we  have 

w('2)  _  wdi  _  w«»  .  _  ukf  (13.1.79) 

where  u)  ■  w(2\  (The  motion  of  the  rack  is  translation.)  The  rack  translates  parallel  to  the  yy-axis 
(fig.  9.3.2),  and 

(13.1.80) 

The  gear  routes  about  0:  and 

Sr*2*  m  U  X  r'"  +  OjOj  x  w 


V  j/ 

«r  J/kf 

0  0  (a 

+ 

-r  0  0 

=  (X  +  r)ifi 

(13.1.81) 

x  y  z 

0  0  (a 

The  velocity  of  sliding  is  given  by 

v(,2>  =  _  r<2>  _  (13. 1 .82) 

Here  x,  y,  and  z  are  the  coordinates  of  the  contact  point  represented  by  equations  (13.1.2). 

Now,  let  the  trihedron  Sa(e/.e/1.n)  be  set  up  such  that  tf  and  e*  (fig.  13.1.1)  represent  the 
principal  directions  of  surface  E,.  Since  E,  is  a  plane,  its  principal  directions  and  are  zero, 
and  any  pair  of  two  perpendicular  lines  on  the  plane  E,  may  be  chosen  as  principal  directions. 
It  is  preferable  to  choose,  for  the  principal  direction  of  the  rack,  the  line  of  contact  of  surface 
E,  and  E2-  The  line  of  contact  on  surface  E,(7*)  may  be  determined  by  equations  (13.1.72)  with 
0  =  constant.  Differentiating  the  fourth  equation  of  equation  system  (13.1.72),  we  derive  the 
following  relation  between  the  derivatives  duldi  and  dlldt 


sin  sin  0dt  +  du  =  0  (13.1.83) 

The  tangent  to  the  contact  line  is  given  by 

_  (  .  .  cos2  ,  cot  d  .  \ 

T  =  (  cos  tp, if - ; — ~if  — ; — -  kf ) du  (13.1.84) 

\  sm  sin  \p,  / 

The  unit  vector  tf  is  given  by 

T  1 

*/  =  —  =  7 = .  — —  (cos  sin  -  cos2  ^,\f  -  cot  /%)  ( 1 3. 1 . 85) 

IT  I  ^cos2  +  cot2  d  ' 


Equations  (13.1.85)  and  (13.1.76)  yield 

tf=  sin  4>,  sin  f)0i  f- cos  sin  doj/  ~  cos  dofy  (13.1.86) 
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The  unit  vector  e»  it  determined  by  the  equation 


tin  i,  cot  do  -cot  cot  /Sq  tin  /Sq 
tin  tin  /Sq  -cot  i,  tin  &  -cot  ft, 


cot  4i,lf  +  tin  (13.1.87) 


The  sought  for  principal  curvatures  and  directions  of  surface  L2  are  determined  by  equations 
(13.1.67)  to  (13.1.69),  for  which  coefficients  b]y,  bJ},  and  byy  ire  represented  by  equations 
(13.1.63)  and  (13.1.63).  Considering  that  \K\)  -  0  (Et  is  a  plane)  and  m 2,  -  0,  because  m2)  it 
constant,  we  get 


*,3 

«  -  0 

(13.1.88) 

*33-1 

■*  <ii  cos  (So 

(13.1.89) 
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•*» 

r  (cj'"  x  vi2’ 

)  -  (u<h  x  vj,11' 

)1  +  n*  (u"J)  x  v,l2)) 

’  I  \  / 

L  ' 

'  V  t 

J 

“■•[( 

x  vfj  - 

-  (w‘J»  X  v"J»)  j 

-  n»  (w,2)  x  v<2>) 

*  -  cos  [(*  +  r)  sin  -  y  cos  (13.1 .90) 


Substituting  in  equation  (13.1.90)  the  expressions  (13.1.72)  for  x  and  y  we  get 


fr,j  *  -  u2  cos  0o  (  r  sin  )  (13.1.91) 

\  tan  +,/ 


Equations  (13.1.67)  to  (13.1.69),  (13.1.88),  (13.1.89),  and  (13.1.91)  yield 


a  =  0  *i=0 


cos  /30 

r  sin  +  u  cot 


(13.1.92) 


From  equations  (13. 1 .92).  we  find  that  one  of  the  principal  directions  of  a  helical  gear  coincides 
with  the  line  of  contact,  and  the  principal  curvature  along  this  direction  is  equal  to  zero.  The  negative 
sign  of  Kq  indicates  that  the  radius  of  curvature  is  directed  opposite  to  that  of  the  normal  to  the  rack. 

An  alternative  way  for  the  determination  of  the  principal  curvatures  and  directions  of  a  helical 
gear  is  based  on  the  application  of  equations  of  the  gear-tooth  surface  (it  is  a  screw  involute  surface). 
The  reason  the  method  discussed  in  chapter  13.1  is  applied  in  this  example  is  to  illustrate  the  power 
of  this  method.  The  advantage  of  the  method  is  the  fact  that  it  is  especially  effective  for  the  cases 
when  the  surface  of  the  generated  gear  is  described  by  complicated  equations  (with  three  surface 
coordinates  related  by  the  equation  of  meshing).  This  is  typical  for  surfaces  of  bevel  gears,  hypoid 
gears,  and  worm  gears. 


- 


13.2  Contact  Point  Path  as  a  Local  Geodetic  Curve 

Introduction 

Consider  two  gear-tooth  surfaces  that  are  in  point  contact.  The  contact  point  path— the  working 
line  of  the  surface— must  be  along  a  definite  direction.  Figure  13.2.1(a)  shows  a  contact-point  path 
that  has  the  prescribed  direction  at  the  main  contact  point  P  (at  the  pitch  point),  but  deviates  from 
this  direction  at  other  contact  points.  We  may  avoid  such  deviations,  or  at  least  reduce  their 
occurrence  if  the  contact  point  path  is  a  locally  geodetic  curve  at  P  (fig.  13.2.1(b)).  This  means 
that  the  projection  of  the  contact  point  path  on  the  tangent  plane  is  locally  a  straight  line.  The  above 
condition  may  be  observed  by  definite  relations  between  the  principal  curvatures  and  directions 
of  mating  surfaces  (proposed  by  Litvin  and  Gutman.  1981).  We  may  determine  such  relations  from 
conditions  that  the  geodetic  curvature  of  the  contact-point  path  is  equal  to  zero  at  P. 

The  geodetic  curvature  of  a  curve  on  surface  L,  is  equal  to  zero  (ch.  10.7)  if 

«;*»  «  [•f('VV°]  *  0  (t  -  1.2)  (13.2.1) 

where  vr(,)  and  a,'0  are  the  velocity  and  acceleration,  respectively,  of  a  point  that  moves  along 
the  curve,  and  n01  is  the  unit  surface  normal. 

Basic  Equations 

Consider  the  contact-point  path  on  surface  L2  (i  =  2).  We  apply  the  kinematic  relations  given 
by  the  following  equations  (ch.  12) 


vm  _  Vr('»  +  v<'2»  (13.2.2) 

nr(J'  =  hr<"  +  «"J>xn">  (13.2.3) 

a,*2*  =ar">  +c  (13.2.4) 

For  ««»  =  constant,  c  is  represented  by  (eq.  (12.2.8)) 

c  =  ^2a>,i:’  x  vr(,) )  +  (a11-1  x  -  (u,2)  x  v,,2>)  -  [ci'2’  x  (r"‘  -  R)j  (13.2.5) 

nr<2)  =  nr(l!  +  d  (13.2.6) 

where  w‘"  =  constant  and  d  is  represented  as  follows: 

d  =  ^2w"2'  x  h'")  +  «<n(w(l2,«ii^  -  w<l2'(w,2>»n^  -  n(u),l2V  -  («,2)  x  n)  (13.2.7) 

(See  eq.  (12.2.1 1).)  The  subscript /in  the  above  equations  is  dropped.  To  simplify  the  following 
expressions,  we  apply  the  notations: 


la) 


<bt 


Figure  13.2.1. 
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Differentiating  equations  (13.1.22)  and  (13.1.23),  we  get 


r  ;<■> 
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•on 
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+  (*,] 


r  uni 
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L  "« 
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.(J) 


„<2> 


(13.2.8) 


(13.2.9) 


We  substitute  the  contacting  surfaces  by  two  paraboloids.  This  substitution  is  equivalent  to  the 
representation  of  surfaces  with  elements  up  to  the  third  order.  With  such  limitations  we  take 
(XJ-O  where/  -  1,2. 

Existence  of  a  Locally  Geodetic  Curve  on  Surface  Ej 

The  contact-point  path  on  surface  Ej  it  a  local  geodetic  curve  at  the  pitch  point  P,  if  at  point 
P  the  following  equation  is  observed 

[vf<:)nar<2)]  -  0  (13.2.10) 

It  will  be  proven  that  this  equation  provides  a  linear  equation  in  unknowns  vj2)  and  vi2)  given  by 

bt}v}2)  +  bi2vl2)  =  b„  (13.2.11) 

where 

v,<J>»  v»(2>l*  (13.2.12) 

Equation  (13.2. 1 1)  and  the  system  of  equations  (13. 1 .36)  represent  relations  between  the  principal 
curvatures  and  directions  of  two  mating  surfaces. 

The  procedure  for  the  derivation  of  equation  (13.2.11)  is  as  follows: 

Step  /.—We  derive  linear  equations  in  unknowns  a}2)  and  a, {2).  To  do  this  we  first  represent 
equations  (13.2.4)  and  (13.2.6)  as  follows: 


a}"  • 

'  c/~ 

.  ch . 

V"  • 

-  ^r  - 

"  d/' 

niU  . 

2  (2) 

L  nh  J 

(13.2.13) 


(13.2.14) 


From  equations  (13.2.8),  (13.2.9),  and  (13.2.14),  we  get 

l*.J 
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(2) 


dh 


(13.2.15) 
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Substituting  expressions  (13.2.13)  for  a{fX)  and  a**1*  in  expression  (13.2.15),  we  obtain  the  desired 
system  of  two  linear  equations  in  two  unknowns,  aj,2)  and  a*2* 


[&] 


■  «.«>  • 

m  — 

'4 

+  1*,] 

'  cf' 

*? 

.  **<J) . 

.  V 

.  <>k  . 

.  “*  . 

(13.2.16) 


Hete 


m  -  [at,]  -  Mjyw*.! 

is  a  symmetrical  matrix; 


'“'1 
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+  l*.J 

'  cf' 

mm  _ 

df  +  *fC f 

L  “*  j 

.dh. 

.  ck  . 

.  dh  +  . 

(13.2.17) 


(13.2.18) 


Step  2.—  We  transform  equation  system  (13.1.61).  consisting  of  two  equations  in  the  unknowns 
v^2)  and  vjp>,  as  follows: 
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r  ,«>  l 

1 

N 

V 
_ 1 

(n  x  w(l2>)  -ef 


&IJ 

'  m! 

J  L  vs(,2»  J 

.  mk  . 

(13.2.19) 


Here,  m  is  the  notation  of  a  vector  represented  by 

m  -  ntftf  +  m*e*  =  i)3e/  + 
Step  3.— Let  us  prove  that  equation  (13.2.10)  yields 


’  v/2> 

T 

'  0  -1  ' 

1 - 

CM 

“S' 

1 _ 

.  v*<2'  . 

.  1  0 

L  *i7t  J 

(13.2.20) 


The  proof  is  based  on  the  following  considerations: 

(1)  Equation  (13.2.10)  may  be  represented  in  matrix  form  as 

[v,(!lna,|J|]  =  [vr(2,]r{n]'  [ar(2)]  =0 


Here  superscripts  T and  s  designate  a  transposed  and  skew-symmetric  matrix,  respectively  (app.  A). 
Equation  (13.2.10)  is  satisfied  because  vectors  n  and  a'2)  are  collinear,  that  is,  aj2’  =  Xn. 

(2)  We  may  represent  vectors  v<2),  n,  and  aj2)  by  the  following  column  matrices. 


■  v/2>  - 

< 

•%  m*. 
N 

II 

v<2> 

n  = 

*r<2>  = 

L  o  . 

L  . 

Here  ef,  eh.  and  e„  are  the  unit  vectors  of  the  trihedron  Sa  (fig.  13.1.1),  and  vector  vj2)  lies  in 
the  tangent  plane  formed  by  tf  and  e*. 


27* 


(13.2.23) 
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.  012 
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.  1  0 

.  012 

022  . 

->0. 

where 


^  "  01  1022  ~  0?2 

From  equations  (13.2.21),  (13.2.22),  and  (13.2.23)  we  obtain 


- » 

T 

© 

=  X 

Kl 

T 
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t _ 

-  mh  . 

L  i  o  J 

.  “*  . 

L  *l2)  J 

L  i  o  J 

(13.2.24) 


and  we  may  indeed  use  equation  (13.2.21)  instead  of  (13.2.20).  Equations  (13.2.19)  and  (13.2.21) 
yield 


-Ut/rtf  +  Ufmh  =  -ufa  i  +  Ufb2J  =  0  (13.2.25) 

Substituting  and  uh  into  equation  (13.2.25)  by  their  expressions  in  equation  (13.2.18),  we 
obtain 


(<f*  +  (<f/+  «/<y)f>23  =  ®  (13.2.26) 

Step  5.—  We  transform  equations  (13.2.26)  to  derive  the  desired  linear  equation  (13.2.11)  in 
unknowns  v}2)  and  v*(2).  Rearranging  equations  (13.2.5)  and  (13.2.7),  we  may  represent  them  as 
follows: 


(2«(,»  x  vr<»)  +  («<12>  x  v<;>)  -  («<2>  x  v<12>)  -  [,«2»  x  (r<’»  -  r)  J 
=  ^2«(,2)  x  (y}2)  -  v(12,^J  +  («<12)  X  -  (u(2)  x  v(l2)^ 

-  x  (r<'>  -  R)  J  =  (2«<l2>  x  v<,2>)  -  («<'>  x  v(,2))  +  (w(,2>  x  v<?>) 

-  jw™  x  (r(1»  -  R)  j  =  (2w(,2)  x  vr<2>)  +  t 


(13.2.27) 


where 


t  =  x  v(12)^  +  ^o>(l2)  x  vj2,J  —  u(2}  x  ^r(l>  -  r) 

d  =  (2w"2>  x  hr(l>)  +  w(l>(w<,2>.n)  -  «(,2,(w<2>.n)  -  n(u‘,2>)2 
-(w<2>xn)  =2w(12)x  |"nr<2>  -  («(12,xn)l  +  w0) (uil2) •  aj 


(13.2.28) 


X 


h 


-«<l2>(w(2)«n)  -  n^w021)2  -  (d>!2)  xnj  =  (2u02)  x  nrl2))  +  p 


(13.2.29) 
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Here 


The  vector  product  in  equation  (13.2.29)  is  represented  by 


«<■»  x  h}2' 


-«;,2> 


--i12*  ^<l2> 


_<JI2>  ^<12» 


-k,v}2'  -  m/ 
-**v*<2)  -  m* 


(«<l2)*n)(**v*  +  bij) 
-(w(12)»n )(a/v/(2)  +  fc,3) 


(13.2.35) 


where  «<l2)*n  =  my  =  frt3.  and  m*  =  b23.  (See  eq.  (13.2.19).) 

Considering  the  first  two  projections  of  vectors  only,  we  represent  equation  (13.2.29)  in  matrix 
form  as 


df  '  I"  2of (k^2’  +  b2j)  +  pf 
dh  .  L  —  2a(*yVy(2)  +  f>i3)  +  P*  . 


(13.2.36) 


Step  6.— We  can  now  derive  the  desired  linear  equation  (13.2.11)  in  unknowns  vj2)  and  v^(2). 
Substituting  in  equation  (13.2.26)  the  expressions  dj,  dh,  cf,  and  ch  of  (13.2.36)  and  (13.2.32), 
we  get 


f>\jv}2)  -  fc23v*<2)  =  bn 

Here,  coefficients  bti  and  b2 3  are  represented  by  equation  (13.1.63)  and 


b43  - - (b2) 

*k  ~  Kf\ 


+  bh  +  ‘ 


(13.2.37) 


(13.2.38) 


Equation  (13.2.37)  provides  conditions  for  the  existence  of  a  locally  geodetic  curve  on  surface 
Ej.  This  equation  with  the  system  of  equations  (13.1.56)  relate  the  principle  curvatures  and 
directions  of  two  mating  surfaces  in  the  case  when  the  contact  point  paJi  is  a  locally  geodetic  curve 
(a  geodetic  curve  in  the  neighborhood  of  the  considered  contact  point).  One  additional  linear  equation 
in  unknowns  vj2)  and  v£2)  is  represented  by 


bs\v}2)  +  b52vA(2)  =  0 


(13.2.39) 


This  equation  determines  the  direction  of  the  tangent  to  the  contact  point  path.  Consider  that 
the  tangent  must  form  the  prescribed  angle  p  with  the  unit  vector  e*.  This  condition  yields 


v^-;rtanM 


(13.2.40) 
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Equations  (13.1.56),  (13.2.37),  and  (13.2.39)  represent  the  following  system  of  five  equations 
in  two  unknowns  v}2)  and  vA(21: 

V/J)  +  *av»<2>  -  bn  (i  *  1,2.3, 4, 5)  (13.2.41) 

Coefficients  bjX  (j  =  1,2,3)  have  been  represented  by  equations  (13.1.62)  and  (13.1.63); 
641  *  63,,  642  =  -6a,  and  the  coefficient  643  was  given  by  equation  (13.2.38).  If  we  take  bSi  =  1, 
then  652  *  -tan  p. 

It  is  known  from  linear  algebra  that  the  system  of  equations  (13.2.41)  possesses  a  unique  solution 
if  the  system  matrix  and  the  augmented  matrix  represented  by 


- 1 

_$r 

KJ 

*11  b|2  bu 

*12  622 

*12  622  623 

*13  *23 

*13  *23  *33 

*13  -ha 

*13  ~*23  *43 

1  -tan  n  , 

1  -tan  n  0 

(13.2.42) 


are  of  equal  rank  r  -  2. 

Considering  the  system  matrix,  we  find  that  the  rank  r  is  indeed  equal  to  two  since 


A  ™ 


*tt  *12 

6,2  622 


*  0 


(13.2.43) 


We  have  to  remember  that  A  =  0  if  the  surfaces  are  in  line-contact.  (See  eq.  (13.1.62).)  We 
are  considering  the  case  of  point  contact  of  surfaces,  therefore  A  ^  0.  The  augmented  matrix  is 
of  rank  r  =  2  if  all  six  determinants  of  the  third  order  are  equal  to  zero.  This  condition  yields 
the  three  following  independent  equations: 


1 

-O 

p« 

-ft" 

*11  *12  *13 

*11  *12  *13 

’12  *22  623 

=  0 

*12  *22  *23 

=  0 

*12  *22  *23 

'13  *23  *33  j 

*13  —  *23  *43  . 

i 

1  —tan  n  0 

(13.2.44) 


Three  equations  (13.2.44)  yield  three  relations  between  four  principal  curvatures  of  mating  surfaces 
and  the  angle  a,  formed  between  the  unit  vectors  e^and  t,  (fig.  13. 1.1),  as  follows: 

Fi(Kf,Kh,Kt,Kh,a)=Q  (1  =1,2,3)  (13.2.45) 


Existence  of  a  Locally  Geodetic  Curve  on  Surface  It 

Similarly,  we  may  investigate  the  existence  of  a  local  geodetic  curve  on  surface  E,  by  using 
the  equation 


=  0 


(13.2.46) 
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(13.2.47) 
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where  vector  m*  U 


»•  - 


"A  +  "*<*,  *  +  «2J«« 


Step  J.— We  prove  that  equation  (13.2.46)  is  equivalent  to  the  equation 

[m*nu*]  -  0  (13.2.34) 

which  yields 

+  U/J23  =  0  (13.2.55) 

(See  the  similar  transformations  for  eq.  (13.2.25).) 

Substituting  in  equation  (13.2.55)  u*  and  u’  for  their  expressions  (13.2.51),  we  get 

(dn  +  V,)  flu  -  ( d ,  +  «A)  =  0  (13.2.56) 

Step  4.— We  represent  equation  (13.2.5)  as 

c  -  (2«<12>  x  v<»)  +t*=  2a(-v‘'>e,  +  v<%) 

+  2(<-,"3>v<"  -  w«'2>v,<”)n  +  />,  +  r>f  +  rX  (13.2.57) 

Here  e,,  ef,  and  n  are  the  unit  vectors  of  the  coordinate  system  S»  (fig.  13. 1 . 1),  a  =*  «<l2)  •  n, 

and 


t*  *  («(l2>  x  v<,»)  -  («*>  x  v<l2>)  -  |ri«>  x  (r<»  -  r)  J 

Equation  (13.2.57)  yields 

c,  =  —  2av^ 1 1  +  t*  c,  =  2av,<l)  +  t‘ 


(13.2.58) 


(13.2.59) 


Step  5.— We  transform  equation  (13.2.7).  We  begin  with  the  transformation  of  hr(l)  and  use 
equations  (13.2.52)  and  (13.2.53) 


n<»  = 


r  n,“> 


r  «(•> 


=  (f*J 
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ID 


„<l) 


,(t> 


L  v*  J 


r  u<i>  i 


=  [iG.]  + 1^]) 


'  *13  ' 

r  v(,)  1 

vs 

'  0|3 

— 

.  OZ3  . 

+  [AT2J 

v<n 

L  v<t  J 

= 

-  X  v(,) 
*ri  J 

(13.2.60) 
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Equations  (13.2.60)  and  (13.2.7)  yield 

d,  -  2a(-fla  +  V'«")  +/>,*  d,  *  2a(a,3  -  +  />J  (13.2.61) 

Here  a  -  «<l2)  •  n, 

p*  ■  pjt,  +  pfa  ■  w(,,^«<l2)  •  n)  -  «<t2>^«(2> •  n)  -  n(<i><l2))J  -  (uQ)  x  n)  (13.2.62) 

Step  6.— We  may  now  derive  the  desired  linear  equation  in  unknowns  vt(l)  and  v^1’.  Substituting 
c„  cv  d„  and  dq  for  their  expressions  (13.2.59)  and  (13.2.61),  respectively,  in  equation  (13.2.56) 
we  get 

<J|3*'i1)  -  fl23‘',(I)  “  <Ui  (13.2.63) 

Here 


04,  *  — a{ 3  +  ah  +  ?h}-lkn  +  (,3.2.64) 

*» "  *»\  2a  / 

We  may  now  determine  relations  between  the  principal  curvatures  and  directions  of  two  mating 
surfaces  which  provide  the  existence  of  a  locally  geodetic  curve  on  surface  D,.  We  consider  the 
following  system  of  linear  equations: 

al!v»l>  +  <*I2^I>  »  0|3  “  +  a22v4 ‘ *  “  *23 

«I3*',(I>  +  *23*4 “  =  *33  a, jV,(,)  -  a av<l)  =  a4J  (13.2.65) 

v,11’  +  *  0 


The  fifth  equation  of  system  (13.2.65)  satisfies  the  condition  that  the  tangent  to  the  contact-point 
path  forms,  with  the  unit  vector  e?,  (fig.  (13.1.1))  the  prescribed  angle  p*.  Here  tan  p”  =  -a52 
and  angles  p  and  p"  are  related  because  vectors  of  tangents  vr(l>  and  vr(2)  are  related  by  equation 
(13.1.9). 

We  investigate  the  simultaneous  existence  of  equations  (13.2.65)  and  the  existence  of  a  unique 
solution  of  these  equations  similar  to  the  way  it  was  done  for  the  system  (13.2.41).  This  results 
in  the  conditions  of  existence  of  the  three  following  independent  equations: 
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an 

an 

*n 

an 

an 

an 

al2 

an 

*12 

*22 

an 
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a\2 

an 

an 

=  0 

0)2 

an 

an 

*n 

an 

an 

an 

-a23 

an 

1 

-tan  p* 

0 

Equations  (13.2.66)  yield  the  three  following  equations: 

\l/i(nfiKh,K„Kq,o)  =  0  (t  =  1,2,3)  (13.2.67) 

Total  Number  of  Relations 

Consider  that  locally  geodetic  curves  are  provided  on  both  surfaces  E,  and  E2.  This  is  possible 
if  both  systems  of  equations,  (13.2.65)  and  (13.2.67),  are  satisfied.  However,  the  above  systems 
provide  only  four  independent  equations  since  the  coefficients  of  equations  are  related.  The 
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requirement  of  the  dimension  of  the  contacting  ellipse  (sec.  13.4)  yields  the  fifth  relation  between 
parameters  %f,  **,  *„  and  a.  If  additional  requirements  are  to  be  satisfied,  only  one  locally 
geodetic  curve  can  be  provided  by  the  gear  synthesis. 


13.3  Relative  Normal  Curvature 

The  relative  normal  curvature  of  two  mating  surfaces  x*  at  the  given  point  P  is  defined  as  the 
difference  of  the  normal  curvatures  of  both  surfaces  taken  in  a  common  normal  section  of  surfaces 
and  represented  as 


*/»  -  03.3.1) 

Consider  that  the  tangent  to  the  common  normal  section  forms  an  angle  q  with  the  unit  vector 
t,  and  an  angle  (q  +  a)  with  the  unit  vector  (fig.  13.1.1).  Euler's  formula  yields 

*,|2)  *  k,  cos2  q  +  sin2  q  aj"  *  */Cos2  (q  +  a)  +  a*  sin2  (q  +  a)  (13.3.2) 

(See  eq.  C.3.26.)  Here  a„(<>  and  a„(2>  are  the  normal  curvatures  of  surfaces  E(  and  £*  in  the 
common  rormal  section.  Thus, 

Kf  s*  a,  cos2  q  +  a?  sin2  q  -  a^  cos2  (q  +  a)  —  a*  sin2  (q  +  «)  (13.3.3) 

After  simple  transformations  we  get 


a*  =  (a,  -  Kf  cos2  a  -  a*  sin2  <j)  cos2  q  +  “  */  sin2  a  -  a*  cos2  sin2  q 

+  («/"  K*)~Y~  s,n  2<?  (13.3.4) 

Equation  (13.3.4)  and  expressions  for  atl,  al2,  and  a22  in  equation  (13.1.44)  yield 

a*  =  0.5jfln  +  a22  +  (alt  —  a^)  cos  2q  j  +  a)2  sin  2 q  (13.3.5) 

The  principal  values  of  the  relative  normal  curvature  are  the  extreme  values  of  function  a^(q). 
The  principal  directions  of  the  relative  normal  curvature  are  determined  with  the  equation 

—  (**)  =  0  (13.3.6) 

dq 

Equations  (13.3.6)  and  (13.3.5)  yield 

tan  2 q  =  2  —  (13.3.7) 

an  -  a22 


Equation  (13.3.7)  determines  two  solutions  for  q,  which  are  <7,n  and  q(,)  +  90*.  This  means  that 
there  are  two  perpendicular  directions  for  the  principal  directions  of  the  relative  normal  curvature. 
The  principal  values  of  the  relative  normal  curvature  are  represented  by  the  equation 


-  a22)2  +  4a2l2 


(13.3.8) 
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Equations  (13.3.5),  (13.3.7),  and  (13.3.8)  work  for  both  cases  of  contact  of  mating  surfaces,  which 
are  point  contact  and  line  contact.  In  the  case  of  line  contact,  the  coefficients  au,  ai2,  and  aa 
are  related  by 


an 


(13.3.9) 


(See  eqs.  (13.1.47).)  Equations  (13.3.8)  and  (13.3.9)  yield  that  in  the  case  of  line  contact,  the 
principal  values  of  the  relative  normal  curvature  are  determined  as  follows: 

**  =  0  **  =  an  +  a22  =  (*i +  *»)“(*/+ **)  (13.3.10) 

One  principal  direction  with  **  =  0  coincides  with  the  tangent  T  to  the  line  of  contact  of  mating 
surfaces,  and  the  other  principal  direction  is  perpendicular  to  T. 

The  determination  of  the  principal  values  and  directions  of  the  relative  normal  curvature  may 
be  interpreted  as  the  diagonalization  of  the  symmetric  matrix 


[n] 


ati  a\2 
at2  an  . 


(13.3.11) 


It  is  known  from  the  Theory  of  Matrices  (Korn,  et  al. ,  1968)  that  such  operation  may  be  represented 
by  the  matrix  equation 


'  Pw  O' 

Pn  . 


[C]T 


<*ii  a  ,2 
ai2  an  J 


[C] 


(13.3.12) 


where  [C]T  is  the  matrix  transpose  to  [Q.  We  express  matrix  [C]  by 


[C]  = 


cos  q  -sm  q 
L  sin  q  cos  q 


Equations  (13.3.10)  and  (13.3.11)  yield 


P 12  =  a!2  cos  2 q 


(an  -  a22)  sin  2q  _ 
2 


and 


tan  2 q  = 


2a  12 

oM  -  a22 


Pw  =0.5 
Pn  -  0-5 


jaM  +  a22  +  (an  -  a22)  cos  2gj  +  a]2  sin  2 q 
^an  +  a22  —  (au  —  a22)  cos  2^j  —  ai2  sin  2 q 


(13.3.13) 


These  equations  are  similar  to  the  equations  (13.3.7)  and  (13.3.8),  which  were  determined  previously. 
Equations  discussed  in  this  section  were  first  proposed  by  Litvin  (1969). 


3.4  Contact  Ellipse 

Because  of  the  elasticity  of  tooth  surfaces,  the  contact  of  surfaces  at  a  point  is  spread  over  an 
elliptical  area.  The  bearing  contact  of  gear-tooth  surfaces  is  formed  as  a  set  of  contacting  ellipses. 

Consider  that  the  following  are  given  for  the  point  of  contact:  (1)  the  approach  of  surfaces  under 
the  load,  (2)  the  principal  curvatures  of  contacting  surfaces,  and  the  parameters  of  principal 
directions.  To  determine  the  dimensions  and  orientation  of  the  contacting  ellipse,  we  use  a  procedure 
based  on  the  followi  ig  considerations: 

Figure  13.4.1  shows  surfaces  and  £2  in  tangency  at  point  M.  The  unit  surface  normal  and 
the  tangent  plane  are  designated  by  n  and  n.  The  area  of  the  deformed  surfaces  is  shown  by  dashed 
lines  and  designated  by  KtMtL\  and  K2M2Li  for  surfaces  E,  and  L?,  respectively. 

Consider  points  N  and  A"  of  surfaces  Et  and  E2,  respectively  (fig.  13.4.1).  The  locations  of 
Wand  AT  with  respect  to  point  M  are  determined  with  the  coordinates  of  N  and  N'  which  are  given 
by  and  N'(p/2)),  respectively  (figs.  13.4.2(a)  and  (b))).  The  elastic  deformation  of 

surfaces  at  M  is  designated  by  6t  and  5?,  and  the  elastic  approach  of  surfaces  at  M  is  given  by 
5  where  6  *  &\  +  b2.  The  resulting  displacement  of  a  surface  point  may  be  represented  as  a 
displacement  having  (fig.  13.4.2)  (1)  a  component  with  the  surface  (given  by  a„  t  =  1.2)  and  (2) 
a  component  with  respect  to  the  surface,  because  of  the  elastic  deformation  at  points  AT  and  N' , 
(given  by  f.  i  =  1,2).  The  resulting  location  of  point  N  is  designated  in  figure  13.4.2(a)  by  N2, 
and  thus  N  N2  is  the  resulting  displacement.  Let  us  represent  N  N2  as 

RUl  *  fTSTf  +  F7JJI  (13.4.1) 
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(bi 

Figure  13.4.2, 


Here  |A/  JV2|  »  5,  is  the  displacement  with  surface  E|  and  NtN2  is  the  displacement  with  respect 
to  E(,  because  of  the  surface  deformation  at  point  The  location  of  point  N2  with  respect  to 
the  tangent  plane  n  is  given  by  the  equation 


(13.4.2) 


Similarly,  for  point  N',  we  obtain  (fig.  13.4.2(b)) 

mr2  -  77T77T7+  ttjt,  (13.4.3) 


which  yields 


f®  - f<2>  +  -Si 


(13.4.4) 


Here  and  (®  represent  the  deviations  from  the  tangent  plane  for  two  mating  points  of  contacting 
surfaces.  The  notations  and  t2)  represent  the  initial  deviations  from  the  tangent  plane  II  for 
points  N  and  N'  of  surfaces  E|  and  £21  respectively.  Points  N  and  N'  will  coincide  with  each  other 
and  form  a  common  point  of  contact  of  the  deformed  surfaces  of  C*11  and  fn\  This  yields 


f“)  -«,+/,=  f°>  +  3 2  ~ Si  (13.4.5) 

Equation  (13.4.5)  yields 

If*1’  -  f®|  =  6,  +  -  (fx  +  fi)  (13.4.6) 

\ 

The  right-hand  side  of  equation  (13.4.6)  is  always  positive  since  5(>/i  and  &2>f2.  Equation 

(13.4.6)  is  satisfied  for  all  mating  points  of  contacting  surfaces  within  die  area  of  deformation  and 
at  the  edge  of  this  area.  However,  at  the  edge  of  this  area  fx  -  0  and/2  =  0  and  therefore  equation 

(13.4.6)  becomes 


-  f®!  =  6,  +  6j  =  5 


(13.4.7) 


Outside  of  the  area  of  deformation 


|/«»  -  (<2>|  >  5  (13.4.8) 

and  within  this  area 

_  ft2)[  <  3  (13.4.9) 

We  may  correlate  t(,)  with  the  surface  curvature  as  follows.  Consider  that  a  surface  E  is 
represented  by 


r(u,0)  6  C2  r,  x  r,^0  {u,6)*E  (13.4.10) 

where  ( u,9)  represent  the  surface  coordinates. 

Curve  M  M'  on  the  surface  E  may  be  represented  by  the  equation 

r  =  r[«(r),  0(s)J  (13.4.11) 

where  s  is  the  arc  length. 

Let  us  designate  the  length  of  the  arc  which  connects  two  neighboring  points  M  and  M'  of  the 
curve  by  As,  where  As  =Af  M' .  The  increment  of  the  position  vector  r  is  designated  by  Ar,  where 
Ar  =  Af  M ' .  Expanding  Ar  with  the  Taylor-series  expansion,  we  get 


Here 


. _  dr  d3r(Ai)3 

MU'  +  + 

ds  ds 2  2!  ds 5  3! 


dr  drdu  dr  dO 

—  m - + - 

ds  duds  dO  ds 


(13.4.12) 


d2 r  =  d±(duY  2d2r  dudO  3Wd0\2 
ds2  du2\ds)  dudOdsds  d02\ds) 


Plane  II  shown  in  figure  13.4.3  is  tangent  to  the  surface  at  point  M.  Vector 

FM'-tn  (13.4.13(a)) 

is  perpendicular  to  plane  II  at  point  P,  and  t  represents  the  deviation  of  the  curve  point  AT  from 
the  tangent  plane.  The  deviation  t  is  positive  if  PM'  and  n  are  in  the  same  direction.  Equations 
MU'  “  Ar  and  MU'  *  UP  +  (n  yield 


MP+tn 


dr  A  d2r(As)2  </3r(Ar)3 

-  Aj  -f  - r - -  +  - T - 

ds  ds2  2!  dr3  3! 


+  ... 


(13.4.13(b)) 


Vectors  UP  and  n  are  mutually  perpendicular.  Taking  the  dot  product  on  both  sides  of  equation 
(13.4.13(b))  with  n.  and  limiting  the  expression  for  t  up  to  terms  of  the  third  order,  we  obtain 


f- 


(13.4.14) 


It  was  mentioned  in  chapter  10  that  the  normal  curvature  of  a  surface  may  be  represented  by 


Figure  13,4  3. 
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Consider  the  coordinate  system  with  coordinate  axes  n,  i),  and  f  (figs.  13.4.3(a)  and  13.4.3(b)), 
whose  origin  coincides  with  point  M,  and  axes  ?j  and  f  lie  in  the  tangent  plane  II.  It  is  easy  to 
verify  that 


As2  =  rj2  +  f2  *  p2 


(13.4.17) 


where  Ar  =  p  *  |Atf|,  and  »j  and  f  are  the  coordinates  of  point  P. 
Equations  (13.4.16)  and  (13.4.17)  yield 


(13.4.18) 


The  normal  curvature  and  principal  curvatures  of  a  surface  are  related  by  Euler's  equation.  (See 
app.  C.)  Considering  the  relations  in  Euler's  equation,  the  fact  that  e|  is  the  unit  vector  of  the 
principal  direction  having  principal  curvature  <C|,  and  the  fact  that  vector  MF  makes  an  angle  q 
with  C|,  we  obtain 


=*  *|  cos2  q  +  *n  9  (13.4.19) 

where  Kt  and  <cn  are  the  principal  curvatures  of  the  surface  at  point  M. 

Consider  again  the  coordinate  system  having  coordinate  axes  n.  »j,  and  f  (fig.  13.4.3),  whose 
origin  coincides  with  point  M.  The  unit  vector  ej  makes  an  angle  a  with  the  17-axis,  and  the 
orientation  of  KiF is  determined  by  angle  p,  where  p  =  q  +  a.  With  these  designations  we  obtain 

*„  =  <t[  cos2  (p  —  a)  +  *n  sin2  (p  —  n)  (13.4.20) 

Equations  (13.4.17),  (13.4.18),  and  (13.4.20)  yield 

2f  =  p2^*i  cos2  (p  -  or)  +  *D  sin2  (p  -  a)j  (13.4.21) 

Let  us  now  consider  the  contact  of  two  surfaces,  E,  and  Z2,  whose  point  of  contact  is  M.  The 
tangent  plane  is  formed  by  axes  ij  and  f  (fig.  13.4.4);  ej!>  and  t}2>  are  the  unit  vectors  of  the 
principal  directions  of  surfaces  E,  and  Ej,  respectively;  vector  MP  and  the  surface  unit  normal 
n  determine  the  common  normal  section  of  both  surfaces.  The  deviation  from  the  tangent  plane 
for  point  P  (\MF\  =  p)  may  be  expressed  in  terms  of  the  curvatures  of  both  surfaces  as  follows: 
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2f®  »  p2j»P  cos2  (p  -  a0>)  +  xj?*  tin2  0*  “  «Q>)]  (13.4.23) 

Here  (J  *  I,  II)  is  the  deviation  for  point  ^  of  surface  E,  (i  ■  1,2.). 

It  was  mentioned  earlier  that  at  the  edge  of  the  area  of  deformation,  the  deviations  (I®,  (®) 
and  the  surface  approach  at  M( 5)  are  related  by  equation  (13.4.7).  Equations  (13.4.7),  (13.4.22), 
and  (13.4.23)  yield 

p2^}"  cos2  (p  -  a0))  +  «{/’  sin2  (p  -  o(l>)  -  */2)  cos2  (p  -  aay) 

-  «{?>  sin2  (p  -  at*22)]  -  ±23  (13.4.24) 


Transforming  equation  (13.4.24)  by  using  the  expressions 

P2  m  V1  +  f  cos  p  -  -  sin  p 
P 


i 

P 


we  obtain 

i»2(*i<,)  cos2  a01  +  «jj  *  sin2  a(l)  -  xp*  cos2  a<2>  -  xjp  sin2  aR)) 

+  f2^!1’  sin2  ar(l>  +  cos2  a"’  -  X|(2)  sin2  a0)  -  x{j2)  cos2  a(2)) 
+  i  sin  2a(,)  -  g2  sin  2a<21)  -  ±23 


where 


(13.4.23) 


(13.4.26) 


Xi  *  *1°’  “  4'*  X2  =*  * P  -  4* 

Angle  a01  that  determines  the  orientation  of  the  coordinate  axes  i\  and  f  with  respect  to  ef", 
may  be  chosen  arbitrarily.  For  instance.  a(l)  may  be  chosen  as  satisfying  the  equation 

Xi  sin  2a(l>  -  g2  sin  2a<2)  -  0  (13.4.27) 


where  (fig.  13.4.4) 


a«>  »  or0*  +  a  (13.4.28) 

Equations  (13.3.27)  and  (13.3.28)  yield 

„  ,n  g2  sin  2a 

tan  2a"'  =  — ^ -  (13.4.29) 

Xi  “  X:  cos  2a 

Equation  (13.3.29)  provides  two  solutions  for  2afl).  We  shall  choose  the  solution  represented  by 
equations 


co,  2a<”  =  7 - gl--f2C<*2q  — 

(x?  “  2s,«2  cos  2 a  +  xf) 


(13.4.30) 


and 


’92 


tin  2a(l> 


(13.4.31) 


_ ft  tin  2 a _ 

(g?  “  2 ftft  cos  2 o  +  ft2) ' n 


Equations  (13.3.30),  (13.3.31),  and  (13.3.28)  determine  the  orientation  of  axes  n  and  f  with  respect 
to  the  principal  directions  of  the  contacting  surfaces.  These  equations  yield 


cos2  a(l)  *  0.5^1  +  m(ft  -  ft  cos  2<r)j 

(13.4.32) 

sin2  a(1>  *  0.5^1  -  m(gx  -  ft  cos  2o)j 

(13.4.33) 

cos2  a(2)  *  0.5^1  +  m(g\  cos  2 a  -  ft)j 

(13.4.34) 

sin2  a(2)  *  0.5^1  -  m(ft  cos  2o  -  ft)] 

(13.4.35) 

where 

1 

(g2  “  2ftft  cos  2<r  +  ft2)1/2 

(13.4.36) 

Equations  (13.4.26),  (13.4.27),  (13.4.32)  to  (13.4.36)  yield 

Bi) 2  +  Af2  =  ±6 

(13.4.37) 

Here 

A-^  -  (g2  -  2g,ft  cos  2a  +  ft2)'/2 

(13.4.38) 

and 

B  =  ^  [*>  -  <42)  +  (g\  -  2g\g2  cos  2a  +  ft2) 1/2 

(13.4.39) 

Here 

*4°  =  *i<0  +  *4°  gt  =  *i(,)  -  *4° 

Equation  (13.4.37)  confirms  that  the  projection  of  the  area  of  elastic  deformations  on  the  tangent 
plane  is  an  ellipse  whose  axes  coincide  with  axes  if  and  f,  respectively  (fig.  13.4.4(b)).  The  axes 
of  the  ellipse  are 


2a  -2 


2b  =  2 


(13.4.40) 


Example  problem  13.4.1.  A  cone  surface  E,  and  a  spherical  surface  E2  are  in  contact  at  a  single 
point  M.  Consider  as  given  the  approach  of  surfaces.  Determine  the  dimensions  and  orientation 
of  the  contacting  ellipse. 

Solution.  The  cone  surface  is  represented  in  the  coordinate  system  Sf  by  equations  which  are 
similar  to  equations  (8.4.14): 

xjl)  =  R  cot  ic  -  u  cos  fa  y}u  =  u  sin  sin  6  =  u  sin  Vv  cos  d  (13.4.41) 
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The  spherical  surface  is  represented  in  the  coordinate  system  $j}>  by  equations  which  are  similar 
to  equations  (8.4.11) 


x<j2>  «  p  cos  p  >J2)  *  p  sin  p  cos  4  zj2)  »  p  sin  p  fin  P  < - )  (13.4.42) 

\  cos  +') 

The  superscripts  1  and  2  in  equations  (13.4.41)  and  (13.4.42)  indicate  surfaces  Et  and  E2, 
respectively. 

Point  M  of  surface  is  represented  in  the  coordinate  system  5/  by  coordinates  xjn  *  0, 
yjl)  =  0.  z}1*  —  R.  Considering  these  coordinates  and  equations  (13.4.41)  we  find  that  8  *  0  and 
u  =  AM  =  K/sin  tc  for  point  M.  Point  M  of  £2  is  represented  in  coordinate  system  51)  by 
coordinates  -qj2'  *  p  sin  i(,  y<J2’  =  0,  ^2)  =  p  cos  4>r  With  these  coordinates  and  equations 
(13.4.42),  we  find  that  p  *  90'  -  4>c  and  d  •  90*  for  point  M. 

Surface  Ej  may  be  represented  in  the  coordinate  system  Sf  by  the  matrix  equation 

M-WM  (13.4.43) 


where 


0 

1 

0 

0 


0  -p  sin  +c 
0  0 

1  R  -  p  cos 
0  I 


Equations  (13.4.42)  to  (13.4.44)  yield 


r<2) 


p  (cos  p  -  sin  ^>)  >y,2)  =  p  sin  p  cos  p 

z}2)  =  p  (sin  p  sin  d  -  cos  ^r)  +  R 


(13.4.44) 


(13.4.45) 


It  is  easy  to  verify  that  surfaces  L\  and  E2.  which  are  represented  by  equations  (13.4.41)  and 
(13.4.45),  are  indeed  in  contact  at  M,  since  at  this  point  ri 11  =  r^!2’  and  the  surface  normals  are 
coilinear.  Here  r^!0  (i  =  1,2)  is  the  position  vector  for  the  point  of  contact. 

Let  us  now  determine  the  contacting  ellipse  with  equations  (13.4.28)  to  (13.4.40). 

The  principal  directions  of  the  cone  surface  at  point  M  may  be  represented  by  the  unit  vectors. 


■  0  ' 

COS  4fc 

-1 

h"]  - 

0 

0  j 

-sin 

We  recall  that  one  of  the  principal  directions  of  the  cone  surface  coincides  with  the  cone  generatrix. 
(The  unit  vector  efi"  of  this  principal  direction  is  shown  in  figure  13.4.5.)  The  principal  curvatures 
of  the  cone  surface  (with  the  chosen  direction  of  the  unit  vector  n)  are  given  by 


Figure  13.4.5. 


«P>  -  ^  rf>-0 

K 

The  principal  directions  for  a  spherical  surface  may  be  chosen  arbitrarily.  Let  us  choose  the 
same  principal  directions  as  that  of  Et.  Thus  a  =  0  (See  fig.  13.4.4.)  The  principal  curvatures  of 


the  spherical  surface  are  given  by  xf2*  *  k&2>  * 

P 

m  co*  cos  \<y 

T  — 


Thus, 

«£» 


2 

P 


ft  “0. 


Using  equations  (13.4.38)  to  (13.4.40),  we  obtain 


The  major  axis  of  the  contacting  ellipse  is  2b  and  it  is  directed  along  ej1 '. 


Chapter  14 


Pitch  Surfaces 

Limiting  Contact  Normal 


14.1  Introduction 

Although  the  term  pitch  surfaces  (pitch  cylinders,  pitch  cones)  may  be  confusing,  we  have  to 
apply  it  since  it  is  widely  used  in  the  engineering  literature.  However,  the  term  pitch  surfaces  denotes 
several  types  of  surfaces  that  differ  in  a  kinematics!  sense. 

Consider  a  pair  of  spur  or  helical  gears,  both  having  parallel  axes  of  rotation,  in  mesh  (fig. 
14.1.1(a)).  The  pitch  circle  is  an  imaginary  circle  that  rolls  without  slipping  over  a  pitch  circle 
of  a  mating  gear.  The  pitch  circles  are  in  tangency  at  the  pitch  point  /.  The  pitch  circles  are  the 
centrodes  of  mating  gears,  and  the  pitch  point  is  the  instantaneous  center  of  rotation  in  the  relative 
motion.  (See  ch.  2.1.)  We  have  to  differentiate  between  the  pitch  circles  of  standard  and  nonstandard 
gearing. 

In  the  case  of  standard  gearing,  the  centrodes  of  mating  gears  coincide  with  their  pitch  circles. 
The  gear  pitch  circle  is  a  reference  circle  and,  in  addition,  it  is  the  gear  centrode  in  mesh  with 
a  rack  (fig.  14. 1 . 1  (b)).  The  centrode  of  the  rack  is  a  straight  line  that  is  tangent  to  the  gear  centrode 
and  is  parallel  to  the  direction  of  the  rack  translation. 

In  the  case  of  nonstandard  involute  gears,  we  have  to  use  two  different  terms,  the  operating  pitch 
circles  and  merely  pitch  circles.  The  operating  pitch  circles  are  the  centrodes  of  the  mating  gears 
while  the  pitch  circle  of  the  gear  is  its  centrode  in  mesh  with  the  rack.  The  operating  gear  pitch 
circles  of  gears  and  their  pitch  circles  do  not  coincide.  Figure  14.1.1(c)  shows  the  operating  pitch 
circles  and  the  pitch  circles  for  the  case  where  C'  >  C.  We  emphasize  that  only  the  radius  of  the 
pitch  circle  but  not  the  operating  pitch  circle  may  be  expressed  in  terms  of  the  standardized  diametral 
pitch  and  the  number  of  gear  teeth.  Thus, 


N_ 

IP 


(14.1.2) 


The  radius  of  the  operating  pitch  circle  is  represented  by 


(14.1.2) 


where  P'  is  a  nonstandardized  diametral  pitch. 

Let  us  now  consider  bevel  gears.  In  the  case  of  standard  bevel  gears  the  pitch  cones  are  the  axodes 
(ch.  2.3),  the  loci  of  the  instantaneous  axes  of  rotation  in  the  relative  motion  (fig.  14.1.2(a)).  The 
line  of  tangency  01  of  the  pitch  cones  is  the  instantaneous  axis  of  rotation  in  the  relative  motion 
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Figure  14. 1.2. 

and  7  -  7,  +  y2,  where  >|  and  y2  are  the  pitch  cone  angles.  In  the  case  of  nonstandard  bevel  gears 
(y‘  *  y)  the  axodes  are  the  operating  pitch  cones  and  the  pitch  cones  are  not  in  tangency.  The 
radii  of  the  pitch  cones  (but  not  of  the  operating  pitch  cones)  may  be  expressed  in  terms  of 
standardized  pitches. 

Summarizing,  we  say  that  in  the  case  of  transformation  of  rotation  between  parallel  and  intersected 
axes,  the  operating  pitch  surfaces  are  the  axodes  and  they  coincide  with  the  pitch  surfaces  in  the 
case  of  standard  gearing  only. 

Drives  of  helical  gears  with  crossed  axes,  worm-gear  drives  and  hypoid  gears  transform  rotation 
between  crossed  axes.  The  gear  axodes  are  two  hyperboloids  which  roll  as  well  as  slide  over  each 
over.  (See  ch.  2.4  and  fig.  2.4.)  The  operating  pitch  surfaces  have  nothing  in  common  with  the 
hyperboloids -they  are  cylinders  (cones)  with  crossed  axes  in  the  case  of  worm-gear  drives  and 
helical  gears  (hypoid  gears). 


14.2  Operating  Pitch  Surfaces:  Transformation  of  Rotation  Between 
Crossed  Axes 

We  define  the  operating  pitch  surfaces  and  H2  as  those  surfaces  that  satisfy  the  following 
conditions: 

(1)  The  axis  of  rotation  of  the  operating  pitch  surface  coincide  with  the  axis  of  the  gear  rotation. 

(2)  Surfaces  H{  and  H2  are  in  tangency  at  the  main  contact  point  P  (the  pitch  point)  in  the  fixed 
coordinate  system  Sf. 
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(3)  Th:  ■-Utive  velocity  v,,2)  it  directed  along  the  common  tangent  to  the  helices  on  the  surface* 
H\  and  f/2.  (In  the  case  of  transformation  rotation  between  parallel  and  intersected  axes  the  pitch 
point  P  belongs  to  the  instantaneous  axis  of  relation  and  v'IJ)  -  0). 

The  last  two  conditions  may  be  represented  by  the  following  equations: 


b(i),v(12| 

(f-  1.2) 

(14.2. I) 

(„«  W'>j  -  o 

(/  -  1.2) 

(14.2.2) 

Here  n*'*  is  the  pitch  surface  unit  normal  at  P  and  r(t>  is  a  position  vector  drawn  to  the  pitch 
point  P  from  a  point  of  the  line  of  action  of  w1'*,  Equation  (14.2. 1)  yields  that  the  operating  pitch 
surfaces  H,  and  H2  have  a  common  tangent  plane  at  P  and  vector  v(l2>  lies  in  this  plane. 

Equation  (14.2.2)  is  based  on  the  following  considerations:  (I)  the  unit  normal  to  H,  at  the  pitch 
point  P  intersects  the  axis  of  rotation  of  H,  (the  line  of  action  of  w<0),  since  H,  is  a  surface  of 
revolution.  (2)  The  position  vector  r10  also  intersects  the  axis  of  rotation.  (3)  Vectors  n*'\  r(,) 
and  w(<>  belong  to  the  same  plane  drawn  through  the  pitch  point  P  and  the  points  of  intersection 
of  vectors  n,,)  and  w01,  and  r*'1  and 

Equations  (14.2.1)  and  ( 14.2.2)  determine  the  operating  pitch  surface  only  locally,  within  the 
neighborhood  of  the  pitch  point  P.  This  small  area  of  the  operating  pitch  surface  may  be  represented 
as  an  area  of  a  cone  or  a  cylinder  because  of  the  angle  formed  by  vectors  n(<>  and  u(,>.  The 
operating  pitch  surfaces  are  usually  chosen  in  the  same  way  as  the  pitch  surfaces  of  the  gears. 
The  operating  pitch  surfaces  of  the  helical  gears  (with  crossed  axes),  the  worm,  and  of  the  worm 
gear  are  cylinders;  the  operating  pitch  surfaces  of  hypoid  gears  are  cones. 

It  was  mentioned  above  that  in  the  case  of  crossed  gear  axes  the  operating  pitch  surfaces  do 
not  coincide  with  the  gear  axodes.  The  gear  tooth  surface  E(  and  the  operating  pitch  surface  H, 
intersect  each  other.  The  gear  tooth  surfaces  E,  and  E2  are  to  be  in  tangency  at  the  pitch  point 
P  and  their  common  normal  n(C<>  and  the  relative  velocity  v"2*  must  be  perpendicular  to  each 
other;  that  is 


v<IJ> »  o 


(14.2.3) 


If  equation  ( 14.2.3)  is  satisfied,  the  gears,  with  surfaces  Et  and  Zj,  being  in  contact  within  the 
neighborhood  of  P  will  transform  rotation  about  the  crossed  axes  with  the  prescribed  angular  velocity 
ratio. 


14.3  Helical  Gears  with  Crossed  Axes  and  Worm-Gear  Drives: 
Operating  Pitch  Surfaces 

The  operating  pitch  surfaces  are  two  cylinders  of  radii  r£n  and  rj;2)  with  crossed  axes  and  the 
pitch  point  P  is  located  at  the  line  of  the  shortest  distance  between  the  axes  of  the  cylinders  (fig. 
14.3.1(a)).  Point  P  is  the  point  of  tangency  of  the  pitch  cylinders.  Points  P\  and  Pz  of  these 
cylinders  coincide  with  each  other  forming  the  common  point  P. 

Let  us  draw  a  common  tangent  plane  II  to  the  cylinders  that  pass  through  P.  The  straight  line 
r-r  lies  in  II  and  it  is  a  tangent  to  the  helices  on  the  cylinders  (fig.  14.3.1(b)  and  fig.  14.3.2(a)). 
Such  a  helix  is  the  line  of  intersection  of  the  gear  tooth  surface  with  the  operating  pitch  cylinder. 

Figure  14. 3. 2(a), (b)  shows  two  pitch  cylinders  of  helical  gears  with  the  crossing  angle  y  formed 
by  vectors  and  w,Jl.  The  gears  are  provided  with  left-handed  screw  surfaces  E,  and  E2. 
Surfaces  E|  and  E2  are  in  tangency  at  P.  Vectors  v1"  and  vi:i  represent  the  velocities  of  points 
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Figure  14.3.2. 


Px  and  P 2»  respectively.  Because  of  the  continuance  of  tangency  within  the  neighborhood  of  P, 
the  velocities  v(,)  and  v(2)  must  be  related  as  follows: 

(1)  The  relative  velocity 

y(l2)  _  yd)  _  y(2) 

is  to  be  directed  along  t-t.  Vector  v<l2)  is  the  velocity  of  sliding  at  P. 

(2)  Projections  of  vectors  v(l)  and  vl2)  on  line  m-m  (fig.  14.3.2(c))  must  be  of  the  same  direction 
and  have  the  same  magnitude  (Line  m-m  is  perpendicular  to  t-t.) 

Consider  the  velocity  polygon  shown  in  figure  14.3.2(c).  The  crossing  angle  7  which  is  formed 
by  vectors  w(l)  and  u<2>,  is  given  by  (fig.  14.3.2(a)) 

7  =  180*  —  (0,  +  Si)  (14.3.1) 

Velocities  v(l)  and  vai  of  points  P\  and  P2  are  represented  by 

v< '>  =  «<')  x  r^1’  v(2)  =  w(2)  x  r^2>  (14.3.2) 

Here 

|v(-)|  =  u(.)r»)  (f  =  1,2)  (14.3.3) 
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Since  projections  of  v0>  and  on  m-m  must  be  of  the  same  direction  and  have  the  same 
magnitude,  we  obtain 


v“»  cos  ft  -  vm  cos  ft 
Equations  (14.3.3)  and  (14.3.4)  yield 


*12 


«i(l)  ^  rj2)  cos  <3; 

w<2)  fU)  cos 


(14.3.4) 


(14.3.5) 


Unlike  the  case  of  spur  gears  or  helical  gears  with  parallel  axes,  the  prescribed  ratio  ml2  can  be 
satisfied  with  a  various  ratio  rj2)/rjn. 

The  magnitude  of  sliding  velocity  is  given  by  (fig.  14.3.2) 

|v<,J,|  m  sin  ft  +  w(2,rj2>  sin  ft  (14.3.6) 

Mating  helical  gears  with  crossed  axes  are  usually  of  the  same  hand  as  is  shown  in  fig.  14.3.2. 
Figure  14.3.3  shows  helical  gears  with  crossed  axes  having  opposite  hands.  Considerations  similar 
to  the  ones  discussed  above  yield  that  (fig.  14.3.3) 

(1)  The  crossing  angle  is 


y  -  180*  -  (0|  -  ft)  (14.3.7) 

(2)  The  projections  of  vectors  v<n  and  v0>  on  line  m-m  have  the  same  direction  and  magnitude, 
(fig.  14.3.3(c))  and  the  angular  velocity  ratio  is  represented  by  equation  (14.3.5)  and 

(3)  The  magnitude  of  the  sliding  velocity  is  given  by 

(v<IJ,|  *  |w<l,r(,<,,  sin  ft  -  w a)r}2)  sin  ft|  (14.3.8) 

Let  us  differentiate  between  standard  and  nonstandard  involute  helical  gears.  The  pitch  cylinders 
of  standard  helical  gears  are  the  gear  axodes  in  mesh  with  the  rack  cutter.  The  velocity  of  translation 
of  the  rack  cutter  (v)  and  the  angular  velocity  of  the  gear  (w)  are  related  by 

v  =  ur*  (14.3.9) 

where  r*  is  the  radius  of  the  pitch  cylinder  of  a  standard  helical  gear. 


Figure  14,3.3. 
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Figure  14.3.4. 


The  center  distance  of  helical  gears  is  equal  to  the  sum  of  the  radii  of  the  pitch  cylinders  in  the 
case  of  standard  helical  gears.  Nonstandard  helical  gears  are  generated  by  special  settings  of  rack 
cutters  and  the  change  of  the  center  distance  depends  on  these  settings. 

The  above  derived  equations  may  also  be  used  for  the  worm-gear  drives  with  cylindrical  worms. 
A  worm  may  be  considered  as  a  helical  gear  for  which  the  number  of  teeth  is  equal  to  the  number 
of  worm  threads.  The  pitch  point  P  is  located  on  the  line  of  shortest  distance  between  the  crossed 
axes  of  the  worm  and  the  worm  gear.  The  operating  pitch  cylinders  of  the  worm  and  the  worm 
gear  are  two  cylinders  that  are  in  tangency  at  P  (fig.  14.3.4  (a);  fig.  14.3.5).  The  radii  of  pitch 
cylinders  are  r  and  R,  respectively. 

Plane  II  (fig.  14.3.4(a))  is  tangent  to  the  pitch  cylinders  at  P.  The  helices  on  the  pitch  cylinders 
have  a  common  tangent  (r-f)  at  P  which  lies  in  plane  x.  Points  P,  and  P2  of  both  pitch  cylinders 
coincide  with  each  other  at  the  point  of  tangency  P.  The  worm  and  the  worm  gear  rotate  about 
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axes  a~a  and  b-b  with  angular  velocities  and  ua\  respectively.  The  velocity  of  points  P\  and 
Pj  are  represented  by  equations 

vm .  x  r  viJ)  _  uai  x  g  (14.3. 10) 


Similar  to  the  previous  discussions  we  may  state  that 

(1)  The  relative  velocity  v<12'  (the  sliding  velocity)  must  be  directed  along  the  tangent  t-t 

(2)  The  projections  of  velocities  v01  and  v<2’  on  line  m-m  (it  is  perpendicular  to  t-t)  must  be 
of  the  same  direction  and  have  the  same  magnitude. 

The  velocity  polygon  (fig.  14.3.4(b))  yields 

v,n  sin  X,  -  v,J)  cos  fa  (14.3.10(a)) 

It  is  evident  from  figure  14.3.3  that 

0:  “  X,  —  (y  -  90*)  -  90*  -  (y  -  X,)  (14.3.11) 

Here  X|  is  the  lead  angle  on  the  worm  pitch  cylinder  represented  by 

X|  ■  arc  tan  (14.3.12) 

where  A  is  the  screw  parameter  (A  >0  for  a  right-handed  worm) 

v*1*  ■  a/'V  v,J)  *  u(i)R  (14.3.13) 

Equations  (14.3.10(a)),  (14.3.11),  and  (14.3.13)  yield 


u,2>  r  sin  Xt 

/Hi  i  m  — —  m - 

w11’  R  sin  (y  -  X,) 


(14.3.14) 


We  have  considered  a  worm-gear  drive  with  a  right-handed  worm.  Figure  14.3.6  shows  the  pitch 
cylinders  and  the  velocity  polygon  for  a  worm-gear  drive  with  a  left-handed  worm.  Derivations 
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Fijure  14.3.7. 


based  on  analysis  similar  to  the  one  discussed  above  yield 

y  -  90*  -  X,  +  ft 


Thus 


02-(Y-*i)-9 0* 


and 


v<'>  sin  X)  •>  v«J>  cos  ft 


(14.3.15) 


(14.3.16) 


Equations  (14.3.15)  and  (14.3.16)  yield 

«(l)  r  sin  X|  *  «a>  R  sin  (7  -  X,)  (14.3.17) 

The  lead  angle  X|,  if  represented  by  equation  (14.3. 12),  has  a  definite  sense  which  depends  on 
the  sense  of  the  screw  parameter  h  (h  <  0  for  a  left-handed  worm).  Talcing  into  account  that  the 
worm  thread  is  left-handed,  and  that  the  screw  parameter  h  and  X(  are  negative,  we  obtain  from 
equation  (14.3.17)  that 


m2l 


r  sin  X| 

R  sin  (7  +  Xj) 


The  general  expression  for  the  ratio  m2i  may  be  given  by 


(14.3.18) 


m2 1  = 


± 


r  sin  X| 

R  sin  (7  T  X|) 


(14.3.19) 


The  upper  sign  corresponds  to  a  worm-gear  drive  with  a  right-handed  thread  of  the  worm. 

Let  us  differentiate  between  standard  and  nonstandard  worm-gear  drives.  The  operating  pitch 
cylinder  of  the  worm  of  a  nonstandard  worm-gear  drive  does  not  coincide  with  the  pitch  cylinder 
of  the  worm.  The  pitch  of  the  worm  is  given  on  the  pitch  cylinder  and  the  addendum  and  dedendum 
of  the  worm  are  measured  from  the  worm  pitch  cylinder.  The  cross  section  of  a  nonstandard  worm- 
gear  drive  is  shown  in  figure  14.3.7.  The  pitch  point  P  is  out  of  the  worm  pitch  cylinder.  However, 
it  is  located  on  the  line  of  the  shortest  distance  between  the  worm  and  the  worm  gear.  Nonstandard 
worm-gear  drives  are  applied  to  improve  the  conditions  of  meshing. 


14.4  Hypoid  Gears:  Operating  Pitch  Surfaces 

Bask  Equations 

Unlike  the  helical  gears  and  worm-gear  drives,  the  pitch  point  P  of  hypoid  gears  is  located  offset 
of  the  line  of  the  shortest  distance,  and  the  operating  pitch  surfaces  are  two  cones  (fig.  14.4.1). 

Let  us  derive  equations  which  relate  parameters  of  the  operating  pitch  cones  with  the  coordinates 
of  the  pitch  point.  These  equations  were  derived  by  Baxter  (1961),  Litvin  (1968),  and  Litvin,  Petrov, 
and  Ganshin  (1974). 

We  set  up  the  following  three  coordinate  systems:  5|(xr,,yi,z,)  and  S2(x2,y2,z2)  rigidly  connected 
to  gears  1  and  2,  respectively,  and  Sf  rigidly  connected  to  the  frame  (fig.  14.4.2).  The  origins 
0,  and  02  are  the  apices  of  the  pitch  cones;  and  z2  are  uie  axes  of  gear  rotation  (we  will  limit 
the  discussion  to  the  crossing  angle  of  90*);  dt  and  d2  determines  the  location  of  the  cone  apices; 
C  is  the  shortest  distance  between  the  gear  axes  of  rotation;  and  P  is  the  pitch  point.  The  pitch 
cones  are  in  tangency  at  point  P.  The  plane  drawn  through  points  Ot,  02,  and  P  is  the  pitch  plane; 
0{P  and  02P  are  the  lines  of  tangency  of  the  pitch  cones  with  the  pitch  plane. 

We  represent  the  equations  of  the  pitch  cone  in  the  coordiiiate  system  5,  as  follows  (fig.  14.4.3): 


x,  =  u,  sin  y,  cos  8,  y,  -  u,  sin  y,  sin  8,  z,  =  u,  cos  y,  (/  =  1,2) 


(14.4.1) 


Figure  14.4. 1 . 
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Figure  14.4  2. 


Figure  14.4.3. 


I 


Here  9,  and  u,  *  \0,ht\  are  the  surface  coordinates,  and  is  the  angle  formed  by  the  cone 
generatrix  and  the  cone  axis. 

The  unit  normal  to  the  cone  surface  is  given  by 


A  N(  ■  —  x  — 

m  *,  m 


(14.4.2) 


Equations  (14.4.1)  and  (14.4.2)  yield  (provided  u,  sin  yt  *  0) 

na  *  cos  9,  cos  yt  tty  =  sin  9t  cos  y,  nd  ■  -sin  y,  (14.4.3) 

Equations  of  the  pitch  cones  and  the  surface  unit  normals  are  represented  in  coordinate  system 
S/  by  the  following  matrix  equations 


Here 


[r/,)]  -  MM 

(14.4.4) 

['•/"] -MW 

(14.4.5) 

[r/2>]  *  MM 

(14.4.6) 

M-MH 

(14.4.7) 

10  0  0 
0  10  0 
0  0  1  -dx 
0  0  0  1 


'  1  0 
0  0 
0  1 
0  0 


0  C  ‘ 
-1  d2 
0  0 
0  1 


(14.4.8) 


(14.4.9) 


Matrix  [Lfj]  may  be  derived  from  matrix  [Mj ,]  by  deleting  the  last  column  and  row.  Equations 
(14.4.1)  to  (14.4.9)  yield 


ut  sin  y,  cos  0| 


u,  sin  7)  sin  9X 
u,  cos  7,  -  «/, 


I 


(14.4.10) 
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cot  #|  cot  7, 
["/"’]  *  »in  #|  cot  7, 


M  * 


it}  tin  t2  cot  92  +  C 
-«j  cot  >2  +  rfj 
«2  tin  y2  tin  92 


(14.4.11) 


(14.4.12) 


hi  • 


cot  92  cot  >2 


sin  92  cot  72 


(144.13) 


Since  the  pitch  conet  are  in  Ungency  it  the  point  P  the  following  equations  mutt  be  tititfied 


-  hi  -  hi 

hi  -  -  hi 


(14.4.14) 


(14.4.15) 


(Here  (r/'')  representi  the  pitch  point  P.)  We  have  derived  equation  (14.4.15)  taking  into  account 
th«  the  pitch  cones  are  located  above  and  below  the  pitch  plane,  and  that  the  surface  unit  normal, 
are  directed  opposite  to  each  other. 

Equations  (14.4.14)  and  (14.4.15)  yield 

“i  sin  7,  cos  0,  -  u,  sin  y2  cos  d2  +  C  =  xjF) 

“i  sin  7)  sin  0,  »  -u2  cos  y2  +  d2  = 

“ i  co*  7i  ~  =  «2  sin  72  sin  92  =  z}F) 

cos  9 1  cos  7|  =  -  cos  92  cos  72 

sin  9,  cos  7,  »  -  sin  72 

sin  7,  =  sin  92  cos  7, 


:  system  of  equations  (14 .4. 19)  to  (14 


(14.4.16) 

(14.4.17) 

(14.4.18) 
(14.4  19) 
(14.4  20) 
(14.4.21) 


.4.21)  consists  of  only  two  independent  equations  because 


n/”|=  Km|-  i 


(14.4.22) 


The  radius  of  the  cone  circle  which  passes  through  P  may  be  represented  as  follows  (fig.  14.4.3): 


sin  7,  =  r,  (i  =|.2) 


Equal  tom  (14  4.16)  to  (14.4.18)  and  (14.4.23)  yield 


r,  coa  #,  ■  r2  cos  82  +  C  «  xfFi  (14.4.24) 

r,  tin  0,  -  -r2  cot  y2  +  </2  -  y}n  (14.4.23) 

r,  cot  y,  -  d\  m  r2  tin  02  ■  zjn  (14.4.26) 

Equations  (14.4.24)  to  (14.4.26)  and  two  equations  of  ihe  system  114.4.19)  to  (14.4.21)  represent 
the  basic  system  of  eight  equations,  that  relate  the  parameters  of  the  pitch  cones,  the  surface 
coordinates,  and  the  coordinates  of  the  pitch  point.  The  eleven  parameters  are  the  following:  rt, 
#i.  r2,  02,  dx.  d2,  y,.  "ii.  x)r\  and  zjr).  Considering  three  of  the  parameters  from  the  above 
set  as  given,  we  may  determine  the  remaining  eight  parameters. 

Hristkan  Between  Cone  Parameters 

Let  us  derive  equations  that  relate  the  six  cone  parameters  r,.  r2,  dx,  d2,  y(,  and  y2. 
Equations  (14.4.23)  and  (14.4.20)  yield 


-r2  cot  y2  +  d2  m  r,  sin  8,  ■  — r,  Mn  —  (14.4.27) 

cosy, 


Rearranging  equations  (14.2.27),  we  get 


r2  cot  y2  cos  yi  -  <f2  cos  y,  -  r,  sin  y2  -  0 


(14.4.28) 


From  equations  (14.4.26)  and  (14.4.21),  we  get 


r2  cot  y,  -  rf,  «  r2  sin  92 


sin  y, 

r2 - 

cos  y2 


(14.4.29) 


Thus 

r,  cot  y,  cos  y2  -  rf,  cos  y2  -  r2  sin  y,  »  0  (14.4.30) 

With  equations  (14.4.24),  (14.4.20),  and  (14.4.21),  we  get 

rf  ( 1  -  sin20,)  —  r| ( 1  -  sin202)  -  2Cr2  cos  82  -  C2  * 

r?(cos2y,  -  sin2y2)  r22(cos2y2  -  sin2y,)  „  „ 

- - - - - C  -  2Cr2  cos  d2  *  0 

cos*y,  cos  y2 


Thus 


rf  (cos2y,  -  sin2y:)  rf(cos2y:  -  sin2y,)  „,12 

1  ^ 


cos2y, 


COS*y2 


-4C2rjfC°S^:SinM=0 

\  COS*>2  / 


(14.4.31) 
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Three  equations  (14.4.28),  (14.4.30),  and  (14.4.31)  relate  six  cone  parameters.  Considering  three 
these  parameters  as  given,  we  may  determine  the  remaining  three. 

It  is  easy  to  verify  that  the  cone  angles  must  satisfy  the  inequality 


7t  +  Tj  <  90* 

(14.4.32) 

if  die  crossing  angle  is  90*.  From  equations  (14.4.20)  and  (14.4.21),  we  see  that  since 

*  tin  7. 

sm  tin  8,  *  1 

CO*  72 

(14.4.33) 

-*in  72 

sin  0|  ■ - -  Jsin  8,|  s  1 

cos  y, 

(14.4.34) 

the  following  inequalities  must  be  satisfied 

COS  >2  cot  y, 

(14.4.35) 

Inequalities  (14.4.33)  yield 

sin  y,  S  tin  (90*  -y2)  tin  y2  S  tin  (90*  -  y,) 

(14.4.36) 

And 

7t  +  72  i  90* 

(14.4.37) 

From  equation  (14.4.31)  we  obtain  that  the  equality  y,  +  y2  -  90*  may  be  satisfied  only  if 
C  «  0.  Since  the  center  distance  of  hypoid  gears  C  *  0,  the  final  relation  between  y,  and  y2  is 

yi  +  72  <  90* 

(14.4.38) 

There  is  an  alternative  system  of  equations  that  relate  the  pitch  cone  parameters.  Consider  that 
C.  y2,  r2  *nd  y,  <  90*  -  y2  are  given.  We  may  then  determine  the  remaining  parameters  d,.  d2, 
and  r(  by  using  the  following  procedure  for  computations: 

•  „  5'n  72 

sin  0|  <* - - 

cos  y, 

(14.4.39) 

sin  d2  *  — — —  cos  62  =  -  cos  0,  ~y' 

cos  y2  cos  y2 

(14.4.40) 

C  +  r2  cos  0-. 

n  = - — — 1 

cos  6 1 

(14.4.41) 

d2  =  r,  sin  0,  +  r2  cot  y2 

(14.4.42) 

d i  =  r,  cot  y,  -  r2  sin  02 

(14.4.43) 

(See  eqs.  (14.4.19)  to  (14.4.26).) 
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inch  Point  Coordinates 

Knowing  the  pilch  cone  parameters,  we  may  represent  the  coordinates  of  the  pitch  point  as  follows: 
(See  eqs.  (14.4.24)  to  (14.4.26).) 


-  -fjeotyj+dj 

(14.4.44) 

l}n  m  r,  cot  T,  -  d, 

(14.4.45) 

*}* » *  ■  (y}f)Y 

(14.4.46) 

Pitch  Plane  Orientation 

The  pitch  plane  passes  through  points  0\,  02,  and  P  (fig.  14.4.2).  The  pitch  cones  and  the  pitch 
plane  have  a  common  normal  at  point  P  because  they  are  in  tangency  at  P.  Therefore,  the  unit 
normal  to  the  pitch  plane  may  be  determined  as  the  normal  to  the  pitch  cone  1  at  point  P. 
Equations  (14.4.11)  and  (14.2.24)  to  (14.4.26)  yield 


••  cos  d|  cos  >i \f  +  sin  d|  cos  yi if  -  sin 

-  —  (*;'>«/  +  y}r) ]/)  -  *in  Til y  (14.4.47) 


The  Tooth's  Longitudinal  Shape 

We  begin  with  the  determination  of  the  unit  vectors  of  the  generatrices  0(P  and  02P  (fig. 
14.4.2).  We  designate  these  unit  vectors  by  T1"  and  T12'.  Equations  (14.4. 10)  and  (14.4.12)  yield 


T(,>- 


dr}>} 

dut 


dr}" 

i 


1  dii 

and 

dr/2> 

r(2)m  &T?  m_ 

du2 

m 

dr/2' 

du2 

The  unit  vectors  T("  and  t<2> 

sin  7i(cos  9\\f  +  sin  9t }f)  +  cos  7|k^ 


(14.4.48) 


=  sin  “ft  cos  ^1/  _  cos  7jj/  +  sin  sin  92k/ 


(14.4.49) 


COS  If  =  t<i,«t<2\ 

Equations  (14.4.48),  (14.4.49),  and  (14.4.19)  to  (14.4.21)  yield 

cos  1/  =  tan  7 1  tan  y2  (14.4.50) 

Let  us  now  determine  the  relative  velocity  vector  vl,2)  at  the  point  P  shown  in  fig.  14.4.2 
t"2'  =  v">  -  v(2>  =  «<"  x  rp  -  (u><2)  x  r/'  +  Up  x  u<2>) 


W9 


(14.4.51) 
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Vectof  v(  2*  it  directed  along  the  tangent  to  the  tooth ‘i  longitudinal  shape. 

It  it  easy  to  verify  that  vectori  v"’  and  v12’  lie  in  the  pitch  plane  and  are  perpendicular  to  the 
unit  vectori  r1  1  and  T1  \  respectively.  Thit  may  be  proven  with  the  equation! 

-0  v10 •  f <’>  -  o  0  m  |,2)  (14.4.52) 

Since  vectori  v">  and  v<2>  lie  in  the  pitch  plane,  vector  v,,2>  -  alio  lies  in  thit  plane. 

Let  ut  now  determine  the  angle  0,(i  «  1,2)  formed  between  the  unit  vector  r(l>  and  the  relative 
velocity  v"2).  Taking  into  account  that 


we  get 


cot 


_r"».v"2*  r'1’  •  (v,:*  —  v,J»)  •  v12* 

1  "  |v,l2’|  tOl  ~lv"2’| 


(14.4.53) 


and 


cot  02 


yt2)  (  yf!2)  ^(2)  9 

“  |v,,2,| 


Here  (see  eqs.  (14.4.51)) 

-  <*>"’  x  r}>'  =  \f  - 

V(2)  *  «r2)  x  rjr)  +  op  X  U)l2)  *  ui2) 


and 


-<TV+(V"-c)  k, 

+  2(w"')(u«»)y/<',^> 


(14.4.54) 

(14.4.55) 

(14.4.56) 


(v"2»|  =  |(U'")2  (y/>)2  +  (*;'>) 

+  (u>'2’)2  (z}'')2  +  (*/«  -  C)2  j 

Equations  (14.4.48),  (14.4.49),  (14.4.55).  and  (14.4.56)  yield  that 


(14.4.57) 


T,".v,2»  =  <4>'Jl 


z}r)  cos  S|  sin  7,  +  (x}r>  -  c)  cos  y, 


and 


(14.4.58) 


r'^.v"’  =  w("(y}l’)  cos  92  sin  y2  +  xjf)  cos  y2)  (14.4.59) 


HO 


We  may  transform  equation*  (14.4.58).  (14.4.59).  and  (14.4.57)  using  the  following  expressions: 
(See  eqs.  (14.4.26),  (14.4.21).  (14.4.24).  (14.4.19),  (14.4.25).  and  (14.4.20).) 


If*  -  r,  sin  #j  •  rj  —  ■ 

cosy, 


(14.4.60) 


x/>-Ct2  co.^ 

cosy, 


(14.4.61) 


V/*  rn  f,  Sin  4,  -  -  r,- 


(14.4.62) 


Xyr"1  »  r,  cos  0, 

(*/'")’ + (>ry 

(’I*  -  c)‘  *  ('!")'  -  H 


(14.4.63) 


(14.4.64) 


(14.4.65) 


We  then  get 


u(ti0  <”*  *i  _  ^  «*a)r2Vco*2  y,  -  sin2-) 
cos  y2  cos  >,  cos  y2 


(14.4.66) 


T®  •  -  «<' V,  001  A  «■»'  S^cos2  y,  -  sin?y2 


cos  y,  cos  y2 


I*02'!  -  [  (“"V,)2  -  2«' W2  tan  y,  tan  y2  +  (««V,)2T 
-  2«<hw°V,r,  co*  ij  +  (wR)r2)2j 


(14.4.67) 


(14.4.68) 


Here  y  is  represented  by  equation  (14.4.50).  The  final  expressions  for  0,  and  02  are  given  by 


co,  0,  .  *  ~  sin^ 

|v,u’  |  cos  y,  cos  y2 


(14.4.69) 


COS  02  =  ± 


_  ^“Vt^cos2  y,  -  sin:y2 


COS  y,  cos  72 


(14.4.70) 


Equations  (14.4.69)  and  (14.4.70)  determine  the  direction  of  the  tangent  to  the  tooth's  longitudinal 
shape  at  P.  These  equations  yield 

«<n  r2  cos  02 

mi2  =  -72]  =  - —  (14.4.71) 

u>'  ’  r,  cos  0)  ' 


(14.4.71) 


„(■>  m  v<zi  co«  i)  +  v,z'  tin  7  un  0, 

v,Jl  „  V(D  co»  if  -  v(,»  tin  if  un  02 
Equations  (14.4.72)  and  (14.4.73)  yield 


tan  Bi  - 


v(l>  —  v,Z)  CO*  I) 

v<Z)  tin  if 


tan  02 ' 


v"’  cot  if  -  v<2) 
v"*  tin  if 


From  equations  (14.4.55),  (14.4.56),  and  (14.4.24)  to  (14.4.26),  we  obtain 


—  (jJ  r  | 


V,J)  =  w 


[(*''’)’ +(*/■") 

r  t  i/2 

,2>  I  (z^y  +  (x}r)  -  c):  =  u'-'i 


Equations  (14.4.74)  to  (14.4.77)  yield 


tan 


T\  —  /Ttj  |  t ^  COS  If 
tntfi  sin  if 


and 


tan  02  = 


r,  cos  if  —  «;i»; 
r,  sin  7 


where  m31  =  w,:,/u>M). 


(14.4.72) 

(14.4.73) 

(14.4.74) 

(14.4.75) 


(14.4.76) 


(14.4.77) 


(14.4.78) 


(14.4.79) 
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Optimal  Synthesis  of  Pitch  Surfaces 

Consider  that  the  gear  center  distance,  the  crossing  angle  and  the  gear  ratio  are  given.  To  determine 
the  pitch  surfaces  in  contact  at  the  pitch  point,  we  use  equations  which  relate  the  design  parameters. 
Since  the  number  of  equations  usoi  is  less  than  the  number  of  varied  parameters,  the  solution  is 
not  unique.  Thus,  the  design  of  pitch  surfaces  it  a  problem  of  optimization  with  some  criteria. 
For  instance,  the  criteria  of  force  transmission  may  be  used.  This  problem  wu  solved  by  Litvin, 
Petrov,  and  Ganshin  (1974). 


14.5  Limiting  Contact  Normal 

Consider  that  the  pitch  plane,  the  pitch  point  P  and  the  direction  of  the  sliding  velocity  v(,2> 
are  known  (fig.  14.3.1).  Let  us  draw  through  the  pitch  point  P,  the  normal  plane,  which  is 
perpendicular  to  the  pitch  plane  and  to  v<l2>.  The  mating  surfaces  Et  and  E2  are  in  contact  at  point 
P  and  the  common  unit  normal  n  to  E(  and  E2  lies  in  the  normal  plane  (fig.  14.3.1).  The  direction 
of  ■  is  determined  by  the  normal  pressure  angle  w  Since  vector  v<l2)  is  perpendicular  to  the 
normal  plane,  the  equation 

■  .v<l2>«0  (14.5.1) 

is  satisfied  for  any  pressure  angle  Equation  (14.3.1)  is  the  equation  of  meshing  (sec.  9.8)  and 
the  gear  tooth  surfaces  are  conjugate  at  P  locally— they  transform  rotational  motion  with  a  prescribed 
angular  velocity  ratio. 

However,  there  is  a  limiting  pressure  angle  which  determines  the  direction  of  the  limiting 
contact  normal.  The  problem  of  the  limiting  contact  normal  was  the  subject  of  research  done  by 
WikJhaber  (1946a),  Baxter  (1961),  and  Litvin  (1968). 

Let  surface  E|  be  covered  with  lines  of  contact  at  which  E|  comes  into  tangency  with  the  mating 
surface  E2.  Consider  the  particular  case  when  the  contact  lines  on  E,  have  an  envelope  at  the  pitch 
point  P  (fig.  14.3.2).  As  we  know,  (sec.  12.1)  the  velocities  vj"  and  v'2'  of  the  contact  point  in 
the  motion  over  surfaces  E,  and  E2  are  related  by  the  equation 

?®  -  *<’>  +  v(,2>  (14.5.2) 


Normal  pljne-^ 


Figure  14.5. 1 . 


Figure  14.5.2. 
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This  equation  is  derived  with  the  assumption  that  vector  vr"’  can  be  along  any  direction  but 
different  from  the  direction  of  the  tangent  to  the  contact  line,  it  is  evident  that  if  at  P  the  contact 
line  envelope  exists,  the  velocity  is  zero  along  any  direction  different  from  the  direction  of 
the  tangent  T  (fig.  15.5.2). 

Let  us  differentiate  the  equation  of  meshing  given  by 


B"W2»  .  „(l).  x  r(l)  _  c  x  w(2>)  .  0 

(14.5.3) 

taking  into  account  that  an  envelope  of  contact  lines  exists  at  P  and  v'(> 
gear  ratio  and  w(l)  and  w121  are  constant.  Thus 

-  0.  We  assume  that  the 

■<l*.r‘,2>  +  n,".(w<l2’xr<")  -0 

(14.5.4) 

Since  vj"  «  0,  we  have 

n">  -  n<!»  -  u">  x  n<"  rm  -  <!> 

(14.5.5) 

Equations  (14.5.4)  and  (14.5.5)  yield 

a<1,»  j  -  (u(,)  x  v(l2)^  +  (w,,2)  x  *»)  «  0 

(14.5.6) 

L  J 

With  the  expressions 

y(l2)  m  yjl)  _  m  ^<0  _ 

(14.5.7) 

we  may  represent  equation  (14.5.6)  as  follows: 

o'".  J(«‘"xv«>)  -  (o),2>  x  v<!>)1  - 

B<».  x  Ju,2)  x  (r(,)  -  C)j  -  Ju>,2)  x  (w10  x  r*'1)]  j  -  0  (14.5.8) 

Here  r,,)  is  the  position  vector  of  pitch  point,  C  is  the  vector  of  shortest  distance  between  the 
axes  of  rotation.  Equation  (14.5.8)  and  equation 

v(i2>  *  o  (14.5.9) 

determine  the  direction  of  the  limiting  normal  at  the  pitch  point  P.  Synthesizing  the  gears  we  have 
to  choose  the  direction  of  the  surface  normal  different  from  the  limiting  direction.  Then  the  envelope 
of  contact  lines  at  the  pilch  point  will  not  occur.  In  the  case  of  gear  train  with  the  crossing  angle 
of  90*.  we  get 


w»W2>  =  0  (14.5.10) 

XC  =  («"’  x  u(2} )  (X  0)  '  .  .) 

(The  vector  of  shortest  distance  is  perpendicular  to  the  axes  of  rotation.) 

«">  x  (w<2>  x  C)  =  0  (14.5.12) 

(Vectors  <i>"\  wl2\  and  C  are  mutually  perpendicular.)  Equations  (14.5.10)  to  (14.5.12)  yield  that 
equation  (14.5.8)  may  be  represented  in  the  discussed  case  as  follows 
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n»  jV'2’’  x  (w(2»  x  wm)j  =  -  Xn»(r(?)  x  C)  =  0 


(14.5.13) 


or  (provided  X  +  0) 


[■r('»c]  -  -  *ty}f))C  m  0  (14.3. 14) 

The  derivation  of  equation!  (14.3.13)  and  (14.3.14)  from  equation  (14.3.8)  ii  based  on  the 
following  considerations: 

Step  /.—Considering  the  triple  vector  products  in  equation  (14.3.8),  we  obtain 
x  x  (r^1  -  C)j  -  x  («,,)  x  r<,,)J  ••  «(J,(^|»(,,•r<,,) 

-  r<*(«‘,>.«<:>)  -  «<"  x  («(I>  x  C)  -  w"»(w'J».r<'») 

+  r,',(M(,)««(J))  ■>  w^fw***  •  r*^*)  -  w,,)(«tt,.r<,)) 

because 


(1)  w(l'«(t»(2>  «  0  (Because  these  vectors  are  perpendicular.) 


(2)  «<"  x  (««>  x  C)  -  0  (See  eq.  (14.5.12).) 

Thus  the  triple  vector  product  in  equation  (14.3.8)  may  be  substituted  by 

m  t{f)  x  (w<2)  x  w"’) 

Sup  2.— With  equation  (14.3.11),  we  obtain 


«">  x  ««>  «  XC 

Thus  equation  (14.5.13)  is  confirmed. 

SUp  3.— We  derive  equation  (14.5.14)  as  follows: 


[nr  <r,C)  -  («„!/  +  nyif  +  nXfi . 


V  if 

*r  y}n 

C  0 


*  («A  +  nyif  +  -  y}')kf)c  -  -  nJjn)C  «  0 


Thus,  eqtiation  (14.3.14)  is  confirmed. 

In  the  case  of  worm-gear  drives,  the  pitch  point  P  lies  on  the  center  distance  and  vectors  riF) 
and  C  are  collinear.  Equation  (14.5. 14),  which  only  works  for  orthogonal  gear  drives,  is  satisfied 
with  any  direction  of  the  surface  unit  normal  d,  since  r(,(  x  C  =  0.  This  results  in  that  the 
existence  of  the  contact  line  envelope  at  the  pitch  point  P  is  inevitable  for  orthogonal  worm-gear 
drives.  This  is  the  reason  why  nonstandard  orthogonal  worm-gear  drives  may  result  in  a  better 
efficiency. 

Let  us  now  express  equation  (14.5.14)  in  terms  of  the  parameters  of  a  hypoid  gear  drive  with 
a  crossing  angle  of  90*. 

Consider  a  coordinate  system  Se  rigidly  connected  to  the  pitch  plane  with  the  unit  vectors  of 
the  coordinate  axes,  e)t  e2,  and  e3  (fig.  14.5.3).  The  unit  normal  to  the  pitch  plane  is  given  by 
C|;  ej  coincides  with  r<l>,  the  unit  tangent  to  the  pitch  cone  (fig.  14.5.3  and  fig.  14.4.2);  the  unit 
vector  e2  is  represented  by  the  equation 

e2  =  e3  x  et  (14.5.15) 
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r  *torm*  >i*n« 


The  unit  vector  «|  ii  represented  in  the  coordinate  system  S/U  follows:  (eq.  (14.4.47)) 


«i  ■ 


COS  7)  COS  0  I 
cos  >1  sin  0| 
-sin  7, 


Vector  €3  ■  r<,>  is  represented  by  (eq.  (14.4.48)) 


(14.5.16) 


e,  - 


sin  >1  cos  0, 
sin  y,  sin  0, 
cos  y, 


(14.5.17) 


Equations  (14.5.15)  to  (14.5.17)  yield 


‘2  “ 


-sin  9 1 
cos  9 1 
0 


(14.5.18) 


Equations  (14.5.16)  to  (14.5.18)  result  in  the  following  matrix: 


\Lf')  = 


cos  cos  0, 
cos  7,  sin  9) 
-sin  71 


—sin  9\  sin  7,  cos  0, 
cos  0t  sin  7)  sin  0| 
0  cos  71 


(14.5.19) 


Elements  of  matrix  (14.5.19)  au  (k  =  1.2.3;  f  -  1,2.3)  represent  the  direction  cosines;  k  is  the 
number  of  axis  of  5^,  and  t  is  the  number  of  axis  of  Sr.  (See  app.  A).  For  instance. 

a2 j  =  cos  =  sin  7.  sin  0 1 
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This  matrix  represents  the  transformation  of  a  vector  in  transition  from  5,  to  Sf. 

The  surface  unit  normal  n  (Fig.  14.5.3)  is  represented  in  terms  of  et,  e2,  «j  by  the  matrix 


M 


•in 

cos  ^  cos  (3, 
-cos  sin  0, 


(14.5.20) 


The  surface  unit  normal  is  represented  in  terms  of  if,  if,  and  k f  as  follows: 

W  -  [l+WnA 

Equations  (14.5.19)  to  (14.5.21)  yield 


(14.5.21) 


cot  cos  0)  sin  -  sin  9\  cos  (3t  cos  -  tiny)  cos  9X  sin  0|  cos 
cos  >|  sin  9,  sin  +  cos  9\  cos  /3(  cos  -  sin  7(  sin  9\  sin  0(  cos 
-  tin  7f  sin  -  cos  yi  sin  0(  cos 


(14.5.22) 


If  the  surface  unit  normal  reaches  the  limiting  direction,  equation  (14.5.14)  must  be  satisfied. 
Equations  (14.5.22)  and  (14.5.14)  yield 

(cot  yi  tin  0,  sin  a  +  cos  0|  cos  /3|  cos  a  -  sin  >|  sin  9,  sin  0,  cos  a)zir) 

+  (sin  7,  sin  a  +  cot  71  sin  0|  cot  a)yjF)  -  0  (14.5.23) 

Here  a  »  is  the  limiting  pressure  angle,  the  angle  formed  by  the  limiting  normal  with  the  pitch 
plane  (fig.  14.5.3);  xlf},  ylf\  and  z(,)  are  the  coordinates  of  the  pitch  point. 

We  may  transform  equation  (14.5.23)  by  using  the  following  expressions:  (see  cqs.  (14.4.17) 
to  (14.4.21)  and  (14.4.50)) 


sin  9\  =  - 


•»n  7; 
cos  7, 


(14.5.24) 


( p\  a  sin  ^7 

z}  —  r2  sin  0-  = - r2  (provided  u2  sm  y2  -  r2) 

7  cos  71 


(14.5.25) 


...  .  „  sin  7?  ... 

>•;  =  r  1  sm  8\  - - rt  (provided  u\  sm  71  =  r,) 

COS  7! 


(14.5.26) 


sin2  7=1-  tan2  y,  tan2  y2  = 


cos2  7|  -  sin  72  1 


7,  tan*  72  2  2 

COS  7|  COS  72  COS 


72  \  cos"  7,/ 


cos2  6] 
cos2  72 


(14.5.27) 
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Pitch  plini  nor  mil 


Figure  I4.J.4. 


cos  6\  m  -  sin  ij  cos  y2  (provided  cos  $2  >  0) 
n  m  0i  ~  fa 

Equations  (14.5.23)  to  (14.5.29)  yield  that 


(14.5.28) 

(14.5.29) 


tan  a 


r2  sin  t cot  >1  sin  ff) 
r2  tan  y2  -  y}p> 


(14.5.30) 


The  orientation  of  the  limiting  normal  (angle  a)  depends  on  the  location  of  the  pitch  point. 

Figure  14.5.4  shows  tooth  shapes  of  both  sides  in  the  normal  section  which  passes  through  the 
pitch  point  P.  The  surface  unit  normals  n(,)  and  n,2)  form  angles  ^„(1)  and  ^„(2)  with  the  pitch  plane. 
These  normals  make  the  same  angle  with  the  limiting  normal,  that  is,  ^„<l)  -  or  =  ^„<2>  +  a.  Thus, 
*«”  s4  ^,<l)  -  V'J21  =  2a,  and  the  tooth  shapes  are  asymmetrical. 


Chapter  15 


Axes  of  Meshing 


We  define  the  axis  of  meshing  as  a  straight  line  rigidly  connected  to  the  frame  through  which 
passes  the  common  normal  to  the  mating  surfaces  at  any  point  of  contact  of  the  surfaces. 

In  the  case  of  gears  having  parallel  (intersected)  axes  of  gear  rotation,  there  is  only  one  axis 
of  meshing  and  this  axis  is  the  line  of  contact  of  pitch  cylinders  (of  pitch  cones  in  the  case  of 
intersected  axes).  It  will  be  proven  below  that  there  are  two  axes  of  meshing  if  the  axes  of  gear 
rotation  are  crossed.  In  this  case,  the  relative  motion  is  a  screw  motion  and  one  of  the  mating  surfaces 
is  a  helicoid.  (This  theorem  was  first  proposed  by  Litvin,  1955.)  The  application  of  the  axes  of 
meshing  simplifies,  in  some  cases,  the  gear  synthesis  and  the  tool  design. 


15.1  Crossed  Axes  of  Gear  Rotation:  Axes  of  Meshing 

Consider  that  a  gear  mechanism  transforms  rotation  between  crossed  axes  (fig.  15.1.1).  The 
relative  motion  is  a  screw  motion,  which  is  represented  by  rotation  about  and  sliding  along  an 
axis  called  the  axis  of  screw  motion.  (See  ch.  2.4.)  Knowing  the  angular  velocities  of  gear  rotation, 
the  shortest  distance,  and  the  crossing  angle  between  the  axes  of  gear  rotation,  we  may  determine 
the  unique  parameters  of  relative  screw  motion.  The  reverse  case— the  representation  of  the  given 
screw  motion  as  rotation  about  two  crossed  axes— has  an  infinite  number  of  solutions.  However, 
we  may  find  a  unique  pair  of  crossed  axes,  among  all  of  the  pairs  of  crossed  axes,  which  will 
serve  as  a  pair  of  axes  of  meshing  by  satisfying  the  following  conditions:  (1)  The  rotations  about 
the  axes  of  meshing  may  be  substituted  by  the  given  screw  motion.  (2)  All  common  normals  to 
the  mating  surfaces  at  points  of  surface  contact  intersect  both  axes  of  meshing. 

Consider  that  such  a  pair  of  axes  of  meshing  indeed  exists.  Since  the  common  normal  to  the 
mating  surfaces  must  intersect  the  axes  of  meshing,  the  two  following  equations  must  be  observed. 


X(i)  -  x  y(,»  -  y  Z(,)  -  2 


a  =  lid 


(15.1.1) 


Here  X0),  y(l>,  and  Z{,)  are  the  coordinates  of  a  point  on  the  axis  of  meshing:  x,  y,  and  z  are 
the  coordinates  of  a  point  of  contact  of  mating  surfaces;  and  nx,  ny,  and  n.  are  the  projections  of 
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the  common  unit  normal  to  the  mating  surface*.  The  contact  point  of  surface*,  the  common  unit 
normal  and  the  coordinates  of  the  axes  of  meshing,  are  considered  in  the  fixed  coordinates  system 
SfiXf,  >7.  if)  that  is  connected  ngidly  to  the  frame.  (The  subscript/in  equations  (13. 1. 1)  is  dropped 
for  simplification.) 

Considering  that  the  x^-axis  is  directed  along  the  shortest  distance  between  the  crossed  axe*  (fig. 
15.1.1).  we  may  represent  equations  (15.1.1)  as  follows: 


X<"-x  y«'»-y  -z 


(15.1.2) 


Here  (A''1,  0,0 )  are  the  coordinates  of  point  O,  (i  «  I. II).  the  intersection  of  the  axis  of  meshing 
with  the  x^-axis,  and 

z<‘>  m  (15.1.3) 

where  AT"*  determines  the  direction  of  the  axis  of  meshing.  Equations  (15.1.2)  yield 


Y«i  *<0(Jnr  -  .V",)  -  Jin.  +  zn, 

K{\  -  nt 


(15.1.4) 


It  may  be  stated  that  the  location  and  direction  of  the  axis  of  meshing  does  not  depend  on  ( I ) 
coordinates  of  the  point  of  surface  contact  or  (2)  on  the  projections  of  the  surface  unit  normal, 
if  X"’  and  K(lt  do  not  depend  on  the  mentioned  parameters.  Let  us  prove  that  the  location  and 
direction  of  the  axes  of  meshing  is  constant  if  one  of  the  mating  surfaces  is  a  helicoid.  We  begin 
with  the  equation 


yn,  —  xny  *  hnt 


(15.1.5) 


which  is  satisfied  if  the  gear-tooth  surface  E*  is  a  helicoid  (sec.  8.4,  eq.  (8 .4.40));  here  h  is  the 
screw  parameter.  We  then  determine  the  equation  of  meshing  that  relates  the  coordinates  of  the 


Aiis  of 


point  of  contact  (x.y.z)  and  the  projection!  of  the  surface  unit  normal  («,,  nr  nc).  (See  ch.  9.1). 
The  derivation  is  based  on  the  fol lowing  equation 


IKfC 


a* *<l11  -  a •  £(u>***  -  t e(,))  x  r,n  -  (R  x  -  0 

a  ■  nj  +  +  n,k 


is  the  surface  unit  normal; 

4*(l*  *  «(,)k  u»(J>  ■>  wt2,(sin  yj  +  cos  yk) 

are  the  angular  velocities  of  gears  I  and  2  (fig.  IS.  1.1);  and 

r01  ■»  jf  +  yj  +  jk 

is  the  position  vector  of  the  point  of  contact; 

R  •  •  —  Cl 

Equations  (IS.  1.6)  to  (IS.  1.10)  yield 


(IS. 1.6) 


(15.1.7) 


(15.1.8) 


(15.1.9) 


(15.1.10) 


-  n,£(l  -  «2i  c°*  y)y  +  >]  +  n,[d  -  *21  cos  y)r  -  C#n2i  cos  yj 

+  n^mji  sin  y(*  +  C)J  *  0  (15.1.11) 

Here  m2,  « 

Taking  into  account  that  surface  E(  is  a  helicoid  and  equation  (15.1 .5)  is  satisfied,  we  represent 
equations  (15.1.11)  and  (15.1.4)  as 

xn.  —  zn,  -  h  - — — 1  ■°°*  T  nz  -  C(n,  cot  y  -  «,)  «  0  (15.1.12) 

Mji  sin  y 


f«»  _  -K0>hn!  -xn.  +  y i, 
r<*> 


K'‘’ny  —  n: 


(15.1.13) 


Equations  (15.1.12)  and  (15.1.13)  yield 


(X<0Ar"'  +  C  cot  y)ny  +  ( K(,)h  -  Xu)  -  C  +  h- — ?;i  008  iV.  =  0  (15.1.14) 

\  «2I  s'"  7  / 

To  be  independent  of  the  parameters  of  contact  point,  the  coordinates  X{l)  and  Ku)  of  the  axes 
of  meshing  must  satisfy  the  following  equations: 

XinKw  +  Ccoty  =  0  (15.1.14) 

AT(l)fi  -X(,)  -  C+h  '  ~  W;|  —  y  =0  (15.1.15) 

m2\  sin  7 
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Equation*  (13.1.14)  and  (15.1.15)  yield 


(*»>>*  -  K(l'( C  -  *  ~  *"*1  ^  +  - “*  ?  -  Q 

\A  mj,  tin  y  }  h 


(15  1.16) 


AT'"  -  - 


C  cot  y 


r<i> 


(15  1.17) 


The  lolutiont  to  the*  equation*  for  X'1'  and  K'1'  are  given  by 

1C"  «  I  (£  _  1  ~  m2\  CO*  y\  +  1  [”  /£  _  1  ~  W;i  CO*  yV  _  4 C  cot  >1 
2  \h  m2 1  *in  y  /  2  I  \h  m2]  tiny  )  h  I 


i/j 


(15.1.18) 


*<"  -  - 


C  cot  y 


(13.1.19) 


_  *  (C  l-w:,  co*y\ 

2  \h  m2 1  *in  y  J 

v<n» ,  Ccaiy 
K"" 

For  the  case  when  the  crossing  angle  y  **  90‘,  we  get 

Af1"  -  -  -  — 
h  m2 1 

X^-O 
X*"’  -  0 

Using  L'Hospitai's  rule,  the  fraction  in  equation  (15.1.21)  for  y  »  90*  becomes 

~r  (~C  cot  7) 

jr*'1'  — ^ - =  -  C  +  —  (15.1.25) 

5  KM 

The  angular  velocity  ratio  for  the  worm-gear  drive  is  (sec.  14.3) 

T.  s'n  K  . 

W--I  =  ± - c 2 —  (15.1.26) 

/?,,  sin  (7  ±  Xr) 

The  upper  sign  corresponds  to  worms  with  the  right-handed  threads;  rp  and  Rp  are  the  radii  of 
the  pitch  cylinders  of  the  worm  and  the  worm-gear;  Xr  is  the  lead  angle  on  the  pitch  cylinder  of 
the  worm.  Taking  into  account  that  C  =  rp  +  Rp,  and  h  =  ±  rp  tan  X,,  (h  <  0  for  a  left-handed 
thread),  we  may  represent  the  parameters  of  the  axes  of  meshing  by  using  table  15.1.1. 


(15.1.21) 

(15.1.22) 

(15.1.23) 

(15.1.24) 


/C  _  I  -  m2l  co*  yV  _ 
\h  m2l  sin  7  ) 


4  C  cot  7 


1/2 


(15.1.20) 


3:: 
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TABLE  IS  I  I. 


■a 

Worm  thread 

mi 

Q 

Right  -  handed 

col  Ay 

-C cot  7  tan  Ay 

C  cot  7 

% 

B 

Left  -  handed 

-cot  X, 

C  col  >  tea  Ay 

C  cot  7 

B 

% 

# 

Right  -  handed 

cot  Ay 

0 

0 

Left  -  handed 

-cot  Ay 

0 

0 

n 

Figure*  15.1.2  and  15.1.3  show  the  location  of  axe*  of  meshing  for  a  worm-gear  drive  with 
the  right-handed  thread,  and  with  the  crossing  angles  y  -  *72  and  y  *  */2,  respectively.  The 
direction  of  the  thread  on  the  bottom  part  of  the  worm  is  indicated  by  dashed  lines. 

Let  us  now  determine  the  angular  velocities  of  rotation  about  the  axes  of  meshing.  Consider 
a  worm-gear  drive.  The  relative  motion  of  the  worm  with  respect  to  the  gear  may  be  expressed 
in  terms  of  the  angular  velocities  ui*1'  and  wl2)  of  the  worm  and  of  the  gear  (fig.  15.1.1),  the 
crossing  angle  y  and  the  shortest  distance  C.  Parameters  of  the  relative  motion  are  represented 
by  the  angular  velocity 

«<II>  ■>  td<"  -  ■  -  (j<2)  sin  yj  +  (w*1*  -  «,2)  cos  y^k  (15.1.27) 


Figure  15.1.3. 
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and  the  moment 


m  -  -  R  x  w,J>  -  -  CU'2’  co*  yJ  +  C<a,2>  »in  7k  (13.1.28) 


We  may  repretent  the  relative  motion  at  the  rotation  of  the  worm  about  the  axe*  of  me  thing 
with  angular  velocitie*  u"1  and  w'"1.  We  determine  and  wlB*  by  u*ing  the  following  equation* 
(fig.  13. 1.1) 


wdt  +  wtn>  _  w(ti> 

(15.1.29) 

OfO{  x  w"1  +  0fOn  x  «im  -  m  -  -  R  x  «,2) 

(13.1.30) 

Equations  (15.1.29)  and  (15.1.30)  yield 

+  «<">  •  -  w(2)  sin  y 

(15.1.31) 

co*  > 

(15.1.32) 

xv"  +  x°vm  -  x"'k"w"  +  jr'"x,ny  -  -  a.<2>  co.  7 

(15.1.33) 

+  XV  -  C*,2>  sin  y 

(15.1.34) 

Knowing  parameters  X01  and  K(,)  (i  -  1,11),  we  may  determine  and  by  using  only  two 

equations  of  the  equation  system  (15. 1.31)  to  (15.1 .34).  This  system  contains  only  two  independent 
equations  in  unknowns  uiy"  and 

15.2  Milling  of  Worms  by  Peripheral  Milling  Cutters: 

Axes  of  Meshing 

Consider  a  worm  which  is  generated  by  a  peripheral  milling  cutter  (fig.  15.2.1).  Let  us  set  up 
two  fixed  coordinate  systems  Sr(xc,  yc,  z<)  and  S0(x0,  y0,  !<?)  (fig.  15.2.2).  The  surface  of  the 
cutter  is  a  surface  of  revolution.  We  may  imagine  tha'  while  the  cutter  is  at  rest,  the  worm  performs 
a  screw  motion  which  is  determined  by  vectors  u  and  hu.  (fig.  15.2.2)  where  h  is  the  screw 
parameter.  The  axis  of  screw  motion  is  the  worm  axis  zo ■  The  relative  motion  of  the  cutter  with 
respect  to  the  worm  is  represented  by  the  vectors  ( —  co)  and  ( -hw).  We  do  not  take  into  account 
that  the  cutter  rotates  about  the  ^-axis,  that  determines  the  velocity  of  cutting  only,  since  this 
motion  is  not  related  with  the  process  of  generation  of  the  worm  surface. 

Let  us  determine  the  axes  of  meshing.  We  begin  with  the  determination  of  the  equation  of  meshing 
of  the  cutter  and  the  worm  that  is  being  generated.  We  use  the  equation  (ch.  9.8) 

ny*1  =  0  (15.2.1) 

Here  nr  is  the  unit  normal  to  the  cutter  surface,  and  v,(r"  '  is  the  relative  velocity  of  the  cutter  with 
respect  to  the  worm.  We  may  determine  by  substituting  vector  (-«),  that  is  directed  along 
the  negative  ^-axis,  (fig.  15.2.2)  by  an  equal  vector  that  passes  through  Oc  and  the  moment  given 
by 


m  =  (JJT0  x  (-oi)  (15.2.2) 

where  (fig.  15.2.2)  0,0  0  =  —  C,ir.  Therefore  vector  vr(r’‘l  becomes 
vr(o0  =  - w  x  rr  -  hw  +  0,0 0  x  (-w) 


j : a 


■  wK-Z,.  sin  yr  +  yc  cos  7f)if  -  (xr  cos  yc  +  h  sin  yc  +  C,  cos  yc)i,. 

+  (xr  sin  >r  -  h  cos  tv  +  C,  sin  yf)k,.]  (15.2.3) 

The  unit  normal  to  the  cutter  surface  is  represented  by 

+  Mr  +  (15.2.4) 

Since  the  cutter  surface  is  a  surface  of  revolution,  a  normal  to  the  surface  intersects  the  z,  -axis. 
The  surface  coordinates  and  projections  of  the  unit  normal  nr  (fig.  15.2.1)  are  related  as  follows: 

ytnxc-xcnyc  =  0  (15.2.5) 

(See  equations  (8.4.7)  and  (8.4.40).)  Equation  (15.2.5)  is  a  particular  case  of  equation  (15.1.5) 
because  the  screw  parameter  h  for  a  helicoid  is  zero  for  a  surface  of  revolution. 

Equations  (15.2.1),  (15.2.3)  to  (15.2.5)  yield  the  following  equation  of  meshing: 

Xr/tjc  -  VV  -  (h  +  C,  cot  yc)nx  -  (h  cot  yc  -  C,)/^  =  0  (15.2.6) 

One  of  the  axes  of  meshing,  axis  I-I,  coincides  with  the  ^-axis  because  the  unit  normal  to  the  cutter 
surface  intersects  the  cutter  axis  (fig.  15.2.1).  The  other  axis  of  meshing.  11-11.  may  be  determined 
by  using  the  following  considerations: 


( I )  The  unit  normal  at  the  point  of  contact  mutt  interiect  the  IMI-axit,  and  the  following  equation 
it  to  be  tatitfied: 


KttXu\  -  AC'V  +  -  zji*  -  0  (13.2.7) 

Equation  (13.2.7)  it  derived  from  equation  (13.1.4)  taking  into  account  that  (eq.  ( 15.2.3)) 

*<*yc  -  y<*u  -  0 

(2)  Parameiert  *i„.  n„  n.r,  and  x,,z,  mutt  satisfy  the  equation  of  meshing  (13.2.6)  and 
parameters  AC111  and  fC, "’  mutt  be  independent  of  the  coordinates  of  the  contact  point  and  the 
projections  of  the  unit  normal.  Equations  (13.2.6)  and  (13.2.7)  yield 

(AC"’#"’  +  h  +  C,  cot  yt)n„  +  (  -AC"’  +  h  cot  yr  -  C,)nv  -  0  (15.2  8) 

Parameters  AC"’  and  ACn>  do  not  change  in  the  process  of  meshing  if  the  following  equations  are 
observed: 


AC"’  -  h  cot  yc  -  C, 


(15.2.9) 


Jflttl  m  ^  4-  C,  cot  7 f 
C,  -  h  cot  ye 


(15.2.10) 


Equations  (15.2  9)  and  (15.2.10)  determine  the  location  and  the  direction  of  the  second  axis  of 
meshing  (11-11)  in  the  coordinate  system  S(.  We  may  determine  the  location  and  the  direction  of 
this  axis  in  the  coordinate  system  S0,  by  using  the  matrix  equation  for  the  transition  from  the 
coordinate  system  5r  to  SQ ■  Thus 


’  AC5" 

O 

o 

i _ 

r  K'"  ■ 

c 

0  cos  yr  -sin  yc  0 

Y?' 

XJW 

0  sin  yc  cos  y(  0 

fCn,K'u 

i 

o 

o 

o 

l _ 

i 

Equations  (15.2.9)  to  (15.2.11)  yield 

Xo’  -  h  coi  yc 


(15  2.11) 


(15.2.12) 


£, 

h 


(15.2.13) 


Equations  (15.2.12)  to  (15.2. 13)  (first  proposed  by  Litvin.  ! 968)  determine  the  location  and  the 
direction  of  the  second  axis  of  meshing  (ll-II)  in  the  fixed  coordinate  system  S0.  The  location  of 
both  axes  of  meshing  is  shown  in  figure  15.2.3.  The  angle  6  formed  by  the  axis  of  meshing  Il-II 
and  the  worm-axis  Zo  and  the  parameter  a  are  represented  by 


6  =  arctan 


and 


a  =  AC!"  =  h  cot  yc 


(15.2.14) 


(15.2.15) 


I! 


15.3  Application  of  the  Theory  of  Axes  of  Meshing:  Generation  of 
Worm  With  Concave-Convex  Surface 

Worm-gear  drives  with  concave-convex  surfaces  of  the  worms,  proposed  by  Niemann  and  Heyer 
(1953)  are  produced  by  the  Flender  Company.  Such  worms  may  be  ground  with  a  grinding  wheel 
having  a  circular  arc  in  the  axial  section.  Generally  the  line  of  contact  between  the  grinding-wheel 
surface  and  the  surface  of  the  worm  being  generated  is  a  spatial  curve. 

Litvin  (1968)  proposed  a  new  type  of  a  concave-convex  surface  of  a  worm,  that  represents  a 
locus  of  plane  curves  (circular  arcs  of  the  same  radius).  The  proposed  surface  may  be  generated 
by  the  same  grinding  wheel,  that  is  applied  by  the  generation  of  Flender’s  worms.  However,  the 
line  of  contact  between  the  tool  and  worm  surfaces  is  not  a  spatial  curve.  Rather,  it  coincides  with 
the  axial  section  of  the  grinding  wheel.  This  result  is  provided  by  special  tool  settings,  that  differs 
from  that  usually  applied. 

It  was  proven  in  section  15.2  that  there  are  two  axes  of  meshing  when  a  helicoid  is  generated 
by  a  milling  cutter  with  a  surface  of  revolution.  One  of  these  axes,  1-1,  is  the  ^-axis  of  the  cutter 
(grinding  wheel)  (figs.  15.2.1  and  15.2.3),  and  the  other  is  the  II-II-axis  (fig.  15.2.3).  Parameters 
of  the  Il-II-axis  of  meshing  are  represented  by  equations  (15.2.14)  and  (15.2.15). 

The  line  of  contact  a-a  will  coincide  with  the  axial  section  of  the  grinding  wheel  if  the  center 
C  of  the  circular  arc  a-a  is  located  at  the  point  of  intersection  of  the  Il-II-axis  with  the  shortest 
distance  (C,)  between  the  axes  of  the  cutter  and  the  worm.  Parameters  a  and  of  the  tool  settings 
are  related  by  the  equation  (h  is  given) 


7C  =  arctan 


(15.3.1) 


The  above  statement  is  clear  if  we  take  into  account  that  the  cutter  surface  is  a  surface  of  revolution 
generated  by  the  circular  arc  a-a  in  rotational  motion  about  the  cutter  axis  I-I.  Thus  the  normals 
to  the  cutter  surface  at  points  of  arc  a-a  indeed  intersect  the  I-I  and  II-II  axes  of  meshing. 

Parameters  (a,  7r)  are  related  by  equation  (15.3.1)  and  determine  the  tool  settings;  parameter 
a  may  be  chosen  arbitrary.  However,  the  shape  of  lines  of  contact  of  the  worm  and  the  worm-gear 
surfaces  depends  on  parameter  a.  Litvin  (1968)  recommended  to  have 
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a  ■  rf  +  h  tin 


(13.3.2) 


where  rf  it  the  radiut  of  the  pitch  cylinder  of  the  worm,  and  it  the  normal  pretture  angle. 
Let  ut  now  derive  equations  of  the  worm  surface.  We  set  up  the  following  coordinate  systems: 

(1)  Sc(xc,y,,z,)  rigidly  connected  to  the  tool  (fig.  15.3.1). 

(2)  A  movable  coordinate  system  S *  (figs.  15.3.1  and  15.3.2),  where  axis  c*  is  parallel  to  the 
axis  Zf.  and  the  origin  Oh  is  located  on  the  circle  of  radiut  d,  that  is  drawn  in  plane  4  *  0  and 
centered  at  Oc. 

(3)  The  coordinate  system  5,  (x,,yl,i|)  rigidly  connected  to  the  worm. 

(4)  The  fixed  coordinate  system  S0(x0,y0,Zo)  rigidly  connected  to  the  frame  (fig.  15.3.3). 
The  worm  being  generated  performs  a  screw  motion  with  components  ^  and  h\l>  (fig.  15.3.3(c)) 
of  the  angle  of  rotation  about  and  the  translation  along  the  screw  axis  (zo).  respectively. 

The  circular  arc  is  represented  in  the  coordinate  system  Sh  by  (fig.  15.3.1) 

xt  ■  -  p  sin  8  yh  -  0  Z±  m  p  cos  9 

The  coordinate  transformation  in  transition  from  the  coordinate  system  to  Sc  is  represented  by 
the  following  matrix  equation  (figs.  15.3.2  and  15.3.1): 


.1:8 


-p  tin  9  ' 

COS  P 

sin  p 

0 

-d  COS  P 

-0  sin  # 

Vc 

-M*l 

0 

-sin  p 

COS  P 

0 

d  sin  p 

0 

ir 

0  cos  9 

0 

0 

1 

0 

0  cos  9 

.  1 

> 

0 

0 

0 

1 

1 

that  yields 

xc  ■»  -  (ft  sin  •  +  d)  cos  p  yc  m  (p  sin  9  +  d)  sin  r  -  p  cos  •  (15.3.4) 

Here 

d  -  C,  -  a  (15.3.5) 

Equations  (15.3.4)  represent  the  cutter  surface  in  coordinate  system  r  and  •  are  the  surface 
coord  mates.  The  surface  unit  normal  is  represented  by  the  equations 


*r 


K_ 

W 


where 


Nr 


drt  9rc 

—  x  — - 

99  dp 


(15.3.6) 


Equations  (IS. 3.4)  and  (15.3.6)  yield  that  the  surface  unit  normal  it  represented  by  (provided 
p  sin  6  +  d  *  0) 

Uf  m  tin  6(cos  pif  -  sin  rj,.)  -  cos  Ok^  (15.3.7) 

We  represented  the  equation  of  meshing  in  general  form  by  equation  (15.2.6)  as  follows: 

W  “  -  (A  +  C,  cot  tvVv  -  (h  cot  yc  -  C,)n„  •  0 

Substituting  in  this  equation  for  xc,  Zf.  n^,  nx,  na,  d,  cot  yc  the  following  expressions 
xc  «  —  (p  sin  6  +  d)  cos  p  icm  P  cos  9  “  *in  ®  cos  p 

*  -  sin  9  sin  p  nx  «  -  cos  9  d  —  C,  —  a 

(see  equations  (15.3.4),  (15.3.7),  (15.3.5),  (15.3.1)),  we  obtain 

(C,  —  a)(l  -  cos  p)  cos  6  -  (C, -  +  h)  sin  v  sin  9  =  0  (15.3.8) 

h 


There  are  two  solutions  of  equation  (15.3.8)  for  p  and  9:  (1)  with  r  =  0  and  any  value  of  9,  and 
(2)  with  values  of  9  and  p  related  by  the  equation 


tan  9  = 


(C,  -  a)h 
C,a  +  h 2 


p 

tan  - 
2 


(15.3.9) 
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These  solutions  result  in  the  existence  of  two  lines  of  contact  on  the  surface  of  the  grinding  wheel. 
One  of  these  lines  (with  »  -  0  and  any  9)  is  the  circular  arc  a  -a;  the  second  line  is  out  of  the  working 
space  of  the  worm  and  we  do  not  take  it  into  account. 

With  i>  -  0  the  unit  normal  of  the  tool  surface  is  represented  by  (equations  (15.3-7)) 


■  sin  9ic  —  cos  •kr 


(15.3.10) 


This  means  that  the  normals  to  the  line  of  contact  lie  in  the  same  plane  (vr  m  0).  Thus  the  analytical 
solution  confirms  that  the  line  of  contact  of  the  surfaces  of  the  tool  and  the  worm  being  generated 
is  a  plane  curve,  and  it  is  the  circular  arc  a-a  (fig.  15.3.1). 

In  section  15.4  we  will  need  equations  of  the  worm  surface.  This  surface  may  be  determined 
as  a  locus  of  contact  lines  represented  in  the  coordinate  system  5|(X|,  yt.  Z|)  (fig.  15.3.3).  The 
coordinate  transformation  in  transition  from  the  coordinate  system  5r  to  the  coordinate  system  5, 
is  represented  by  the  following  matrix  equation  (fig.  15.3.3) 


-ip  sin  9  +  d) 


p  cos  9 


(15.3.11) 


We  determined  the  coordinates  xc,  yr,  z,  for  the  contact  line  hy  using  equations  (15.3.4)  and  taking 
into  account  that  t>  «  0.  Matrices  [A#l0]  and  [Mo,\  are  represented  as  follows  (fig.  15.3.3) 


IMoJ  - 


0  cos  -sin  yc  0 
0  sin  yc  cos  yc  0 
0  0  0  1 


cos  ^  sin  ^  0  0 

-sin  <1/  cos  ^0  0 

0  0  1  -h+ 

0  0  0  1 


(15.3.12) 


(15.3.13) 


h 
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Figure  15.3.3. 


where  ^  it  the  angle  of  rotation  of  the  worm  that  it  in  meth  with  the  tool.  Equations  (IS. 3. 11) 
to  (15.3.13)  and  (13.3.S)  yield 


JT|  m  —  p( tin  8  cot  41  +  tin  yc  cot  8  tin  +  a  cot 

>i  “  p(tin  8  tin  t  -  tin  yc  cot  8  cot  ^)  -  a  tin  + 

ti  -  p  cot  yc  cot  8  -  hi 

Here  8  and  are  the  surface  coordinates. 

The  surface  unit  normal  it  given  by 


(IS. 3. 14) 


■i  "  ~j  where  N,  -  ^  x  (15.3.15) 

Jxw  |  {  or  d'p 

Equations  (15.3.14),  (15.3.15),  and  (15.3.1)  yield 

N,\  *  m(tin  8  cot  ^  +  tin  yc  cot  6  tin  ^) 

Nyi  ■  —  m(tin  8  tin  ^  -  tin  yc  cot  8  cot  ^)  (15.3.16) 

N(l  ■  -  m( cot  yc  cos  8) 

where  m  *  p2  cos  %.  sin  8  -  (phi sin  yc).  The  surface  unit  normal  is  represented  by  the  following 
equations  (provided  m  *  0) 


n,i  *  sin  8  cos  i  +  sin  yc  cos  8  sin  ^ 

nyi  *■  -  tin  0  sin  ^  +  sin  yr  cos  0  cos  ^  (15.3. 17) 

#»ji  ■  -  cot  yc  cot  0 

We  could  obtain  equations  (15.3.17)  in  a  simpler  way  just  by  using  the  matrix  equation 

t».l  -  fcoPolfor]  (15.3.18) 

Matrices  [Lw]  and  [Loc\  may  be  derived  from  matrices  [M\0]  and  [MoA  by  deleting  the  last  column 
and  the  last  row  in  them.  (See  appendix  A.)  Matrix  (nr)  is  given  by  (equations  (15.3.10)) 


[«cJ  = 


sin  8 
0 

-cos  8 


(15.3.19) 


15.4  Knots  of  Meshing 

The  surface  of  action  may  be  represented  as  a  locus  of  lines  of  contact  of  gear-tooth  surfaces 
in  the  fixed  coordinates  system  rigidly  connected  to  the  frame.  Generally  a  section  of  the  surface 
of  action  cut  by  a  plane  represent,  a  plane  curve.  There  are  special  cases  where  a  section  of  the 
surface  of  action  represents  a  straight  line  if  the  following  conditions  are  satisfied  (proven  by  Litvin, 
1968): 


(1)  The  gears  transform  rotation  between  crossed  axes  with  a  constant  angular  velocity  ratio. 

(2)  The  tooth  surface  of  one  of  the  mating  gears  is  a  helicoid. 

(3)  The  surface  of  action  is  cut  by  a  plane  that  is  parallel  to  the  shortest  distance  C  between 
the  axes  of  gear  rotation  and  is  located  at  a  definite  distance  from  C.  The  contact  lines  of  gear 
tooth  surfaces  intersect  the  above  mentioned  straight  lines.  These  points  of  intersection  are  called 
the  knots  of  meshing,  since  we  may  imagine  that  the  lines  of  contact  are  attached  to  the  straight 
lines,  that  are  obtained  as  sections  of  the  surface  of  action. 

Figures  15.4.1  and  15.4.2  show  projections  of  contact  lines  of  the  worm  and  the  worm-gear 
surfaces  on  the  plane  (xf.  \y).  These  contact  lines  are  determined  for  the  worm-gear  drives  with 
the  concave-convex  surfaces  of  worms  generated  by  methods  proposed  by  Niemann  and  Heyer 
(1953)  (fig.  15.4.1)  and  by  Litvin  (1968)  (fig.  15.4.2),  respectively.  Points  <,/,  r ',  and/1  represent 
projections  of  the  lines  of  knots  of  meshing.  Changing  the  location  of  the  lines  of  knots,  we  can 
improve  the  shape  of  contact  lines  to  obtain  better  conditions  of  lubrication. 

The  evidence  of  the  existence  of  lines  of  knots  is  based  on  the  following  considerations: 

(1)  Since  the  worm  surface  is  a  helicoid,  two  axes  of  meshing  exist.  The  normal  at  any  point 
of  contact  of  the  worm  and  the  worm-gear  surfaces  intersects  both  axes  of  meshing.  (See  sec.  15.1.) 

(2)  There  can  be  a  limiting  case  when  the  common  surface  normal  intersects  one  of  the  two  axes 
of  meshing  and  is  parallel  to  the  other  one.  (The  normal  intersects  the  other  axis  of  meshing  at 
infinity.) 

Figure  15.4.3  shows  a  cross  section  of  the  worm  surface  at  two  positions  for  a  worm  of  a  worm- 
gear  drive  with  a  crossing  angle  of  90*.  The  normal  n-rt  to  the  worm  surface  intersects  the  I-l-axis 
of  meshing  and  is  parallel  to  the  II-II-axis  of  meshing.  The  upper  lines  of  knots  of  meshing  are 
f-f  and  respectively. 
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Figure  15.4.3. 


Figure  15.4.4  shows  a  cross  section  of  the  worm  surface  at  two  other  positions.  The  normal 
n-n  to  the  worm  surface  intersects  the  II-Il-axis  of  meshing.  The  bottom  lines  of  the  knots  are  /-/ 
and  t-t,  respectively. 

Considering  the  general  case  of  the  crossing  angle  y  *  90*,  we  represent  the  lines  of  knots  by 
the  following  equations.  (See  table  15.1 . 1.)  (1)  The  upper  iines  of  knots  of  meshing  are  determined 
by 


Xf  =  Xf1’  =  4=  C  cot  y  tan  X,, 


(15.4.1) 


0 


(15.4.2) 


_  ^<U(  _  ^  cot  y 

nyf  rP 


(15.4.3) 
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Figure  15.4.4. 


Here,  (x^yy.^)  are  the  coordinate*  of  the  point  of  contact  of  the  worm  and  the  worm-gear  surfaces; 

are  the  projections  of  the  common  normal  to  the  surfaces;  (xy.yy.z^  and  (n^.n^.n^  are 
determined  for  an  angle  of  the  worm  rotation  when  one  point  of  the  instantaneous  line  of  contact 
of  mating  surfaces  is  the  point  of  the  upper  line  of  knots  simultaneously. 

Equation  (15  4.1)  results  in  that  the  upper  line  of  knots  intersects  the  l-l-axis  of  meshing  Equations 
(13.4.2)  and  (15.4.3)  yield  that  the  common  normal  to  the  mating  surfaces  is  parallel  to  the  Ii-II- 
axis  of  meshing. 

(2)  The  bottom  lines  of  knots  are  represented  by 


(15.4.4) 

-  0 

(154.5) 

2*  -  K"'  -  *  cot  X, 

(15.4.6) 

Equations  (15.4.4)  to  (15.4.6)  are  based  on  the  same  considerations.  The  upper  and  lower  signs 
in  equations  (15.4.1)  and  (IS. 4. 6)  correspond  to  the  right-handed  and  left-handed  worm  thread, 
respectively. 


Example  problem  15.4.1  Consider  the  worm  surface  and  its  unit  normal  that  are  represented  in 
coordinate  system  S,  by  equations  (15.3.14)  and  (15.3.17).  respectively.  The  crossing  angle 
y  =*  90*. 

Determine  the  lines  of  knots  of  meshing  by  using  equations  (15.4. 1)  to  (15.4.3)  and  (15.4.4) 
to  (15.4.6),  respectively. 


Solution.  We  represent  the  equations  of  the  worm  surface  and  the  surface  unit  normal  in  coordinate 
system  5 )  by  using  the  matrix  equations 

!'/]  -  [W/.Kr,]  (15.4.7) 

l«/l  -  IMIfil  dS-4  8) 

Here  (see  equation  (1.3.22)) 


IM/il 


cos  d;  -sin  di  0  0 

sin  cos  <5,  0  0 

0  0  10 

0  0  0  1 


(15.4.9) 


cos  d|  -sin  d,  0 
sin  <t>\  cos  (>|  0 

0  0  I 


(15.4.10) 


Equations  (15.3.14)  and  (15.4.9).  and  (15.3.17)  and  (15.4.10)  yield  the  equations  of  the  worm 
surface  and  the  surface  unit  normal,  respectively,  as  follows: 


xf  m  -  pftin  9  cot  +  tin  yr  cot  9  tin  -  4,)J  +  a  cot  -  4,)^ 

p|tin  #  tin  -  4,)  -  tin  yr  co»  9  co»  (^  -  4|)]  -  a  tin  -  4i)  >  (15.4.11) 

tf  *  fi  cox  yt  cot  9  -  h\(i  J 

Hf"  tin  •  cot  (*(■  -  *,)  +  tin  yr  cot  •  tin  (^  -  *,)  *\ 

<i^  -  -  sin  i  tin  -  4,)  +  tin  yr  cot  9  cos  -  9\)  >  (15.4. 12) 

Hf  •  -  cot  y{  cot  9  J 

Here  4|  it  the  angle  of  rotation  of  the  worm  that  it  in  mesh  with  the  worm  gear. 

Using  equations  (15.4.11),  (15.4.12),  and  (15.4.1)  to  (15.4.4),  we  obtain  for  the  upper  lines 
of  knots  that 


9  - 


tin  (^  -♦()■*  1  xfmO  yf»  ±  (p  —  a) 


Similarly,  we  get  for  the  bottom  lines  of  knots  that 

tan  •  *  -  tan  (^  -  $,)  tin  yc  cos  (^  -$,)*-  tan  yr  cot  X, 
where  (0  <  9  <  90*).  Equations  (IS. 4. 11),  (15.3.1)  and  (15.4.14)  yield 
xfm  —  a  tan  >r  cot  X,  «  -  X  cot  X,,  «  -  rf 

cos  9  cos  yc 


y/-p- 


cot  X^ 


-a  sin  (^  -  «,) 


We  may  transform  equations  (15.4.14)  taking  into  account  that 


cos  6  > 


1 


=  108  \ 

vY+tan2  9  cos  yc 


(15.4.13) 

(15.4.14) 

(15.4.15) 

(15.4.16) 


(15.4.17) 


tan  X,,  *  — 


(15.4.18) 


, -  \fa2  _  r2 

sin  (\t  -  $|)  *  ±  *  1  -  tan2  y(  cot2  \  ~  ± - c- 


(15.4.19) 


From  equations  (15.4.16)  to  (15.4.19),  we  get 

(15.4.20, 

Vx2  +  /3 

Equations  (15.4.15)  and  (15.4.20)  determine  the  location  of  the  bottom  lines  of  knots. 

The  upper  lines  of  knots  if  and  (')  and  the  bottom  lines  of  knot*  if  and  t)  are  shown  in  figure 
15.4.3  and  figure  15.4.4.  The  tooth  element  proportions  are  nonstandard  and  rp  is  the  radius  of 
the  operating  pitch  cylinder  of  the  worm. 
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Chapter  16 


Methods  for  Generation  of  Conjugate  Gear-Tooth 
Surfaces 


16.1  Introduction  to  Gear  Generation 

Gear-tooth  surfaces  are  termed  conjugated  if  the  gears,  having  such  surfaces,  transform  rotation 
with  a  prescribed  constant  angular  velocity  ratio  (the  prescribed  ratio  function  for  noncircular  gears). 

The  gear-tooth  surfaces  are  usually  generated  with  an  auxiliary  surface  called  the  generating 
surface.  The  methods  of  generation  are  applicable  in  practice  if  the  generating  surface  (the  tool 
surface)  is  simple  enough  and  may  be  manufactured  with  high  precision.  We  may  differentiate 
between  the  following  methods  of  generation: 

Method  1 

The  generating  surface  E,  is  identical  to  the  tooth  surface  of  one  of  the  mating  gears  (say  I,). 
In  the  process  of  cutting,  the  meshing  of  Ef  ■  E,  and  E2  has  to  simulate  the  meshing  of  E)  and 
E2  in  the  designed  gear  train. 

Method  2 

The  generating  surface  E„  differs  from  the  gear-tooth  surfaces,  E,  and  E2.  The  principle  of 
generation  is  based  on  the  imaginary  meshing  of  three  surfaces— E,,  E|,  and  E2  simultaneously. 
This  method  provides  conjugate  gear  tooth  surfaces  with  two  types  of  the  instantaneous  contact: 
(1)  contact  at  a  point  and  (2)  contact  along  a  line. 

Method  3 

Two  noncoinciding  generating  surfaces,  Ef  and  L/>,  are  used  for  generation  of  gears  with 
surfaces  E,  and  E2.  It  is  assumed  that  the  generating  surfaces  contact  each  other  at  a  line. 
Generating  surface  Zr  generates  surface  E,  and  is  in  I’ne  contact  with  Ej.  Similarly,  generating 
surface  Zf  generates  surface  E2  of  gear  2  and  is  also  in  line  contact  with  E2.  However,  at  every 
instant,  gear  surfaces  E,  and  E:  will  contact  each  other  at  a  point  only. 
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Method  4 

The  (ear-tooth  surfaces  are  generated  with  one  or  two  auxiliary  lines.  The  shapes  of  these  tines 
are  the  shapes  of  the  tool  blades. 

16.2  Generation  Method  1 

It  was  mentioned  previously  that  the  generating  surface  E,  is  identical  to  the  tooth  surface  of 
one  of  the  gears  (gear  1).  A  typical  example  of  this  method  is  the  generation  of  gear-worm  drives 
with  cylindrical  worms,  which  is  based  on  the  following  principles: 

(1)  The  worm  gear  is  generated  by  a  hob,  which  is  identical  to  the  cylindrical  worm  of  the 
gear-drive. 

(2)  The  meshing  of  the  hob  with  the  worm-gear  being  generated  simulates  the  meshing  of  the 
worm  with  the  worm  gear. 

To  design  the  generating  worm,  (the  hob),  we  have  to  increase  its  addendums  to  provide  a  clearance 
between  the  addendums  of  the  worm  and  the  dedendums  of  the  worm  gear.  We  also  have  to  check 
conditions  of  nonundercutting  of  the  worm  gear  by  the  generating  hob.  The  disadvantages  of  the 
method  discussed  are: 

(1)  The  use  of  a  large  number  of  tools,  (the  hobs),  because  for  worm-gear  drives  with  different 
parameters  of  worms,  we  have  to  use  different  tools. 

(2)  The  sensitivity  of  the  worm-gear  drive  to  misalignment  and  other  errors  of  assembly  and 
manufacturing  as  a  result  of  the  line  contact  of  surfaces  Et  and  E2. 


16.3  Generation  Method  2 

This  well-known  method  is  based  on  the  following  principles: 

(1)  Gear-tooth  surfaces  E(  and  E2  are  generated  by  the  same  generating  surface  Er 

(2)  Surfaces  £f-E,  and  are  in  line  contact. 

(3)  The  contact  of  surfaces  E,  and  E2  are  either  in  (a)  lire  contact  or  (b)  point  contact. 
General  considerations  as  to  the  type  of  contact  that  surfaces  E,  and  E2  may  have  are  as  follows: 

Consider  the  mesh  of  surfaces  tg  and  E|.  These  surfaces  are  in  line  contact  at  every  instant  and 
surface  Ef  may  be  covered  with  lines  Lfi(<t>)  (fig.  16.3.1(a)).  Here  <t>  is  the  parameter  of  motion 
which  determines  the  orientation  and  location  of  the  generating  gear  and  gear  1  in  the  fixed  coordinate 
system.  Each  line  of  the  family  Lg j($)  will  be  the  instantaneous  line  of  contact  of  surfaces  £, 
and  E|  that  are  in  mesh. 

Considering  the  mesh  of  the  generating  gear  and  gear  2,  we  may  also  determine  the  family  of 
instantaneous  lines  of  contact  (Z,,2(^))  of  surfaces  E,  and  E2.  It  is  evident  that  gears  1  and  2  will 
be  in  line  contact  if  and  only  if  both  families  of  contact  lines,  Lg](4)  and  coincide  with 

each  other.  Thus,  at  every  instant,  surfaces  Zg,  E|,  and  E2  will  contact  each  other  along  the  same 
line;  that  is,  one  of  the  lines  of  the  family  Lgl  (<t>)  ■  Lgi(<t>).  Gears  1  and  2,  with  surfaces  E,  and 
E2,  will  contact  each  other  at  a  point  only  if  the  families  of  contact  lines,  Lgl  (</>)  and  Lgl(4>),  do 
not  coincide  but  have  a  common  point  at  every  instant  (fig.  16.3.1(b)). 


Figure  16.3.1. 
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The  analytical  determination  of  L,\($)  and  Lt2(4)  is  based  on  the  following  procedure.  Consider 
that  surface  Ef  is  represented  by  the  vector  function 

r(*,*)(Cl  r„  x  r(  *  0  (u.d)tE  (16.3.1) 

where  u  and  9  are  the  surface  coordinates.  The  surface  normal  is  given  by 

N (u,6)  »r,xr,  (16.3.2) 

Using  methods  described  in  section  2.3,  we  may  determine  the  relative  velocity  v(*"(d)  and 
v**JI(0)  of  the  generating  gear  with  respect  to  gears  I  and  2. 

The  family  of  contacting  lines  )  on  surface  Er  is  represented  by  the  equations 

r  -  r{u,8)  N  •  »<**>  = /, (u,0,6)  ■  0  (16.3.3) 

Similarly,  we  get  that  the  family  of  contacting  lines  Lt2 ( <t>)  is  represented  by  the  equations 

r-r(u.J)  N»v(fJ)  =/j(u,9,«)  =0  (16.3.4) 

Surfaces  E,  and  E2  are  in  line  contact  if  functions  f,  ( u,8.<t> )  and /2(u,0,£)  are  identical.  Surfaces 
£,  and  E2  are  in  point  contact  if  these  functions  are  not  identical  but  the  equation 

f{u,8.<j>)=f2(u,8,<t>)  =  0  (16.3.5) 

possesses  a  unique  solution  for  u  and  8  with  a  fixed  value  of  d.  The  graphical  solution  of  equation 
(16.3.5)  with  <t>  =  <t>iU  is  ( u0,80 )  as  shown  in  figure  16.3.2. 

An  important  particular  case  is  when  gears  1  and  2  transform  rotation  between  parallel  or 
intersecting  axes.  In  this  case,  the  relative  motion  of  the  gears  is  rotation  about  the  instantaneous 
axis,  that  is  the  line  of  tangency  of  pitch  cylinders  (respectively,  pitch  cones).  The  generating  gear 
g  will  provide  an  instantaneous  contact  line  for  gear  surfaces  E,  and  £2  if  the  relative  motion  of 
g,  with  respect  to  gears  I  and  2,  is  determined  with  the  same  instantaneous  axis  of  rotation.  This 
principle  of  generation  is  applied  to  spur  gears,  (fig,  7.2. 1 .  fig.  7.2.3),  to  helical  gears  with  parallel 
axes,  and  to  bevel  gears.  In  the  case  of  generation  of  bevel  gears,  the  generating  gear  g,  and  gears 
1  and  2  rotate  about  axes  O-a,,  0-au  and  0-o2,  respectively  (fig.  16.3.3).  These  axes  lie  in  the 
same  plane  and  intersect  each  other  at  a  common  point  O.  Axis  O-l  will  be  the  instantaneous  axis 
of  rotation  for  any  pair  of  three  sets  of  gears— g  and  I .  g  and  2,  and  1  and  2— if  the  line  of  action 
of  vectors 


—  (a)^1*  (aj***1  =  4a?(,J  —  (at*1**  =  <aj*l>  — 
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coincide  with  O-I.  This  condition  is  satisfied  with  the  following  relations: 


w<*> 


-  sin  7, 


w<*> 

^5)“sin  T2 


w  * 1 1  _  sin  72 
w(2)  sin  71 


(16.3.6) 


Now  consider  the  generation  of  gears  with  crossed  axes  by  the  generating  surface  Er  Gears 
1  and  2  rotate  about  their  crossed  axes  with  the  prescribed  angular  velocity  ratio  m,2  =  «(l)/u>(2). 
The  relative  motion  of  gears  1  and  2  may  be  represented  as  a  screw  motion  whose  components 
are:  (1)  rotation  about  the  axis  of  screw  motion  with  angular  velocity  un2>  =  «(l)  —  w,2)  and  (2) 
translation  along  this  axis  with  the  velocity  hwa2).  (Here  h  is  the  screw  parameter.)  We  can 
generate  gears  1  and  2  having  an  instantaneous  contacting  line  of  their  surfaces  if  and  only  if  the 
relative  motion  of  the  generating  gear  with  respect  to  gears  1  and  2  is  represented  by  the  same 
screw  motion.  If  this  condition  is  not  satisfied,  the  generating  gear  g  will  generate  gear-tooth  surfaces 
E,  and  E2,  that  are  in  point  contact. 

Generation  of  Drives  with  Beveloid  Gearing 

The  principle  of  generation  discussed  is  applied,  for  instance,  for  the  generation  of  drives  with 
beveloid  gearing.  Beveloid  gearing  (Dudley,  1962),  proposed  by  Vinco  Corporation  of  Detroit, 
is  applied  for  the  transformation  of  rotation  between  intersecting  and  crossing  axes.  Figure  16.3.4 
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shows  a  beveloid  gearing  drive  with  crossed  gear  axes.  One  of  the  gears  (gear  I )  is  a  regular  involute 
gear.  The  other  gear  (gear  2)  is  a  noninvolute  face  gear  whose  generation  is  based  on  simulation 
of  the  conditions  of  meshing  of  the  gear  train  when  the  generating  gear  cuts  gear  2.  This  can  be 
done  if  an  involute  shaper,  identical  to  gear  I  of  the  train,  would  cut  the  noninvolute  gear  with 
the  same  settings  and  gear  ratio  as  the  ones  prescribed  for  the  train.  This  method  provides  an 
instantaneous  line  contact  of  gear-tooth  surfaces  Et  and  E2- 

To  reduce  the  sensitivity  of  the  train  to  gear  errors,  a  point  contact  of  Ef  and  C2  is  to  be 
provided.  For  this  reason,  an  auxiliary  generating  surface  Et  is  applied.  (A  surface  of  an  involute 
shaper  whose  number  of  teeth  Nt  is  larger  than  the  tooth  number  of  gear  1  is  applied.)  We 
may  imagine  that  surface  which  is  in  internal  tangency  with  E ,  (fig.  16.3.5),  is  simultaneously 
in  tangency  with  E 2.  The  mesh  of  generating  gear  g  with  gear  1  is  simply  the  mesh  of  two  involute 
gears  with  base  circles  of  radii  rN  and  rhf,  respectively  (fig.  16.3.5).  The  shapes  of  gears  are  in 
internal  tangency  and  /  is  the  pitch  point  (the  instantaneous  center  of  rotation).  However,  the  mesh 
of  generating  gear  g  with  gear  2  is  a  case  of  a  spatial  gearing. 

The  instantaneous  lines  of  contact  Ltl(</>)  are  straight  lines  which  are  parallel  to  the  axes  of  gear 
rotation.  The  instantaneous  lines  of  contact  L,2(<S)  are  spatial  curves  and  they  do  not  coincide  with 
Ltl( <t>).  However,  lines  of  contact  Lt |  ( <t> )  and  £*:(<$)  have  a  common  point  for  a  fixed  value  of 
This  point  is  the  instantaneous  point  of  tangency  of  gears  I  and  2. 

It  was  aforementioned  that  the  disadvantage  of  gears  having  line  contact  of  their  surfaces  is  the 
sensitivity  to  misalignments  and  other  errors  of  manufacturing  and  assembly.  For  these  reasons, 
it  can  be  expected  that  the  line  contact  of  gears  is  to  be  substituted  with  a  point  contact,  even  for 
the  traditional  types  of  gears -spur  gears  and  helical  gears  with  parallel  axes. 
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16.4  Generation  Method  3 

This  method  of  generation  is  based  on  the  application  of  two  generating  surfaces  ZF  and  Le¬ 
thal  separately  generate  gear  I  and  gear  2,  respectively.  The  generating  surfaces  are  so  designed 
that  they  can  contact  each  other  at  a  line  LFF. 

Consider  that  generating  surfaces  ZF  and  ZF,  that  contact  each  other  at  /.;?,  are  rigidly  connected 
to  each  other.  The  motion  of  rigidly  connected  surfaces  ZF  and  E?  with  respect  to  gears  I  and 
2  may  be  represented  as  the  motion  of  a  rigid  body.  However,  we  assume  that  in  the  process  of 
generation  surface  E,  is  in  mesh  only  with  surface  ZF  and  that  E2  is  in  mesh  only  with  surface  E?. 

Figure  16.4.1(a)  shows  the  generating  surfaces  ZF  and  E?,  that  are  in  contact  at  LFF.  Surface 
ZF  contacts  surface  E|  at  every  instant  along  a  line.  Figure  16.4. 1(b)  shows  the  family  of  contact 
lines  Ln  (<J>)  on  the  generating  surface.  (Here  d  is  the  parameter  of  generation  motion.)  Similarly, 
each  line  of  the  set  Lni$)  is  the  instantaneous  line  of  contact  for  surfaces  E?  and  E2  (fig. 
16.4.1(c)). 

It  is  evident  that  the  generated  surfaces  E,  and  E2  can  have  a  point  contact  instead  of  a  line 
contact  only  if  Z^($)  is  not  identical  to  L,,2(6).  Such  a  point  lies  on  line  LFF  and  is  the  point  of 
intersection  of  three  lines-/.;?  and  two  mating  lines  of  families  LF i($)  and  Ln(<t>).  (Mating 
contact  lines  on  surfaces  ZF  and  E?  are  determined  for  the  same  fixed  value  of  «.) 

The  advantage  of  the  method  of  generation  discussed  is  the  localization  of  the  bearing  contact, 
reduced  sensitivity  of  gears  to  misalignment,  and  other  errors  in  assembly  and  manufacturing. 

Generation  of  Bevel  Gears 

Let  us  consider  the  generation  process  for  bevel  gears.  Two  bevel  gears  transform  rotation  between 
intersected  axes  O-a,  and  0-a2  w't*1  angular  velocities  and  wl2),  respectively  (fig.  16.3.3). 
As  mentioned  above,  the  pitch  surfaces  are  two  cones  of  angles  y,  and  y2  which  roll  over  each 
other  (see  ch.  2.2).  Axis  O-l  is  the  instantaneous  axis  of  rotation  which  passes  through  0— the 
point  of  intersection  of  axes  0-U\  and  0-a2.  Axis  O-l  is  the  line  of  action  of  vector 
«(,2)  =  «<•>  _  u<3»t  that  represents  the  angular  velocity  in  relative  motion  (rotation  about  O-l). 

Plane  II  is  a  tangent  plane  to  the  pitch  cones.  While  the  pitch  cones  route  about  0-u,  and  0-a2. 
respectively,  plane  II  routes  about  0-0 f  with  angular  velocity  (fig.  16.3.3).  Axis  O-l 
represents  the  line  of  action  of  vectors  «(,l)  =  «'*'  —  u(n  and  wu2)  =  w'*’  —  u><2).  Thus  O-l 
is  the  instantaneous  axis  of  roution  of  members  g  and  1 ,  and  g  and  2.  Plane  II  is  the  pitch  surface 
of  generating  gear  g. 

We  may  generate  gears  1  and  2  with  conjugate  surfaces  if  the  following  conditions  are  satisfied: 
(1)  Plane  II  is  provided  with  a  generating  surface  E?,  (2)  surface  E,  is  routed  about  O-a,  while 
members  1  and  2  route  about  O-a |  and  0-a2,  respectively,  and  (3)  O-l  is  the  insununeous  axis 
of  roution  in  the  relative  motion.  With  these  conditions  satisfied,  surface  Zg  will  generate 
conjugated  surfaces  E|  and  E2  which  are  in  line  conuct. 

Figure  16.4.2  shows  a  head  cutter  that  is  used  for  the  generation  of  Gleason's  spiral  bevel  gears. 
This  tool  is  provided  with  blades  having  straight-lined  profiles.  These  profiles  being  routed  about 
axis  C-C  form  two  cones  that  cut  both  sides  of  the  tooth.  Thus  the  generating  surface  is  a  cone  surface. 

In  the  process  of  generation  the  following  motions  are  performed  (fig.  16.4.3):  (1)  a  routional 
motion  of  the  head  cutter  about  axis  C-C,  that  provides  the  desired  velocity  of  cutting  and  (2)  a 


Figure  16.4.1. 
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rotational  motion  of  the  head  cutter  about  axis  O-a,  while  the  gear  to  be  generated  rotate*  about  I  / 

axis  O-a,.  (The  member  of  the  cutting  machine,  that  route*  about  O-a,  and  carrie*  axi*  C-C,  it 
called  the  cradle.) 

Using  the  discussed  method  for  generation,  we  obuin  a  line  contact  of  gear-tooth  surfaces 
and  E2.  To  obuin  a  point  contact  we  have  to  use  two  generating  surface*  that  can  contact  each 
other  at  a  line.  Two  examples  of  such  generating  surfaces  are  shown  in  figure  16.4.4  and  figure 
16.4.5.  respectively.  They  are 

(1)  Two  cone  surfaces  with  the  same  appex  angle  ^r,  that  contact  each  other  at  a  common 
generatrix  ( AB ). 

(2)  A  cone  surface  and  a  surface  of  revolution  whose  contact  line  is  a  circle. 


Tl-\  T-tfP  r  ZP 

\  \  / 

\  \  / 
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Figure  16.4.6. 


Generation  of  Helical  Gear* 


Let  u*  now  consider  the  generation  proccsi  of  conjugate  surface*  for  helical  gear*  with  parallel 
axe*.  The  gears  must  transform  rotation  between  axes  0\  and  02  with  angular  velocities  and 
W,:>  (fig.  16.4.6(a)).  The  pitch  surfaces  of  gear*  I  and  2  are  pitch  cylinders  of  radii  r ,  and  r2. 
respectively.  Plane  II,  that  is  urgent  to  the  pitch  cylinders,  it  the  pitch  surface  of  a  rack  cutter. 
While  the  gears  are  rotating  with  angular  velocities  w"1  and  u<2>,  the  rack  cutter  translates  with 
velocity  v  *  ui(Mr|  *  u><2,r2.  To  generate  gears  having  a  point  contact  of  their  surfaces  we  use 
two  generating  surfaces,  Lr  and  (fig.  16.3.6(b)).  Consequently,  we  use  two  rack  cutters  and 
in  this  case  surfaces  Ef  and  Ef  contact  each  other  along  the  line  Lrf.  Being  rigidly  connected, 
surfaces  Ef  and  E^  move  together  with  plane  n  as  one  rigid  body.  They  translate  with  velocity 
v  while  the  gears  route  with  angular  velocities  w111  and  u'2).  We  may  imagine  that  surface  Ef 
generates  surface  E,  of  gear  I  and  surface  E^  generates  surface  E2,  the  tooth  surface  of  gear  2. 
We  assume  that  lines  of  conUct  and  do  not  coincide,  but  that  they  have  a  common 

point  which  lies  on  Lrr-\he  line  of  contact  of  generating  surfaces  E,  and  E*>.  The  common  point 
of  the  three  lines  (two  insununeous  lines  /.^(d)  and  Ln($)  (d  is  fixed)  and  line  Lfr)  is  the 
instantaneous  point  of  conUct  of  gear-tooth  surfaces  Et  and  E2.  The  discussed  method  is  used  for 
generation  of  helical  gears  with  circular  arc  teeth. 


16.5  Generation  Method  4 

This  method  is  based  on  the  generation  of  gear  tooth  surfaces  by  an  auxiliary  line  L,,  that  is 
the  shape  of  a  blade.  We  set  up  coordinate  systems  5(,  S2,  and  S,  rigidly  connected  with  gears 
1,  2,  and  the  generating  line  L, .  respectively,  and  the  fixed  coordinate  system  Sf.  System  S, 
performs  a  prescribed  motion  with  respect  to  Sf.  while  the  coordinate  systems  S,  and  S2  perform 
the  prescribed  motions  with  the  given  gear  ratio.  Together  with  these  motions,  line  Lt  generates 
surfaces  E(  and  E2  in  coordinate  systems  5,  and  S2,  respectively  Surfaces  Et  and  E2  have  a 
common  line  at  every  insUnt.  However,  L„  can  just  be  a  line  of  intersection  but  not  a  line  of 
Ungcncy  for  surfaces  Et  and  E2.  Surfaces  E,  and  E2  will  be  conjugated  if  line  Lt  is  the  line  of 
contact  of  and  E2  at  every  insUnt.  This  condition  is  satisfied  if  at  any  point  of  L,  the  following 
equations  are  observed: 


N,h  •  v'12'  *  N<2>  •  v,l2>  m  0  (16.5.1) 

Here  N(l)  and  N,J|  are  the  surface  normals,  and  v(l2>  is  the  vector  of  relative  velocity.  If  equations 
(16.5.1)  are  satisfied,  then  line  L,  is  the  instantaneous  line  of  contact  of  E(  and  E2,  vector  v"21, 
determined  for  any  point  of  L ,,  lies  in  the  tangent  plane  to  E|  and  E2  and  the  surface  normals  are 
collinear,  that  is 


N"’  =  mN'2’ 


(16.5.2) 


We  may  develop  some  techniques  for  the  generation  of  E,  and  E2  by  Lt  based  on  the  following 
considerations  (proposed  by  Litvin,  1 968) .  The  surface  normal  may  be  determined  by 

N"'  =  v("'  xr  (i'=1.2)  (16.5.3) 

Here  v1"1  is  the  relative  velocity  of  a  point  M  represented  in  the  coordinate  system  5,  with  respect 
to  the  same  point  represented  in  the  system  S„;  T  is  the  tangent  vector  to  Lt  at  M.  Using  equation 
(16.5.3).  we  consider  that  the  surface  coordinate  lines  on  E,  are  line  Lt  and  the  path  which  is  traced 
out  in  S,  by  a  point  of  L„. 

Equations  (16.5.1)  and  (16.5.3)  yield 


[v,,flT  v’,2’J 

=  0 

(16.5.4) 

(v<2,'t  v(I2’] 

=  0 

(16.5.5) 
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(16.5.6) 


We  may  represent  v<l2)  in  equations  (16.5.4)  and  (16.5.5)  by 

v(>2)  m  vd*)  _  T<J*) 

and  obtain,  using  equations  (16.5.4)  to  (16.5.6),  that 

[yd*>Ttd*>)»0  (16.5.7) 

It  is  easy  to  verify  that  equation  (16.5.7)  if  satisfied,  provides  the  collinearity  of  surface  normals 
N(i>  and  N(2).  To  prove  this  we  use  the  equation 

N0>  x  N(J|  ■  (v<lf)  x  r)  x  (v(2,>  x  r) 

-  v<2*»[v(1*>rr]  -  v<2**]  -  -rtv'^rv*2*']  (16.5.8) 

Equations  (16.5.7)  and  (16.5.8)  yield  N(l)  x  N<2)  -  0,  and  thus  the  surface  normals  are  collinear. 

On  the  basis  of  equation  (16.5.7),  we  may  propose  the  following  two  techniques  for  the  generation 
of  conjugate  surfaces  £t  and  £2-  These  techniques  are  based  on  the  satisfication  of  equation 
(16.5.7)  with: 

(1)  The  collinearity  of  vectors  T  and  v(12) 

(2)  The  collinearity  of  vectors  v0**  and  v<12)  (1=  1,2) 

The  evidence  that  equation  (16.5.7)  is  satisfied  with  the  proposed  conditions  is  based  on  the  following 
considerations: 

(I)  Using  the  equation 


r  x  v<l2>  =  r  x  (v"**  -  v(2f))  *  0 

we  obtain 

r  x  v,,*>  =  rx  v<2*> 

Equations  (16.5.9)  and  (16.5.7)  yield 

[y  t  ***7  y  d*)j  m  jydllj  y  d*)j  =  Q 


(16.5.9) 


(2)  Using  the  equation 


yd*)  x  yd2)  =0 


we  obtain 

vd*>  x  (yd*)  _  yd*))  _  _yd*>  x  y«2*)  _  Q  (16.5.10) 

Thus,  equation  (16.5.7)  is  satisfied  due  to  the  collinearity  of  vectors  v11*’  and  v(2,).  A  similar 
result  may  be  obtained  by  using  the  equation 

yd*)  x  v<d)  =  0 

Technique  1:  Vectors  t  and  v<l2)  are  Collinear 

Consider  that  gears  1  and  2  transform  rotation  between  crossed  axes  and  that  the  relative  motion 
is  represented  as  a  screw  motion  (fig.  16.5.1).  We  assume  that  the  conditions  of  generation  are 
as  follows: 

(1)  L(  translates  along  the  axis  of  screw  motion  Ag  with  an  arbitrary  chosen  velocity  v  (*\ 

(2)  The  shape  of  Lt  is  a  helix  on  a  cylinder  whose  axis  coincides  with  the  axis  of  screw  motion. 

(3)  The  screw  parameter  of  the  helix  is  the  same  as  the  screw  parameter  of  relative  motion  for 
gears  1  and  2. 
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Let  us  prove  with  the  aforementioned  conditions,  that  vectors  T  and  v,l2)  are  indeed  collinear. 
The  velocity  of  a  point  in  its  screw  motion  is  directed  along  the  tangent  to  the  trajectory  traced 
out  by  such  a  point.  Line  L„  is  a  helix  traced  out  in  screw  motion.  Consequently,  the  tangent  to 
Lt  and  vector  v<l2)  are  collinear,  and  equation  (16.5.7)  is  satisfied.  Line  Lg  being  translated  along 
the  axis  of  screw  motion,  while  the  gears  are  rotated,  generates  conjugate  surfaces  E,  and  Ej. 

With  this  method,  we  may  generate,  in  particular,  conjugate  surfaces  for  gears  which  transform 
rotation  between  parallel  axes.  In  such  a  case  the  relative  motion  is  rotation  about  an  instantaneous 
axis  I.  This  axis  is  a  particular  case  of  the  screw  axis  with  the  screw  parameter  equal  to  zero. 
The  generating  line  Lt  becomes  an  arc  of  a  circle  of  radius  p  centered  at  axis  /  (fig.  16.5.2).  Line 
Lv  being  translated  along  the  instantaneous  axis  of  rotation  while  the  gears  rotate  about  axes  (7, 
and  02,  generates  conjugate  surfaces  E|  and  E2,  Considering  that  the  ratio  (i  =  1,2) 

is  constant,  we  conclude  that  surfaces  E(  and  E2  are  two  helicodes.  Here  v'**  is  the  velocity  of 
Lt  in  translational  motion. 
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Technique  2:  Vectors  vw  (i  «  1,2)  and  v,,1)  t<*2)  are  Coilinear 

Let  us  prove  that  vectors  v('*’  and  von  become  coilinear  if  the  generating  line  L,  performs  a 
screw  motion. 

Consider  that  At,  the  axis  of  screw  motion  for  Lt,  intersects  the  shortest  distance  between  the 
axes  of  rotation  of  gears  I  and  2  and  lies  in  plane  II  that  is  perpendicular  to  C  (fig.  16.5.1).  We 
may  determine  the  velocity  v<l,)  as  follows: 

„<■*>  ,„<•>-  „<«>  (16.5.11) 

Here 

v"> «  x  r  (16.5.12) 

is  the  velocity  in  rotational  motion  of  a  point  for  gear  1 ;  r  is  a  position  vector  drawn  from  a  point 
which  lies  on  the  axis  of  rotation  of  gear  1,  0,;  and  «n)  is  the  angular  velocity  of  rotation  about 
0|.  Vector 


,<*)  *  (W(t)  x  r)  +  (d  x  «(*>)  +  />,«•*>  (16.5.13) 

is  the  velocity  in  screw  motion  of  a  point  of  the  generating  line  Lt.  Here  w1*’  and  ptu(,)  are  the 
angular  velocity  in  rotation  about  and  translation  along  the  screw  axis  Af.  Here  pf  is  the  screw 
parameter  in  screw  motion  for  Lt,  and  d  is  a  position  vector  drawn  from  0,  to  0f.  We  assume 
that  d  is  a  vector  of  shortest  distance  between  axis  0,  and  Ot. 

Equations  (16.5.11)  to  (16.5.13)  yield 

▼  "*'  =  («"’  -  w<fl)  x  r  -  (d  x  w(*()  -  p,u(/)  (16.5.14) 

Velocity  v<l2)  in  relative  motion  for  gears  1  and  2  is  represented  by  the  equation 

v(,J)  m  yo>  _  v(2i  m  w<i2)  x  r  -  C  x  «,J)  (16.5. 15) 

Here  «<IJ)  =  u0’  -  «<3),  and  C  is  a  vector  of  shortest  distance  drawn  from  0,  to  02. 

Vectors  v0**  and  v(,2)  are  coilinear,  that  is, 

*<•*>«  Xv,,2)  (16.5.16) 

Equations  (16.5.14)  to  (16.5.16)  yield 

(W«>  -  «<*>)  x  r  -  (d  x  w<*»)  - pjW***  =  \[(«,l)  -  «<2))  x  r  -  (C  x  «(2l)j  (16.5.17) 

Rearranging  equation  (16.5.17),  we  get 

[«(l,(l  -X)  -«<*>  +  Xu'2’]  xr  +  X(Cx«'2»)-(dxw'*’)  =  0  (16.5.18) 

Remember  that  r  is  a  position  vector  which  is  drawn  from  a  point  on  axis  0,  to  a  point  on  line 
Lf.  Equation  (16.5.18)  will  be  satisfied  for  a  generating  line  Lt  of  any  shape  if 

«<n(!  -XJ-w1*'  +  Xw,2)  =  0  (16.5.19) 

X(C  x  ua))  -  (d  x  u  '*»)  -  Ptu>  <*»  =  0  (16.5.20) 

Vector  equations  (16.5.19)  and  (16.5.20)  are  to  be  used  to  determine  w'*’,  pv  d,  and  X 
cons'dering  that  C,  w"\  and  w<2'  are  given.  The  line  of  action  for  d  is  the  same  as  that  for  C, 
and  we  may  represent  d  by 


Vectors  of  angular  and  linear  velocities  represented  in  equations  (16. 5. 19)  to  (16. 5. 20)  lie  in  planes 
that  are  perpendicular  to  C.  Thus  vector  equations  (16.3.19)  to  (16.5.20)  yield  only  four  scalar 
equations  in  five  unknowns  two  projections  of  u».  d.  pt,  and  X.  Fining  one  of  these  unknowns, 
for  instance  d,  we  can  determine  the  four  remaining  unknowns. 

Consider  that  axes  0,-0,  and  Oj-O,  of  gear  rotation  make  an  angle  7;  the  location  and 
orientation  of  A,  (the  axis  of  screw  motion)  is  determined  with  d  and  6  (fig.  16.5.1).  Projections 
of  the  vectors  of  equations  ( 16.5. 19)  and  ( 16.5.20)  on  axes  xf,  >y.  and  Z/  are  represented  as  follows: 

-  u»'*'  sin  5  +  Xui'2’  sin  >  =  0  (16.5.21) 

(I  -  X)u/"  -  <u(‘'  cos  5  +  Xw'2'  cos  7=0  (16.5.22) 
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ut,Jl  sin  7 

ui'2'  cos  7 

0 

u i1*1  sin  6 

(a1*1  cos  5 

-  pJfu)u,(sin  b\f  +  cos  bkfi  =  0  (16.5.23) 


Equation  (16.5.23)  yield: 

XCu'21  cos  7  -  du(,)  cos  6  -  Pnui1’1  sin  6  =  0 

(16.5.24) 

-  XCui'2’  sin  7  +  dut,)  sin  S  -  plu',)  cos  b  =  0 

(16.5.25) 

Equations  (16.5.21)  to  (16.5.25)  give 

w'*'  sin  S 
w,2i  sin  7 

(16.5.26) 

to  sin  7 

<jJ  *  —  ■  . .  ■  - — - 

u)11'  sin  6  +  u121  sin  (7  -  6) 

(16.5.27) 

sin  (7  -  5)  sin  b  _ 

Pt  =  C 

sin  7 

(16.5.28) 

sin  6  cos  (7  -6) 

d  =  -  p(  cot  (7  -  5)  = - - - C 

sin  7 

(16.5.29) 

Equations  (16.5.26)  to  (16.5.29)  determine  all  parameters  of  the  screw  motion  of  generation  if 
b  is  chosen. 

The  discussed  method  may  be  used  for  the  generation  of  conjugated  surfaces  for  gears  w  ith  crossed 
axes  by  a  screw  motion  of  a  generating  line  of  any  shape.  The  generated  surfaces  E,  and  E:  will 
contact  each  other  at  every  instant  along  the  generating  line  Lt.  The  discussed  technique  may  also 
be  used  for  the  generation  of  screws,  pumps,  and  feeders. 


us 
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Figure  16  5  J 


There  it  an  important  case  of  screw  generation  by  a  circular  arc  line  Lt  centered  at  the  axis  of 
tcrew  motion  A(  at  proposed  by  Litvin  and  Polytavkin  (Litvin,  1968).  Consider  that  two  screwt 
transform  rotation  between  crossed  axes  0,-0,  and  Orf)2.  that  nuke  the  angle  y  (fig.  16.5.3(a)). 
Vectors  w1"  and  ui<2'(  =  ju»'Jlj  -  ui)  are  the  angular  velocities  in  rotation  about  these  axes, 

and  C  it  the  shortest  distance  between  the  axes.  Axis  A,  of  screw  motion  of  generating  line  it 
located  in  plane  n  and  makes  the  angle  6  with  0,-0,.  Since  Lt  is  a  circular  arc  centered  at  At, 
the  rotation  of  Lt  about  At  it  not  necessary.  Therefore,  the  generating  motion  of  L,  can  be 
performed  at  translation  only,  instead  of  screw  motion.  Thus,  while  screw  /  is  routed  about  axis 
0,-0,  with  angular  velocity  u,  the  generating  line  Lt  it  translated  along  A,  with  velocity  v  u).  The 
generating  tool  can  be  a  blade  at  shown  in  figure  16.5.2(b),  or  as  a  routing  milling  cutter. 

At  mentioned  previously,  parameters  of  generating  motion  for  Lt  are  determined  by  equations 
(16.5.36)  to  (16.5.29).  In  the  considered  case,  w"*  *  *  u>,  and  the  angle  5  may  be  chosen 

at  6  «  0.5y.  The  velocity  of  Lt  in  translational  motion  is  given  by 


v'*1  =  PgU »**’ 


tin  (y  -  5)  sin  6  ^ 
sin  5  +  sin  (y  -  6) 


(16.5.29) 


The  negative  sign  of  pt  and  v'*1  indicates  that  the  screw  parameter  p,  is  negative  and  vector  v'*' 
is  opposite  to  w1**  (fig,  16.5.3). 
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Chapter  17 


Synthesis  of  Spiral  Bevel  Gears 


17.1  Introduction  to  Gear  Geometry 

There  ire  different  types  of  spiral  bevel  gears,  based  on  the  methods  of  generation  of  gear-tooth 
surfaces.  A  few  notable  ones  are  the  Gleason's  gearing,  the  Klingelnberg’s  Palloid  System,  and 
the  Klingelnberg's  and  Oerlikon's  Cyclo  Palloid  System.  The  design  of  each  type  of  spiral  bevel 
gear  depends  on  the  method  of  generation  used.  It  is  based  on  specified  and  detailed  directions 
which  have  been  worked  out  by  the  mentioned  companies.  However,  there  are  some  general  aspects, 
such  as  the  concepts  of  pitch  cones,  generating  gear,  and  conditions  of  force  transmissions  (see 
ch.  19.2)  that  are  common  for  all  types  of  spiral  bevel  gears. 

Pitch  Cones 

Consider  that  rotation  is  transformed  between  two  intersected  axis,  Oa,  and  Oa2,  which  make  an 
angle  7  (fig.  17.1.1).  (See  also  sections  2.2  and  14.1.)  The  angular  velocities  in  rotation  about 
these  axes  are  or'1’  and  w,:>.  The  instantaneous  axis  of  rotation  (0/)  is  the  line  of  action  of  the 
relative  angular  velocity 


3X  (jJ ***  — 


or 


(17.1.1) 


as  —  ytll 


(17.1.2) 


The  instantaneous  axis  of  rotation  is  the  line  of  tangency  of  the  pitch  cones  that  roll  over  each 
other  without  slipping.  The  apex  angles  of  the  pitch  cones  and  y2  are  represented  by  the 
following  equations: 


cot  y, 


mu  +  cos  7 
sin  7 


m-.,  +  cos  7 
72=— - 1 


(17.1.3) 

(17.1.4) 
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arc  the  gear  ratio;  /V,  and  \}  are  the  number  of  gear  teeth. 
For  the  most  common  case  when  y  «  90‘,  we  obtain 


(17.1.5) 


Plane  II  is  a  tangent  plane  to  the  pitch  cones  (fig.  17. 1 . 1).  We  may  imagine  that  plane  II  rotates 
about  axis  Oa,  with  angular  velocity  while  the  pitch  cones  rotate  with  angular  velocities  w(l> 
and  w<J)  about  axes  Oa,  and  Oa2,  respectively.  Plane  II,  limited  with  the  circle  of  radius  Ol,  may 
be  considered  as  a  particular  case  of  a  pitch  cone  surface  having  an  apex  angle  yit  which 
approaches  90*  and  has  an  outer  cone  distance  equal  to  Ol. 

Generating  Gear:  Types  of  Spiral  Bevel  Gearing 

Consider  that  a  generating  surface  Z,  is  rigidly  connected  to  the  pitch  plane  II.  Surface  Z,  rotates 
with  the  pitch  plane  II  about  Oa,  (fig.  17.1.1)  while  the  gear  blanks  rotate  about  Oa,  and  Oa2, 


Figure  17.1.1. 
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respectively.  Surface  E,  generates  tooth  surfaces  E,  and  E2  on  gears  1  and  2.  Such  a  generating 
process  provides  conjugate  gear-tooth  surfaces  Et  and  E2  which  contact  each  other  along  a  line 
at  every  instant.  The  instantaneous  line  of  contact  moves  over  surfaces  Et  and  Ej.  Gears  I  and 
2,  having  surfaces  Et  <nd  E2,  will  transform  rotation  about  axes  Go,  and  Oa2  with  the  prescribed 
gear  ratio.  The  type  of  spiral  bevel  gearing  depends  on  the  type  of  generating  surface  Ef. 

The  generating  surface  for  Gleason's  spiral  bevel  gearing  is  a  cone  surface  (ch.  16.4).  The  head 
cutter  (fig.  16.4.2),  that  cuts  the  gear,  carries  blades  with  straight-lined  profiles.  Consider  a 
coordinate  system  Sc  that  is  rigidly  connected  to  the  head  cutter  and  rotates  with  it  about  the  C-C 
axis.  The  head-cutter  blades,  being  rotated  about  C-C,  generate  a  cone  in  the  coordinate  system 
Sc.  The  angular  velocity  of  rotation  about  C-C  does  not  depend  on  the  generating  motions  and 
provides  the  desired  velocity  of  cutting  only. 

To  generate  the  gear  tooth  surface  the  head  cutter  hat  to  go  through  two  motions: 

(1)  Rotation  about  Oa,  while  the  generated  gear  rotates  about  Oa,  (fig.  16.4.3) 

(2)  Rotation  about  C-C 

Rotations  of  the  generating  gear  and  the  gear  being  generated  are  related  since  the  instantaneous 
axis  of  rotation  is  01.  The  rotation  of  the  head  cutter  about  C-C  may  be  ignored  by  considering 
that  a  generating  cone  surface  is  rigidly  connected  to  plane  II  (with  axis  C-C  of  the  cone)  (fig. 
17.1.1)  and  rotates  about  axis  Oa,.  The  motion  of  the  generating  gear  (rotation  about  Oa,)  is 
simulated  by  die  rotation  of  the  cradle  of  the  cutting  machine  which  carries  the  head  cutter. 

Consider  the  line  of  intersection  L  of  the  generating  surface  with  the  pitch  plane  II.  In  the  case 
of  Gleason's  gearing.  L  is  a  circular  arc  of  radius  R  (fig.  17.1.2(a)).  Line  L  generates  a  spatial 
curve  on  the  gear  pitch  cone  that  is  more  like  a  helix  rather  than  a  spiral  although  the  gears  are 
called  spiral  bevel  gears. 

The  type  of  spiral  bevel  gears  is  related  to  the  type  of  the  longitudinal  shape  of  the  gear.  We 
differentiate  between  the  following  types  of  spiral  bevel  gears. 

(1)  The  Gleason's  gearing  (fig.  17. 1  2(a)):  where  the  longitudinal  shape  is  a  circular  arc  of  radius 

R. 

(2)  The  Palloid  System  of  Klingelnberg  (fig.  17.1.2(b)):  where  the  longitudinal  shape  is 
approximately  an  involute  curve  for  a  base  circle  of  radius  rb.  The  generating  surface  of  the  Palloid 
System  of  Klingelnberg  is  generated  by  a  conical  worm.  The  tool  is  a  conical  hob  which  simulates 
the  conical  worm. 

(3)  The  Cyclo-Palloid  System  of  Klingelnberg  and  Oerlicon  System  (fig.  17.1.3):  where  the 
longitudinal  shape  is  an  extended  epicycloid,  traced  out  by  point  P  of  the  finishing  blade  of  the 
head  cutter.  The  blade  and  circle  of  radius  p  are  rigidly  connected  and  represent  a  rigid  body. 
The  circle  of  radius  p  rolls  over  the  gear  circle  of  radius  r.  Thus  these  circles  are  centrodes  of 
the  head-cutter  and  of  the  generating  gear.  The  head  cutter  rotates  about  0,  and  the  generating 
gear  rotates  about  Ot.  Unlike  the  generation  of  Gleason's  gearing,  the  rotations  of  the  head-cutter 
and  the  generating  gear  in  the  case  of  the  Cyclo-Palloid  System  are  related:  point  /  is  the  instantaneous 
center  of  rotation  in  the  relative  motion  of  the  head  cutter  with  respect  to  the  generating  gear. 


Figure  17.1.3. 


In  reality  the  methods  of  generation  discussed  are  more  complicated  because  they  have  to  provide 
a  localized  contact  of  gear-tooth  surfaces.  It  is  for  this  reason  that  two  generating  surfaces  are  used 
instead  of  one.  (See  ch.  16.4.) 

Henceforth,  we  will  designate  the  direction  of  the  tangent  to  the  longitudinal  shape  at  point  P 
by  0.  Point  P  is  the  point  of  intersection  of  the  instantaneous  axis  of  rotation  OJ  and  the  shape 
(figs.  17.1.2  and  17.1.3).  The  longitudinal  shape  (the  spiral)  can  be  right-handed  or  left-handed, 
similar  to  the  right-handed  and  left-handed  helical  gears.  Figure  17.1.3  shows  right-handed  spirals. 

Tooth  Element  Proportions 

The  axial  section  of  the  Palloid  gearing  and  the  Cyclo  Palloid  gearing  is  shown  in  figure  17. 1 .4(a). 
This  gearing  has  a  constant  height  of  the  teeth. 
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Figure  17.1.4. 


The  axial  tection  of  the  Gleason 'i  gearing  it  thown  in  figure  17.1.4(b).  Tooth  height  changes 
proportionally  to  the  distance  from  the  apex  and  the  three  conet  -the  pitch  cone,  dedendum  cone, 
and  addendum  conet -have  the  tame  apex.  In  tome  cases,  the  gears  are  designed  with  different 
apices  for  the  mentioned  cones  to  provide  a  constant  backlash  between  the  dedendums  and  addendums 
of  mating  gears. 

The  transverse  diametral  pitch  it  given  for  the  back  cone.  The  pitch  diameter  for  the  gear  it 
determined  by 


4-J  0-1.2) 


where  P  is  the  diametral  pitch  and  is  the  tooth  number. 
The  outer  cone  distance  A0  is  determined  by 


4 

2  sin  y, 


The  addendum  and  dedendum  angles  are  represented  by  (fig.  17.1.4(b)) 


(17. 1.6) 


(17.1.7) 


At  -  tan'1 


A?  -  tan  *  — 


a 

(17.1.8) 

do 

b 

(17.1.9) 

do 

Here  a  and  b  are  the  dimensions  of  the  addendum  and  dedendum  for  the  back  cone  expressed 
in  terms  of  the  diametral  pitch. 


17.2  Introduction  to  Synthesis 

Gleason's  gearing  has  obvious  technological  advantages:  (I)  The  velocity  of  cutting  does  not 
depend  on  the  generating  velocities.  (2)  It  is  easy  to  grind.  (3)  The  axial  shape  of  teeth  (fig.  17. 1 .4(b)) 
provides  favorable  conditions  for  bending  stresses  and  resistance  to  elastic  deformations.  (4)  The 
contact  of  surfaces  is  localized.  However,  the  gear-tooth  surfaces  can  be  generated  as  conjugated 
surfaces  if  special  machine-tool  settings  are  used  only.  This  may  be  explained  with  figure  17.2.1. 
Consider  two  pitch  cones  having  angles  y,  and  y2.  The  instantaneous  axis  of  rotation  of  the  pitch 
cones  is  Ol.  Gears  1  and  2  are  generated  by  generating  surfaces  Ef  and  Ef,  respectively.  The  axis 
of  rotation  of  the  generating  surface  must  be  perpendicular  to  the  generatrix  of  the  root  cone.  Thus, 
the  axes  of  rotation  of  the  generating  gears,  Oztn  and  Oz[r\  do  not  coincide,  but  rather  make 
an  angle  of  A|  +  A2,  where  A,  (i  =  1,2)  is  the  dedendum  angle  of  the  gear.  Since  axes  OzlF) 
and  Oz do  not  coincide,  we  cannot  use  a  method  of  generation  that  provides  the  gears  with 
conjugate  surfaces.  For  this  reason  some  compensating  machine-tool  settings  must  be  used  and 
the  determination  of  such  settings  is  the  subject  of  optimal  synthesis.  The  methods  for  the  synthesis 
of  spiral  bevel  gears  and  hypoio  gears  with  Gleason's  gearing  are  based  on  the  application  of  tooth 
contact  analysis.  These  methods  have  been  worked  out:  (1)  by  Gleason's  engineers  (1970).  (2) 
by  Litvin  (1968),  and  Litvin  and  Gutman  (1980).  The  approach,  proposed  by  Litvin  (1968),  and 
Litvin  and  Gutman  (1980),  is  based  on  application  in  two  stages;  the  local  synthesis  and  the  global 
synthesis. 

The  purposes  of  local  synthesis  are  to  provide:  (1)  contact  of  gear-tooth  surfaces  at  the  mean 
contact  point,  and  (2)  improved  conditions  of  meshing  within  the  neighborhood  of  the  mean  contact 
point.  The  purpose  of  the  global  synthesis  is  to  provide  optimal  conditions  of  meshing  for  the  whole 
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■rea  of  meshing.  The  criteria  of  conditions  of  meshing  are  the  kinematical  errors  and  the  bearing 
contact. 

Synthesis  of  spiral  bevel  gears  discussed  in  this  chapter  is  based  on  the  research  performed  by 
Litvin.  Hayasaka,  Rahman,  and  Wei-Jiung  Tsung.  A  new  method  for  generation  of  Gleason's  spiral 
bevel  gears  with  conjugate  tooth  surfaces  has  been  recently  developed  by  Litvin,  Tsung,  Coy,  and 
Heine  (Litvin  et  al,  1986). 


17.3  Generating  Surfaces  and  Coordinate  Systems 

Here  the  generating  surface  is  a  cone  surface  (fig.  17.3.1).  This  surface  is  generated  in  the 
coordinate  system  5,(yl,  while  the  blades  of  the  head  cutter  rotate  about  axis  C-C  (fig.  16.4.2). 
The  generation  of  gear-tooth  surfaces  is  based  on  application  of  two  tool  surfaces,  ZF  and  ZF, 
which  generate  gears  I  and  2,  respectively.  The  generating  surfaces  (generating  cones)  do  not 
coincide;  they  have  different  cone  angles,  ^r<F)  and  t}r),  and  different  mean  radii,  r}F)  and  rcir) 
(fig.  17.3.1(a)).  Special  machine-tool  settings,  A£j  and  £Lt  (fig.  17.3.3(b)),  must  be  used  for  the 
generation  of  the  pinion. 

Considering  the  generation  of  the  gear  2  tooth  surface  we  use  the  following  coordinate  systems; 

(1)  Sr<p\  which  is  rigidly  connected  to  the  generating  surface  LF  (fig.  17.3.1(b)) 

(2)  The  fixed  coordinate  system  Si21,  that  is  rigidly  connected  to  the  frame  of  the  cutting 
machine 

(3)  The  coordinate  system  S2,  which  is  rigidly  connected  to  gear  2  (fig.  17.3.2) 

In  the  process  of  generation,  the  generating  surface  rotates  about  the  x^2)-axis  with  angular  velocity 
Q,p),  while  the  gear  blank  rotates  about  the  z2-axis  with  the  angular  velocity  fl,2).  Axes  xH,2)  and 
i2  intersect  each  other  and  form  the  angle  90*  +  y2  -  A2,  where  A2  is  the  dedendum  angle  for 
gear  2.  Axis  xi,2)  is  perpendicular  to  the  generatrix  of  the  root  cone  of  gear  2.  The  coordinate 
system  Sf  shown  in  figure  17.3.2  is  rigidly  connected  to  the  housing  of  the  gears  and  will  be  used 
for  the  analysis  of  conditions  of  meshing  of  the  gears. 

Considering  the  generation  of  the  pinion,  we  use  the  following  coordinate  systems: 

(1)  5r(f),  that  is  rigidly  connected  to  the  generating  surface  ZF 

(2)  Si'\  that  is  rigidly  connected  to  the  frame  of  the  cutting  machine 

(3)  5|,  that  is  rigidly  connected  to  the  pinion  (gear  I)  (fig.  17.3.3) 

Axes  and  z,  do  not  intersect  but  cross  each  other;  A£,  and  AL,  are  the  corrections  of  machine- 
tool  settings  that  are  used  for  the  improvement  of  meshing  of  the  gears.  In  the  process  of  generation. 


the  generating  uirface  routes  about  the  the  x^’-axis  with  angular  velocity  fi<r>,  while  the  gear 
1  blank  routes  about  the  ;t-axis  with  angular  velocity  Q1".  Axes  xi"  and  form  the  angle 
90*  -  >1  +  A|,  where  A,  is  the  dedendum  angle  of  gear  I  and  axis  xi"  is  perpendicular  to  the 
generatrix  of  the  root  cone  of  gear  I . 


17.4  Generating  Tool  Surfaces 

The  tool  surface  is  a  cone  and  is  represented  in  the  coordinate  system  S,0*  as  follows  (fig. 
17.3.1(a)) 
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where  u,  and  9j  are  the  surface  coordinates. 

The  coordinate  system  S'J)  (j  »  F.P )  is  an  auxiliary  coordinate  system  that  is  also  rigidly 
connected  to  the  tool  (fig.  17.3. 1(b)).  To  represent  the  generating  surface  Lr  and  in  coordinate 
system  S(V  we  use  the  following  matrix  equation  (a  left-hand  generating  gear  is  considered) 
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Here  b,  and  q:  are  parameters  that  determine  the  location  of  the  tool  in  coordinate  system  Sfy>. 
Equations  (17.4.1)  and  (17.4.2)  yield 


x^’  =*  ry  cot  i£ry)  —  Uj  cos  rf/W 

yV'  =  Uj  sin  4>y  sin  (9j  -  q,)  -  bj  sin  qt  (17.4.3) 

Z,.01  =  Uj  sin  cos  (9j  —  qt)  +  bj  cos  q. 


where  j  =  (F.P). 

The  unit  normal  to  the  generating  surface  (j  —  F.P)  is  represented  by 


n 


o>  _ 

c 


Nr0) 


dry  dr y 

ddj  dUj 


(17.4.4) 


Using  equations  (17.4.3)  and  (17.4.4)  (provided  Uj  sin  \py  *  0),  we  obtain 
ay  =  sin  4>y\y  +  cos  4*y  [sin  (9j  —  q,)\y  +  cos  (9j  -  <7y )k<V’ J 


(17.4.5) 
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17.5  Equations  of  Meshing  by  Cutting 

Generation  of  E, 

We  derive  the  equation  of  meshing  of  the  generating  surface  ZF  and  the  gear-tooth  surface  E| 
by  using  the  following  procedure: 

Sup  1  .-First,  we  derive  the  family  of  surfaces  Zf  which  are  represenied  in  the  coordinate 
system  Sj,n.  Such  a  family  is  generated  while  the  coordinate  system  Sr,f)  is  rotated  about  the 
jt^’-axis  (fig.  17.3.3).  We  recall  that  the  generating  surface  Lf  is  rigidly  connected  to  S}rK  We 
use  the  matrix  equation 


(17.3.1) 


for  the  coordinate  transformation. 
Here  (fig.  17.3.3) 


I  0 


0  0 


0  cos  *>f  sin  <pf  0 
0  -sin  *F  cos  0 
0  0  0  1 


(17.5.2) 


where  <pf  is  the  angle  of  rotation  about  the  xj^-axis. 

Using  equations  (17.5.1),  (17.5.2),  and  (17.4.3),  we  obtain 


I*’]  - 


■  ■ 

v<l> 

Jm 

.(1) 

1 

r}F)  cot  -  uF  cos 
uf  sin  sin  tf  -  bF  sin  (qF  —  <pF) 
uF  sin  ^r<f)  cos  tf  +  bF  cos  ( qf  —  y>f) 
1 


(17.5.3) 


where  rr  =  $F  -  qf  +  <pr  Equations  (17.5.3).  with  the  parameter  fixed,  represent  a  single 
surface  of  the  family  of  generating  surfaces. 

Sttp  2.  -  The  unit  normal  to  the  generating  surface  LF  may  be  represented  in  coordinate  system 
Si"  as  follows: 


«.:■>  = 


,,,  driu  dr"’ 
Nl,"  =  — —  x  — — 
36  f  duF 


(17.5.4) 


We  may  also  use  an  alternative  method  for  the  derivation  of  the  unit  normal.  This  method  is  based 
on  the  matrix  equation 


(17.5.5) 


[«in]  - 

Matrix  [u"r,f)]  may  be  determined  by  deleting  the  4th  column  and  row  in  matrix  (17.5.2). 
The  column  matrix  [nr(f,|  i*  given  by  vector  equation  (17.4.4).  After  transformation,  we  obtain 


tin 

cot  ^,(r,iin  tf 
cot  ^.<r)  cot  rF 


(17.5.6) 


sup  y  -We  derive  the  equations  of  the  relative  velocity  at  follows: 

m  v(f)  _  voi  (17.5.7) 

where  y}P  it  the  velocity  of  a  point  M  on  surface  ZF  and  vj,1  *  is  the  velocity  of  the  same  point 
M  on  surface  E(. 

Vector  y^,F)  it  represented  by  the  equation 

-  Or  x  ri'>  (17.5.8) 


Here  (fig.  17.3.3): 


(17.5.9) 


Vector  rin  it  represented  by  equation  (17.5.3). 
Equations  (17.5.8)  and  (17.5.9)  yield 


(17.5.10) 


Gear  1  rotates  about  the  rt-axis  with  the  angular  velocity  0"'  (fig.  17.3.3).  Since  flm  does  not 
pass  through  the  origin  of  the  coordinate  system  Sj,11,  we  substitute  11"'  by  an  equal  vector 
which  passes  through  0{J '  and  the  vector  moment  represented  by 


0'“  o„  x  n, 


to 


Then,  we  represent  v^,”  as  follows: 


v«n  =  O'"  x  r<"  +  0<»  Oh  x  fl'” 


(17.5.11) 
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Here 


’  X  tin  At  ' 

'  tin  (y,  -  A,)  ' 

-A E\ 

-AX, 

[»-’]  - 

-Q‘" 

0 

cos  (y,  -  A,) , 

(17.5. 12) 


where  X  =*  O^N.  Equations  (17.5  11)  to  (17.5.12)  yield 


U” 

Ji" 

kl" 

-Q"» 

< 

I 

<- 

c 

'35 

0  cos  (y,  -  A,) 

v«'l 

Jm 

zL" 

Ai” 

K" 

-Q<» 

X  sin  A, 

-A£, 

-AX, 

sin  (y,  -  A,,, 

0 

cos  (y,  -  A,) 

-(y*1  +  A£,)  cos  (y,  -  A, 

^j,1’  -  X  sin  A))  cos  (y,  -  A,)  -  (z^11  +  AX,)  $'n  (Ti  ~  A,) 
(yi,"  +  A£,)  sin  (y,  -  A,) 


(17.5.13) 


The  final  expression  for  vin>  is 


-0")(yj,n  +  A£,)  cos  (y,  -  A,) 

Qin^U  +  Q<n^jriu  -  X  sin  A,)  cos  (y,  -  A,)  -  (zj,”  +  AX,)  sin  (y,  -  A,)] 
-0 ,nyJn  +  Q"’(>'in  +  A £,)  sin  (y,  -  A,) 


(7.5.14) 


Step  4. —The  equation  of  meshing  by  cutting  is  represented  by 


(17.5.15) 


Using  equations  (17.5.15),  (17.5.14),  (17.5.6),  and  (17.5.3),  we  obtain 


cot  -  L  (in  A,  -  AL,  tan  (7,  -  A|)j  cos  tin  ry 


+  bf  £sin  4*1^  »»  (<7f  -  <fi,)  +  cos  4^  tin  9r 
-  A£,  j^sin  4c(r>  ~  cos  tan  (>t  -  At)  cot  rfJ 


*n  -  tin  (71  -  A- 


cot  (71  -  A,) 


*] 


«/i(«f.  **  *f)  *  0 


(17.5.16) 


where  /nn  *  Q(F)/Q0).  Equation  (17.5.6)  relates  the  generating  surface  coordinates  (uf,  tff)  with 
the  angle  of  rotation  (^). 

Generation  of  Ej 

Using  a  similar  procedure,  we  may  obtain  the  equation  of  meshing  for  surface  V.p  by  using  the 
following  steps. 

Step  1.  -  Equations  of  the  family  of  generating  surfaces  tp  represented  in  the  coordinate  system 
SiJ|  are 


Xm* 

rc(,)  cot  -  Uf  cos  4cf) 

V(J» 

7m 

s 

Up  sin  sin  rf  -  sin  (<y  -  *>,) 

Up  sin  4C(F)  cos  tp  +  bp  cos  (<y  -  y,) 

Sup  2.  -The  unit  normal  to  is  represented  in  5j,2)  by  the  column  matrix 


sin 

cos  i^c(F)sin  Tf 

COS  4^cf)  COS  Tp 


(17.5.18) 


where  Tp  -  6P  -  qf  +  yy 

Sup  3. -The  velocities  vjf’,  vj,21.  and  vj/’2)  are  represented  in  Si2)  as  follows: 


[v«'>]=Q<f» 


(17.5.19) 


>i2)  cos  (72  -  Aj) 

-  (xi,2)  +  L  sin  A2)  cos  (y2  ~  A2)  -  (z^2)  sin  (72  -  A2) 
v*  1  sin  (72  -  A:) 


(17.5.20) 
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[v«”>]  -  [v-]  -  [<«»] 


(17.3.21) 


SU,A.  -The  equation  of  meshing 


yields  the  following  equation: 


mi,"***,'1'  -  0 


/:(“*  *f)  m 

Uf  -  (r,irt  cot  it*'  -f  L  tin  A2)  co*  fin  Tp  -  bp  fin  (qf  -  ?f)  fin 

*bf  a»V»  fin  6,m~  ~-in^"^-0  (17.5.22) 

cot  (y2  -  A2) 

Here  mr3  -  a('’,/D<2). 


17.6  Local  Synthesis:  Conditions  of  Tangency 

The  purpose  of  local  synthesis  is  to  provide  ( 1 )  tangency  of  gear-tooth  surfaces  at  »he  main  point 
of  contact,  (2)  transformation  of  rotation  with  an  insiantanteous  gear  ratio  equal  to  the  given  ratio, 
and  (3)  determination  of  the  range  of  machine-tool  settings  which  correspond  to  the  motion  of  contact 
point  along  and  across  the  gear-tooth  surfaces,  respectively  The  solution  of  the  first  two  problems 
is  discussed  in  this  section. 


Tangency  of  Surfaces  Zr  and  Ej 

We  consider  that  the  main  contact  point  M  lies  on  the  instantaneous  axis  of  rotation  of  gears 
1  and  2  (fig.  17.3.2).  This  axis  is  the  pitch  line -the  line  of  tangency  of  gears  1  and  2.  The  generating 
surface  E^  and  the  gear-tooth  surface  being  cut  will  be  in  tangency  at  M  if  the  following  conditions 
are  satisfied:  (I)  the  generating  surface  Zp  passes  through  M  and  (2)  the  instantaneous  axis  of 
rotation  by  cutting  coincides  with  the  instantaneous  axis  of  rotation  for  gears  I  and  2. 

It  is  easily  verified  that  the  second  condition  is  satisfied  with 


mn  = 


sin 


(17.6.1) 


COS 

To  prove  this  we  consider  the  collinearity  of  vectors  flir:>  and  0fM.  Here  (fig.  17.3.2): 


n«^»  =  «<'•>  -n,2>  = 


+  O'2’  sin  (72  -  A2) 
0 

—  Q,:>  cos  (>2  -  Aj) 


(17.6.2) 


where  ^,/,2, 


is  the  angular  velocity  of  the  generating  gear  P  with  respect  to  gear  2  and 
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The  conditions  of  collinearity  yield 

_ q(^)  +  q(2)  tin  {yi  -  A;)  -q»2i  cx>t  -  A;)  (17  6  4) 

sin  A]  cos 

Thus  m^2  “  Q^’/Q*1’  ■  sin  t2/cos  A2  *nd  equation  (17.6.!)  is  confirmed.  Equation  (17. 6.1) 
determines  the  angular  velocity  ratio  for  the  generation  of  gear  2. 

We  may  determine  the  machine-tool  settings  by  taking  in  equation  (17.5.17) 

*m' • 0  yi2*  -  0  zj?’  *  L  cos  A,  (17.6.5) 

where  x™,  y«2',  and  zi1*  are  the  coordinates  of  point  M  (fig.  17.3.2).  Equations  (17.5.17)  and 
(17.6.5)  yield 


,tat 


ut > 


sin 


<f> 


r}r>  *in  r,  -  br  sin  (qr  -  *,)  ■  0 


r}n  cos  rP  +  bp  cos  (qf  -  *>r)  *Lcoi  A: 


(17.6.6) 

(17.6.7) 

(17.6.8) 


where  rp  *  9P  -  qp  +  <fip-  Using  equations  (17.6.1),  (17.6.6).  (17.6.7),  and  the  equation  of 
meshing  (17.5.22),  we  obtain: 


,  _  L  cos  A2  sin  r* 

sin  9 r  m 

br 

(17.6.9) 

Equations  (17.6.7)  to  (17.6.9)  relate  parameters  of  machine-tool  settings:  bP.  qp,  and  9P,  These 
equations  may  be  satisfied  for  any  value  of  <pp.  For  example,  with  <pp  =  0  and  from  drawings  of 
figure  17.3.1,  we  obtain 

&p  =  90’  -  (9P  -  qp)  =  90*  -  rP 

(17.6.10) 

The  final  expressions  for  equations  (17.6.7)  to  (17.6.10)  therefore  become 

r*r)  cos  fiP  —  bP  sin  qp  =  0 

(17.6.11) 

r}f)  sin  0P  +  bP  cos  q  =  L  cos 

(17.6.12) 

.  _  L  cos  cos  /3» 

sin  9P  = - 

bP 

(17.6.13) 

An  alternative  solution  is  based  on  the  equation  for  9P  where 


if  m  Tf  ■¥  qf  m  90*  -  fif  ■¥  qf 

Considering  (Sr,  r}r),  L,  and  A2  as  given,  we  may  determine  the  parameters  of  the  machine-tool 
settings  for  gear  2  from  equations  (17.6.11)  to  (17.6. 13). 

The  common  unit  normal  for  surfaces  Zf  and  Z2  at  their  contact  point  W  it  represented  by 


tin 

cos  COS  0f 

cos  tin  0f 


(17.6.14) 


(See  eq.  (17.3.18).) 

Tangency  of  Surfaces  Z  r,  Zf.  and  Z\ 

We  set  up  the  following  coordinate  systems  rigidly  connected  to  the  frame  of  the  cutting  machine: 
S»,  $1°,  (fig  17.3.3),  and  5.  (fig.  17.6.1(a)).  Axis  zj,1  *  and  z*  intersect  each  other  at  point  N 
whose  location  it  determined  by  OhN  =»  L  A,  it  the  dedendum  angle  of  gear  1;  and  axis  z, 
coincides  with  the  rotation  axis  of  gear  1. 

We  consider  also  coordinate  systems  5/  and  Sk  (fig.  17.6.1(b))  which  are  rigidly  connected  to 
the  coordinate  system  S*21  (fig.  17.3.2).  Point  M  which  is  located  on  the  Z/-axis  is  the  point  of 
Urgency  of  surfaces  and  Z2.  In  the  simplest  case,  point  M  may  coincide  with  N  and  coordinate 
systems  5/ and  St  may  coincide  with  coordinate  systems  S*  and  S„  respectively.  The  three  suffices 
Zf.  Lj,  and  Zf  will  then  pass  through  the  same  point.  However,  Zf  will  be  in  tangency  with  Zf 
and  Z2  if  the  normal  to  Zf  coincides  with  the  normal  to  Zf.  This  condition  can  be  satisfied  with 
a  special  relation  between  the  blade  angles  and  and  special  machine-tool  settings.  For 
practical  reasons  it  is  important  to  make  \l/}n  =  ^r(f)  and  use  blades  with  the  same  angle.  This 
becomes  possible  by  choosing  a  new  point  of  contact  A  for  surfaces  ZF.  Zf,  and  £:. 

Consider  that  the  generating  surface  ZF  is  set  up  in  the  coordinate  system  S*.  but  the  settings 
of  ZF  are  not  yet  determined.  The  generating  surface  Zf  is  set  up  in  the  coordinate  system  Zf  and 
its  settings  are  known:  ZF  passes  through  point  M  and  the  surface  unit  normal  at  M  is  represented 
in  the  coordinate  system  S^2)  by  equation  (17.6.14).  Surfaces  Zf  and  are  in  tangency  at  M. 
Initially,  the  coordinate  system  ^coincides  with  5*.  and  St  coincides  with  Sa.  We  may  consider 
that  coordinate  systems  Sf.  Sk,  si2).  and  surfaces  Zf  and  E2  form  a  rigid  body  B.  Now,  consider 
that  B  is  routed  about  the  z^-axis  through  an  angle  6  (fig.  17.6.2)  which  is  just  a  setting  angle. 
Axis  Zf  being  routed  about  the  z^-axis  will  move  over  the  surface  of  the  pitch  cone  with  the  apex 
angle  y, .  Consequently,  point  M,  which  is  the  point  of  ungency  of  surfaces  Zf  and  Z2.  will  come 


ui 
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Matrix  [Ly]  may  be  derived  from  [ Af¥]  by  deleting  the  fourth  column  and  row. 

The  column  matrices  [r*(f>]  and  represent  in  coordinate  lyitem  Sk,  surface  Lr  and  the 

surface  unit  normal. 

Matrix  equations  (17.6.15)  and  (17.6. 16)  provide  six  equations  which  determine  the  machine- 
tool  settings  for  the  generating  surface  ZF.  The  derivation  of  these  equations  is  based  on  the 
following  procedure: 

Step  1.  Determination  of  the  matrix  product  [4/^1  [r/*M  equation  (17.6.15).  -Using 
equations  (17.6.17)  and  (17.6.18),  we  obtain 

(1  -  cos  4)  cos  y |  sin  y, 

-sin  4  sin  yi 
cos  4  sin2  >1  +  cos2  y, 

1 

Step  2.  Representation  of  surface  E F  in  coordinate  system  S».  -  Surface  ZF  is  represented  in 
the  coordinate  system  S„)  by  equations  (17.5.3).  We  may  represent  ZF in  Sh  by  using  the  following 
matrix  equation: 

['*"’]  =  [aC']^"]  (17.6.20) 

where  (figs.  17.3.3  and  (17.6.1) 

cos  A |  0  sin 

0  1  0 

-sin  At  0  cos  A, 

0  0  0 

Equations  (17.5.3)  and  (17.6.21)  yield 


ri  n 

xh 

=  (r<!n  cot  4*{c 

n  -  uF  cos 

cos  A| 

♦i 

uF  sin  ^r(f)  cos 

tf  +  bF  cos  (qf  - 

<PF)  j  sin  A|  -  ( L  cos  A\  -  AL| )  sin  A, 

(17.6.22) 

II 

C 

~A 

uF  sin  4>cF)  sin  rF 

-  bF  sin  (qF  -  <pf)  +  A£, 

(17.6.23) 

'-a 

=  -  (^rfir)  cot 

^Y(f)  -  uF  cos  sin  A( 

*i 

uF  sin  ^r(f*  cos 

tf  +  bF  cos  (qF  - 

tpf) j  cos  A,  +  L  sin2  A|  +  A L\  cos  A, 

(17.6.24) 

(17.6.19) 


Sup  3.  Determination  of  basic  equations  provided  by  matrix  equation  fl7.4.15).-Uting 
equations  (17.6.15),  (17.6.19),  and  (17.6.22)  to  (17.6.24),  we  get 


(r}n  cot  ^c(f)  —  uF  cot  cot  A|  +  [«/r  tin  cot  rF  +  bF  cot  (qr  -  *f)j  tin  ti, 

-  (L  cot  A|  -  AZ.,)  tin  A(  -  L(  1  -  cos  4)  cot  7  j  tin  y(  (17.6.25) 

Uf  tin  ^f<F)  tin  rr  —  bF  sin  (qf  -  <fif)  +  A£(  •*  -L  tin  4  tin  (17.6.26) 

-  (r}f'  cot  -  uf  cos  tin  At  +  [uf  sin  4,}F)  cot  rF  +  bF  cot  (qf  -  pf) j  cot  A, 

+  L  tin1  A|  +  AZ.,  cot  Aj  ■  Z,(cos  4  tin  71  +  cot1  Yt)  (17.6.27) 


The  three  basic  equations  (17.6.25)  to  (17.6.27)  provide  that  surfaces  LF,  ZF,  and  E2  have  a 
common  point  P. 

Step  4.  Representation  in  coordinate  sysUm  Sk  of  the  unit  normal  to  surface  EF.  -The  surface 
unit  normal  at  point  P  is  represented  in  coordinate  system  S if1  by  equation  (17.5.18).  Parameter 
rp  *  90*  -  0F  at  point  M  (fig.  17.3.1).  The  unit  normal  is  represented  in  the  coordinate  system 
St,  by  the  matrix  product  [z^>]  [«*2IJ. 

Here  (figs.  17.3.2)  and  (17.6.1) 


M  »  tVl  [#']  - 

(1  -  cos  4)  cos  7i  sin  7, 
-sin  4  sin  71 
cos  4  sin1  Yi  +  cos1  71 


cos  4  cos1  71  +  sin1  71  -sin  4  cos  71 
sin  4  cos  7  j  cos  4 

[_  (1  -  cos  4)  cos  7|  sin  7j  sin  4  sin  71 


cos  A2  0  -sin  A2 
0  1  0 
sin  A2  0  cos  A2 


(17.6.28) 


Using  equations  (17.6.28)  and  (17.5.18),  we  obtain 

nif’  =  cos  4  cos  7 1  [sin  F)  cos  (71  +  A2)  -  cos  sin  (72  +  A2)  sin  0PJ 

+  sin  71  [sin  4/cP)  sin  (7i  +  A2)  +  cos  cos  (7!  +  A2)  sin  0F j 
-  sin  4  cos  4/cF)  cos  7i  cos  Bp  (17.6.29) 


(17.6.30) 


n*P  m  tin  4[*in  co»  (7,  +  A2)  -  co*  i}F)  tin  0F  tin  (yt  ♦  Aj)J 
*  co*  4  co«  co*  $, 

n\P  *  -co*  4  tin  >1  [tin  t,iF)  co*  (7,  +  A2)  -  cot  i,tF)  tin  ffF  tin  (yt  +  A2)j 
+  co*  yi  [sin  t,(*]  tin  (7,  +  A2)  +  co*  +,iF)  tin  0F  co*  (>|  +  A2)j 
■f  tin  4  co*  co*  0F  tin  71  (17.6.31) 


Step  5.  Representation  in  coordinate  system  S»  of  the  unit  normal  to  surface  ZF.  -The  unit 
normal  to  surface  ZF  i*  represented  in  coordinate  system  Sj,1’  by  equation*  (17.3.6).  We  may 
represent  chit  unit  normal  in  coordinate  system  Sk  by  using  the  following  matrix  equation: 


[nr]  •  [Ui’lM 


(17.6.32) 


Here  (tee  matrix  (17.6.21)): 


co*  At  0  sin 
0  I  0 
-sin  A,  0  cot  A| 


(17.6.33) 


Using  equation*  (17.6.32),  (17.6.33),  and  (17.5.6),  we  obtain 

i»iP  *  sin  icn  cos  At  +  cos  tr  cos  Tr  si"  A|  (17.6.34) 

niP  »  cos  sin  rF  (17.6.35) 

niP  •  -sin  \l*r  sin  A!  +  cos  cos  rF  cos  A,  (17.6.36) 

Step  6.  Determination  of  basic  equations  provided  by  matrix  equations  (17.6. 16).  -Using 
equations  (17.6.16),  (17.6.29)  to  (17.6.31)  and  (17.6.34)  to  (17.6.36),  we  obtain 

sin  cos  A|  +  cos  cos  tf  sin  A( 

*  cos  4  cos  >!  [sin  cos  (7i  +  A 2)  -  cos  f*F)  sin  (>)  +  A2)  sin  0/>j 

+  sin  7j  [sin  sin  f-y 2  +  A2)  +  cos  t pF)  cos  (71  +  A:)  sin  0F] 

-  sin  6  cos  Ip'S'  cos  7i  cos  0r  (17.6.37) 

cos  sin  tf  =  sin  i[sin  ^}F)  cos  (71  +  A,)  -  cos  \pF)  sin  0F  sin  (71  +  A2)j 

+  cos  5  cos  cos  8r  (17.6.38) 
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(17.6.39) 


-tin  tin  +  co*  cot  rF  cot  A| 

»  -cot  h  tin  ti  Jtin  ^F)  co*  (y,  +  A2)  -  cot  ^r(,t  tin  0F  tin  (yi  +  A2)J 
+  tin  &  cot  cot  0r  tin  y,  ♦  cot  >t[tin  tin  (yi  +  A2) 

+  cot  tin  0F  cot  <yi  +  A2)| 

The  three  basic  equations  (17.6.37)  to  (17,6.39)  provide  that  surfaces  ZF,  ZF,  and  E2  have  a 
common  normal  at  point  P  and  are  in  tangency  at  this  point.  Only  two  equations  of  (17.6.37)  to 
(17.6.39)  are  independent  since  jn^f)|  -  |n*(,,|  -  1. 

The  satisfaction  of  equations  (17.6.25)  to  (17.6.27)  and  (17.6.37)  to  (17.6.39)  yields  that  the 
three  surfaces  ZF,  ZF,  and  E2  have  a  common  point  N  and  are  in  tangency  at  this  point.  All  four 
surfaces  Et,  Ef,  ZF,  and  E2  will  be  in  tangency  at  N  if  at  this  point  the  equation  of  meshing  of 
Ef  and  E|  is  also  satisfied.  This  condition  can  be  fulfilled  with  the  appropriate  value  of  the  ratio 
for  cutting  mn  *  Q<n/Q<h.  (Sec  sec.  17.7.) 


17.7  Basic  Machine-Tool  Settings 

The  basic  equations  (17.6.25)  to  (17.6.27)  and  (17.6.37)  to  (17.6.39)  determine  the  relations 
between  the  machine-tool  settings  for  the  generating  surfaces  Zr  and  Ef.  We  may  determine  these 
settings  by  using  the  following  procedure. 

Determination  of  Settings 

Sup  1.  Determination  of  rF. -Consider  equations  (17.6.37)  and  (17.6.39).  Multiplying  these 
equations  by  sin  7 ,  and  cos  7,,  respectively,  we  get,  after  simplifications,  that 


cos  -rF  =* 


sin  sin  (71  +  A2)  -t-  cos  cos  (71  +  A;)  sin  0F  -  sin  sin  (71  -  A,)  (m  \) 
cos  cos  (7,  -  At) 

Using  this  equation,  we  make  where  i£r  is  the  standard  angle  of  the  blades  of 

the  head-cutter. 

Equation  (17.6.40)  provides  two  solutions  for  tf.  We  have  to  choose  the  solution  which  gives 
tf  close  to  (90*  -  @r). 

Sup  2.  Determination  of  i. -Represent  equations  (17.6.37)  and  (17.6.38)  as  follows: 

A  sin  5  +  B  cos  5  +  C  =  0 
D  sin  6  +  E  cos  5  +  F  =  0 

These  equations  provide  one  solution  for  5 

6  A(E  +  F)  -  D(C  +  B) 

tan  -  - - 

2  BF-CE 

Sup  3.  Determination  of  uF. -Consider  equations  (17.6.25)  and  (17.6.27)  simultaneously. 
Multiplying  these  equations  by  cos  A,  and  sin  A,  respectively,  we  get,  after  simplifications. 


(17.7.2) 

(17.7.3) 

(17.7.4) 


»r 


r}n  cot  -  L  tin  y,  cot  (y,  -  A|X1  -  cot  S) 
co.  ^ 


(17.7.3) 


Step  4.  Determination  of  (qf  -  oF)  and  bF  -Consider  equations  (17.6.25)  and  (17.6.27) 
simultaneously.  Multiplying  these  equations  by  sin  At  and  cos  A|.  we  get,  after  transformations, 

br  cos  (qf  -  pf)  «  cos  y,  cos  (y, - A,)  +  cos  S  sin  y,  sin  (y,  -  A,)] 

-  AL\  -  Of  sin  cos  tf  (17.7.6) 

Equations  (17.7.6)  and  (17.6.26)  yield 

tan  (qf  -  <eF)  -  ®  (17.7.7) 

Q  m  Of  sin  ^f<f1  sin  rF  +  A £t  +  L  sin  6  sin  y(  (17.7.8) 

G  m  Z-Jcos  y(  cot  (yt  -  At)  +  cos  4  tin  y,  tin  (y(  -  A|)j  -  A Lt 

-Of  sin  cos  tf  (17.7.9) 

Equations  (17.6.26)  and  (17.7.9)  yield 

br - - - -  (17.7.10) 

sin  ( qf  -  <bf) 

AHeraatlve  Solutions  for  (qr  -  <eF) 

We  may  represent  equations  (17.6.25)  and  (17.6.26)  as  follows: 


bF  cos  (ar  -  <fir)  =  A 

(17.7.11) 

bF  tin  (qr  -  <pF)  *  B 

(17.7.12) 

Equations  (17.7.11)  and  (17.7.12)  yield 

bF  = 

(17.7.13) 

qF  —  '^A*  +  B *  —  A 

tin - * - 

2  B 

(17.7.14) 

Step  5.  Determination  of  if,—  Consider  that  tf  and  (qF 
determine  9F  using  the  equation 

-  <pf)  are  known.  Then  we  may 

9F  =  Tf  +  qf- <pF  (17.7.15) 

Step  6.  Determination  of  mFl.— Surfaces  ZF  and  E,  will  be  in  tangency  at  point  A  if  the  equation 
of  meshing  (17.5  16)  is  satisfied  for  this  point. 

We  transform  equation  (17.5.16)  by  using  expressions  (17.7.5),  (17.7.6),  (17.7.10).  and  (17.7.16) 
for  uF,  bF  cos  (qf  -  v F ).  bF  sin  (qF  -  <bF),  and  dF,  respectively.  After  transformations  we  get  the 
following  equation  for  mF]: 


m”=i 


(17.7.16) 


Here 


Q(f> 

it  the  angular  velocity  ratio  for  cutting  of  gear  I . 

T-Z-tin  y,  ^cot  6  tin  rF  -  fin  i^cot  (y,  -  A|)  tan  -  tin  (y(  -  A))  cot  rfJ  j  (17.7.17) 

E  *  L  tin  >|  |cot  y,  cot  (y,  -  At)  tin  rF  +  cot  6  tin  (y,  -  A,)  tin  rF 

+  tin  6  cot  rF j  -  AZ.t  tin  tf  +  A £t  cot  rF  (17.7.18) 

Generally,  the  ratio  mn  depends  on  the  corrections  of  machine-tool  settings,  AL,  and  A£,.  There 
it  a  particular  case  when  the  corrections  A£,  and  ALt  are  related  with  the  equation 

A£|  cot  rF  “  AL|  tin  rF  (17.7.19) 

For  this  particular  cate  the  ratio  mn  does  not  depend  on  the  corrections  of  machine-tool  settings. 

17.8  Local  Synthesis:  Determination  of  Corrections  of  Machine-Tool 
Settings 

Bosk  Equations 

The  purpose  of  the  corrections  of  machine-tool  settings  is  to  make  the  first  derivative  of  the  gear 
ratio  dldifi,  («i2(*’i)).  equal  to  zero  at  the  main  contact  point  A.  The  determination  of  the 
corrections  A £,  and  A L,  is  based  on  the  use  of  the  following  equations: 


y(2)  _  y(D  m  yt  12) 

(17.8.1) 

A,*2'  -*,<•>  =  «<12’  x  n 

(17.8.2) 

—  v<,2))  =  0 

(17.8.3) 

v  / 

-(a(P>.y<p2>)  =0 
dt  '  > 

(17.8.4) 

i(nin.yim\  =0 

(17.8.5) 

dt v  > 

(See  eqs.  (6.1.12)  and  (6.1.13).) 

Equations  (17.8.3)  to  (17.8.5)  are  the  differentiated  equations  of  meshing  for  gears  1  and  2, 
the  generating  gear  P  and  gear  2,  and  the  generating  gear  F  and  gear  l,  respectively. 

Here  vr(,)  (/  =  1,2)  is  the  velocity  of  the  contacting  point  in  motion  over  the  surface:  hr0)  is  the 
velocity  of  the  tip  of  the  surft  ce  unit  normal  in  motion  over  the  surface;  v(l2)  is  the  sliding  velocity; 
n  is  the  common  surface  unit  normal;  and  «<12)  =  w11’  -  u)a>  where  u(l>  is  the  gear  angular 
velocity. 

Let  us  transform  equation  (17.8.1)  by  using  the  following  relations: 

vr<2)  =  v}F)  +  v,n>  =  v«'>  (17.8.6) 
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Here  v(R>  »•  tince  point  M  of  tangency  of  surfaces  ZP  end  E2  lie*  on  the  instantaneous  axil  of 
nutioa  (fig.  17.3.2) 

?,"»  -»,<R  +  *<R>  (17.8.7) 

»„<"  -  v,<2»  (17.8.8) 

because  point  N  of  tangency  of  surfaces  E,  and  E2  lies  on  the  pitch  line  and  vll2)  -  0. 
Equations  (17.8.1),  (17.8.2).  and  (17.8.6)  to  (17.8.8)  yield 

v,('>  -  vf(R  +  v1'"  (17.8.9) 

Using  similar  transformations  for  equation  (17.8.2),  we  get 

ifl!l«D/'i+0i«txBin  (17.8.10) 

«,<"  «  n,(R  +  Q<fu  x  D,f)  (17.8.11) 

Here  Q,R>  •  Q<R  -  fl,2)  and  0,f1’  ■  Q<f)  -  0fl>,  where  0  is  the  angular  velocity  in  the 
generating  process;  is111  ■  n(2’  «  a'*1  *  n(R  at  the  point  of  contact. 

Equations  (17.8.2)  and  (17.8.10)  to  (18.8.11)  yield 

hin  +  Q<«)  x  n<r>  _  wdJ)  x  „«•)  .  yn  +  fl.n,  x  (17.8.12) 

Let  us  now  differentiate  the  equations  of  meshing  (17.8.3)  to  (17.8.5)  by  taking  into  account 
that  the  main  contact  point  v<12’  *  0  and  ylp2)  *  0.  Let  us  also  assume  that  w1'’  «  constant, 
w'2'  «  constant,  and  m  0.  Thus  we  obtain 


-( 

n,".v"2,'i  -  ^'’•v"21  +  n*”*  — [«!l2>  x  rlhl  -  fn,"«,,2,r"»l  -0 

(17.8.13) 

/  dil  i  L  J 

—  (n,R  •  v(R))  -  [n(Rfl(R'rH  =  0 

(17.8.14) 

d/v  >  L  J 

^uhytm  +  |n<r)0(/n»y(F)]  .  0 

(17.8.15) 

Litvin  (1968)  proved  that  the  basic  equations  mentioned  provide  two  sets  of  the  corrections  with 
which  the  motion  of  contact  point  is  directed  across  and  along  the  tooth  surface.  Of  the  two  motions, 
the  more  favorable  case  is  the  motion  of  the  contracting  point  along  the  tooth  surface,  because 
it  provides  reduced  kiuematical  errors  and  better  conditions  of  lubrication.  For  these  reasons,  we 
limit  the  discussion  to  the  mentioned  case. 

Kinematic  Considerations 

Consider  four  surfaces  LP,  E2,  Ef.  and  E,  which  are  in  tangency  at  point  A.  Point  A  lies  on 
the  pitch  line  of  gears  1  and  2.  Gear  1,  having  surface  Et,  rotates  with  angular  velocity  u)"1  and 
is  in  mesh  with  surfaces  E/-  and  E2.  Thus  u'11  «»  fl"’  and  Q(fl  ■  u{F).  where  u(f)  = 
Similarly,  we  may  state  that  gear  2,  having  surface  L'2,  rotates  with  angular  velocity  w'2’  and  is 
in  mesh  with  surfaces  ZP  and  E|.  Here  u>(21  ■  fl121,  and  u<P)  ■  where  Ail 

four  surfaces  will  be  in  contact  within  the  neighborhood  of  point  A  if  they  have  a  common  point 
and  common  normal. 

Equations  (17.6.37)  to  (17.6,39)  provide  that  surfaces  LP  and  ZP  are  indeed  in  tangency  at  point 
A.  Considering  that  surfaces  ZP  and  ZF  are  in  tangency  within  the  neighborhood  of  A,  we  have 
to  change  0P  for  the  variable  tp.  Then,  equations  (17.6.37)  to  (17.6.39)  become  equations  with 
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variables  rF  «  8F  —  qr+  <er  and  rF  »  tF  —  qf- f  vy  These  equations  can  be  satisfied  in  the 
process  of  meshing  with  certain  relations  between  rF  and  rF.  There  is  a  particular  case  when 
equations  (17.6.37)  to  (17.6.39)  are  satisfied  within  the  neighborhood  of  A,  because  r>  and  rF  are 
constant.  We  remind  that  rF  and  rF,  for  point  A,  are  not  equal  but  related  with  equation  (17.7.1); 
where  rF  -  90*  -  &F  for  point  A.  Thus  the  contacting  norma!  to  surfaces  LF  keeps  its  original 
direction  within  the  neighborhood  of  A. 

Figure  17.8.1  shows  two  longitudinal  shapes  of  surfaces  and  LF  at  two  positions  when  they 
contact  each  other  at  A  and  Am,  respectively.  The  contacting  normals  have  the  same  direction  at 
A  and  A*,  and  intersect  the  instantaneous  axis  of  rotation  at  A  and  B,  respectively. 

Considering  that  rr  ad  tf  are  constant  within  the  neighborhood  of  A,  we  get 


^„0 

difiF 

deF 

dt 

dt 

~  dt 

d<pF  ^ 

d6f 

dt 

dt 

~  dt 

(17.8.15) 


(17.8.16) 


Determination  of  AEt:  Basic  Equations 

The  determination  of  A£|  is  based  on  the  following  equations: 


9ft 

duF 

dfi  dtp?  _ 

9fi  duF 

dur 

dt  + 

ddp  dt 

difi/t  dt 

duF  dt 

V\ 

duF 

9f\  d8F 

a/i  d*F  _ 

Bf^dUf 

duF 

dt  + 

d«F  dt 

dtfif  dt 

duF  dt 

v«r'. 

.<i) 


Here 


St  ( »r.  8f,  <Pr)  =0 


(17.8.17) 


(17.8.18) 

(17.8.19) 


(17.8.20) 


is  the  equation  of  meshing  of  surfaces  and  E2,  represented  by  equations  (17.5.22).  and /i  (uF. 
8f,  ifiF)  =  0  is  the  equation  of  meshing  of  Ef  and  E,.  represented  by  equation  (17.5.16).  Let  us 
differentiate  the  equations  of  meshing,  considering  that  tp  and  tf  are  constant.  (See  eq  (17.8. 15) 
and  (17.8.16).)  Equations  (17.8.17).  (17.5.22),  and  (17.8.15)  yield 
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—  *  Of  I  cot  Of  cot  *  tin  A2  -  cot  q?  tin  - 

at  L  J  cot  3f  ^ 

»  [((tin  A]  cot  $}**  tin  dF  -  cot  A2  tin 


+  rr,r,(sin  i'ri  tin  dr  -  cos  i£f(f)  tan  A2)l - -- 

J  cot  0,  dt 


The  derivative  d<fi/Jdt  may  be  represented  as  follows: 


(17.8.21) 


u'  ' _ _  sin  y2  it/'  ' _ _  sin  Y| 

T«7  "  m'J  ”  7TT  777  m  m:i  “  “77 


cos  Aj  u 


u<^>  x  at  mnm-i |<i»(l1  *  —  —  (for  w11’  *  I  rad/sec) 
dt  cos  A2 

The  final  expression  for  dujdi  is 


t~-  *  [(/cos  ^r(,)  sin  dr  sin  A2  -  sin  ^{cf)  cos  A2) 
oi  1 


(17.8.22) 


+  rf(f,(sin  sin  dr~  cos  tan  A2)l - -  (17.8.23) 

J  cos  dr  cos  A2 


Equations  (17.8.18).  (17.5.16).  and  (17.8.16)  yield 


A£|  ^  uF  sin  i/y  1  sin  rf  AT, A-;  -  K}  sin  rf  cos  (7,  -  A,)m|f 

l  l  £  *«Z  dT 


—  (17.8.24) 


AT,  =  -  [sin  (7,  -  A,)  -  *tn  j  cos  ^r,n  cos  tf  +  sin  \l/}n  cos  (7,  -  A,)  (17.8.25) 

K2  =  cos  7|  cos  (7,  -  A,)  +  cos  5  sin  7,  sin  (7,  -  A,)  (17.8.26) 

AT,  =  sin  6  sin  7 j  sin  tf  cos  -  sin  (7,  -  A,)j  (17.8.27) 

-  cos  4*{cn\  sin  (7,  -  A|)  -  mn  |  +  cos  tf  sin  ^r(f)  cos  (7,  -  A,) 

- 1 - -  (17.8.28) 


We  may  determine  A£t/L  by  expressing  du^dt  in  terms  of  dufJdt.  The  relation  between  dup/dt 
and  du^dt  may  be  determined  by  using  equation  (17.8.19).  We  obtain  vector  by 
differentiating  equations  (17.5.3).  Then  we  get 


v,F>.i">  = 

1  rm 


-  COS  \p}n  — 


(17.8.29) 


Vector  vi,n)  was  represented  by  equations  (17.5.14),  and  for  ftn)  ■>  «(l)  ■  1  rad/sec  it  yields 

*  *  -  (xi”  +  A£,)  cos  (7,  -  A.)  (17.8.30) 

We  may  express  yi,l)  in  terms  of  the  coordinates  of  the  contacting  point  of  surfaces  Lp  and 
by  using  the  following  coordinate  transformation: 


•  ■ 

'  0  ‘ 

v(l) 

7m 

zL" 

0 

L 

1 

_  1  . 

(17.8.31) 


Here  (0,  0,  L,  1)  are  the  homogeneous  coordinates  of  the  contacting  point  M  (fig.  17.3.2),  which 
arc  represented  in  the  coordinate  system  Sf.  Matrix  [Mhj{  was  represented  by  equation  (17.6.18) 
and  matrix  is  as  follows  (fig.  17.3.3): 


‘  cos  A) 

0 

-sin  A( 

L  sin  A, 

0 

1 

0 

— AE| 

sin  A, 

0 

cos  A| 

-A L, 

0 

0 

0 

1 

(17.8.32) 


Equations  (17.8.30)  to  (17.8.32)  yield 

•l«,)  =  L  sin  5  sin  7,  cos  (71  -  A,)  (17.8.33) 

To  determine  vector  vr(/>)  and  represent  it  in  the  coordinate  system  Sm,  we  differentiate  equations 
(17.5.17).  Then  we  obtain 


We 

ddp  _ 
dt  ~ 


sin  V'c,,) 
sin  ^c(/,) 


transform  equation  (17.8.34) 

d<Pr  dtfip  .  . 

- - =  =  a ; 

dt  dt 


-COS  tc 


(P) 


dup 

dt 


dup  .  ,  ddp 

sin  Tp —  +  up  sin  yy’  cos  To — 
dt  dt 

dup  .  ,p .  ,  ddp 

cos  Tp - Up  sin  f ’  sin  tp  — 

dt  dt 


as  follows: 


(2> _ _ _  ..(1)  _  s,n  7 1 

fn  07  —  ^2i^P2^  - - — 

cos  A2 


(17.8.34) 


(for  w(l)  =  1  rad/sec) 


(17.8.35) 


For  the  main  contacting  point  we  have 

r>  ”  90*  -  and  uf  sin  ^f(f>  =  rf(,) 
Equations  (17.8.34)  to  (18.8.36)  yield 


M  - 


-cos 


sin  cos  f}p  —  -  r}F)  sin  <3P  -  ‘ ■ 
dt  cos  A2 


du„ 

__2 

dt 


sin  4>c^  s<t>  &n—  +  rcP)  cos  0„  S'iry  1 


dt 


cos  Aj  J 


To  represent  vector  vrtr>  in  coordinate  system  Sj,1*,  we  use  the  matrix  product 

Here  (fig.  17.3.2) 


(17.8.36) 


(17.8.37) 


(17.8.38) 


IL?) 


cos  A2  0  -sin  A2 
0  1  0 
[  sin  A2  0  cos  A2 


(17.8.39) 


Using  equations  (17.8. 19),  (17.8.29),  (17.8.30),  and  (17.8.37)  to  (17.8.39),  we  obtain  the  following 
equation  which  relates  dup/dt  and  dupldt: 


due  dup 

~r  =  «„-£  +  6, 
dt  dt 


Here 


au  =  Jcos  (yt  +  A2)  +  tan  sin  0P  sin  (7,  +  A2)j  cos  S  cos  (yt  -  A,) 

+  ^sin  (7,  +  A2)  -  tan  ^r<,,,  sin  0p  cos  (7!  +  A:)J  sin  (7,  -  A|) 
+  sin  6  tan  cos  0p  cos  (7!  -  A|) 


and 


=  •  L  si 


sin  5  sin  71  cos  (7,  -  A|) 


r}F'  cos  f}p  sin  7] 


cos  A-. 


Jcos  0  cos  (7,  -  A, )  sin  (7,  +  A2)  -  sin(7,  -  A,)  cos  ( 7 ,  +  A2)j 
r}p) sin  5  sin  0p  sin  7, 


cos  A2 


cos  (7,  -  A|) 


COS  Ipc 


iP) 


(17.8.40) 


(17.8.41) 


(17.8.42) 


376 


Equations  (17.8.24)  to  (17.8.28)  and  (17.8.40)  to  (17.S.42)  determine  the  required  correction 

A£,/L 


17.9  Bearing  Contact  at  the  Main  Contact  Point 

The  bearing  contact  of  surfaces  E,  and  E2  at  the  main  point  of  contact  A  may  be  represented 
by  the  contacting  ellipse.  The  dimensions  and  orientation  of  the  contacting  ellipse  depend  on  the 
principle  curvatures  of  L,  and  E2  and  the  angle  which  is  formed  between  the  principal  directions 
of  these  surfaces.  (See  ch.  13.4.) 

Principle  Curvatures  and  Directions  of  E2 

Consider  that  the  principal  curvatures  of  EP  are  known.  The  principal  curvatures  and  directions 
of  E2  may  be  determined  by  using  the  following  equations  (ch.  13.1): 


tan  2 a(ni  = 


K(n  _  Kp  +  c<2> 


(17.9.1) 


k{2)  +  «}?'  =  K,<”  +  +  s(2> 


(17.9.2) 


«,«>  -  =  K'P)  ^  +  c<2> 


cos 


2o{F2) 


(17.9.3) 


_ _ 

bi2)  +  (*<">.* 


{<) 

2 

63‘2>  + 

(v(P2 

( 

)°\V 

+  (vlP2)»i{/’,)a^2> 

a»Y 

bl2)  +  ( 

'v(/^l 

k 

• HP) ) 

I  aft 

aj2)  =  J^n wjth  v<P2)  =  0 
a\;'  =  ^n<r)«(,^)iI(|/’)]  with  v(P2)  =  0 
bj2)  =  [«i,pV2>v<rp>]  -  [n,p,w'p'v«r2)] 


(17.9.4) 

(17.9.5) 

(17.9.6) 

(17.9.7) 

(17.9.8) 

(17.9.9) 


Here  (fig.  17.9.1)  ii<P)  and  i}\P)  are  the  unit  vectors  of  the  principal  directions  of  EP,-  i{2)  and  i}]2) 
are  the  unit  vectors  of  the  principal  directions  of  E2.  Angle  a{P2‘  is  formed  between  the  unit  vectors 
i/P)  and  i{2>,  and  is  measured  counter-clockwise  from  i|<P)  to  if2’  (fig.  17.9.1).  The  principal 
curvatures  of  EP  and  E2  are  k{:>  and  xf?*.  respectively.  Vector  n(P)  is  the  unit  normal  to  surface 
EP;  w(P2)  =  w(P)  —  wa>,  where  «<P)  and  u,2)  are  the  angular  velocities  of  the  generating  gear 
P  and  generated  gear  2,  respectively. 

Vectors  vJP)  and  v{21  represent  the  transfer  velocities  of  the  contact  point  M  in  the  rotational 
motion  with  EP  and  E2,  respectively  (fig.  17.3.2).  These  vectors  are  determined  as  follows: 

\\P  =  uiF)  x  r,MI  (17.9.10) 


v'2)  =  «,2>  x  r«W) 


(17.9.11) 
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vjf}  =  vf2’  because  the  contact  point  lies  on  the  instantaneous  axis  of  rotation,  Z/  (fig.  17.3.2). 

The  generating  surface  is  a  cone  surface  and  its  principal  directions  are  directed  along  and 
perpendicular  to  the  cone  generatrix.  The  unit  vectors  and  IjP  are  represented  in  5j,2)  as 
follows  (see  equations  (17.5.17)): 


•  r  = 


0  ■ 

0 

=x 

COS  Tp 

= 

sin  Bp 

-sin  Tp 

-cos  Bp 

(17.9.12) 


HT- 


dr^ 

duf 


dri2) 


duf 


-cos 

-cos  ^C(P> 

=3 

sin  i/v,P)  sin  t> 

= 

sin  ^<!P)  cos  Bp 

sin  cos  Tp 

sin  sin  Bp 

Here  Tp  -  90*  -Bp. 

The  principal  curvatures  of  the  cone  surface  are 


„<f) _ 

*i  - 


1 


cos  l//} 


( P) 


uF  tan  ^c<p> 


The  unit  normal  vector  ntP)  is  given  by  (eq.  (17.5.18)) 


[n 


(P)!  = 


sin 

cos  i/v<P)  cos  BP 
cos  \p}p)  sin  Bp 


(17.9.13) 


(17.9.14) 

(17.9.15) 


(17.9.16) 


We  represent  vectors  r |M),  w ,P),  and  w,2)  in  the  coordinate  system  S^2)  as  follows  (fig.  17.3.2): 
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0 


[riM)  ] 


0 

L  cos  A2 
1 


(17.9.17) 


■  -«('•>  ■ 

-sin  (72  -  A2)  ' 

0 

rs 

~3 

II 

_3_ 

0 

0 

.  COS  (72  -  A2)  . 

sin  y2 


W'™]  =  [«<«)  -  I*'2']  = 

sin  7j 


sin  A2 
0 

cos  A2 


(17.9.18) 


Using  equations  (17.9.7)  to  (17.9.11)  and  (17.9.16)  to  (17.9.18),  we  obtain 


«3I 


_  « - cos  fa — —  (sin  ^c(',)  sin  /3/>  cos  A2  -  cos  ^r(/>)  sin  A2) 

sin  72  v  ' 


(17.9.19) 


a32  = 


o,('>  cos  (72  -  A2)  cos  0?  cos  A2 
sin  72 


(17.9.20) 


(wil>))2L  cos  A2  cos  (72  —  A2)  [  ,P) 

b3  - -  cos 

sin  72  L 


sin  &p  sin  A2  —  sin 


(17.9.21) 


Equations  (17.9.1)  to  (17.9.6)  and  (17.9.19)  to  (17.9.21),  with  viF2)  =  0,  determine  the  principal 
curvatures  k{2)  and  #cf|2>  for  E2  and  the  angle  a,P2). 

Let  the  principal  directions  of  be  represented  in  the  coordinate  system  Sf.  Consider  two 
trihedrons  Sa{ifF).  if\p\  and  nP)  and  Sb(ij2>,  in1,  and  n<2>)  (fig.  17.9.1)  which  are  located  in  the 
tangent  plane  (it  is  tangent  to  surfaces  EP  and  at  point  M).  Transformation  of  vector  components 
in  transition  from  Sh  to  Sf  is  represented  by  the  matrix  equation 


(17.9.22) 


Here 


[A*]  = 


cos  aiF2)  —sin  a^n)  0 
sin  n(F2)  cos  alF2>  0 
0  0  1 


(17.9.23) 
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0 

sin  Br 
-cos  Br 


-cos 

tin 

sin  $}P) 

cos  Br 

cos  \ 

Un  cos 

fir 

(17.9.24) 

sin 

sin  Br 

COS  1 

^r(f)  sin 

fir. 

cos  A2 

0 

-sin  A2  " 

0 

1 

0 

(17.9.25) 

sin  A2 

0 

cos  A2 

Matrices  (17.9.23)  and  (17.9.25)  are  based  on  figure  17.9.1  and  figure  17.3.2,  respectively. 
The  derivation  of  matrix  (17.9.24)  is  based  on  equations  (17.9.12),  (17.9.13),  and  (17.9.16). 
Elements  of  this  matrix  represent  the  direction  cosines  of  angles  formed  by  the  unit  vectors 
Ijp,  and  n<f)  with  the  unit  vectors  of  the  coordinate  axes  of  Si,2). 

We  may  now  represent  the  unit  vectors  ip’  and  ip’  in  the  coordinate  system  Sf  as  follows: 


-cos  sin  oiP1)  cos  A2  +  (cos  Br  cos  a{P7)  -  sin  sin  Br  sin  <x(K,)sin  A2 
sin  Br  cos  oiP2)  +  sin  i ip}P)  cos  0psin  alP2) 

.  -cos  ^r<n  sin  aiP2)  sin  A2  -  (cos  Br  cos  olP2)  -  sin  \//}P)  sin  Bp  sin  e,w,)cos  A2  . 

(17.9.26) 


=  M 

—cos  \(/jF)  cos  a(P2)  cos  A2  -  (cos  1 3P  sin  a{P2)  +  sin  sin  Bp  cos  <7<w,)sin  A2 
-sin  Bp  sin  oiP2)  +  sin  \I/^P) cos  Bp  cos  oiP2) 

-cos  cos  <riP2)  sin  A2  +  (cos  Bp  sin  <jIP2)  +  sin  4'^P)  sin  Bp  cos  a,fJ')cos  A2 

(17.9.27) 


Principal  Curvatures  and  Directions  of  E( 

Consider  that  the  principal  curvatures  and  directions  of  the  generating  surface  EF  are  known. 
We  may  determine  the  principal  curvatures  and  the  directions  of  E|  by  using  equations  similar 
to  equations  (17.9.1)  to  (17,9.27) 


.180 


tan  2 am) 


2  F{i) 

«,<F)  -kIP  +  g"' 


«/'» +  «H>  -  *,<"  +  k\P  +  s<" 


k}F)  -  K\p  +  c<'> 

COS  2 <7(fl> 


aj'i'H" 


^"+1 

1 

w  - 

+  1 

u 

!3L 

(v<" 

( 

[-IP)1 

bV'+i 

v  (FI) 

4!> 

4,"  =  [n(f)u(Fni|<n] 

aJP  =  [n^w'^ir]  -  4"  (*<">.  |tf>) 
=  [n,fV>v<)f>]  -  [n<n«<'V,»] 


(17.9.28) 

(17.9.29) 

(17.9.30) 

(17.9.31) 

(17.9.32) 

(17.9.33) 

(17.9.34) 

(17.9.35) 

(17.9.36) 


Here  i|<r)  and  are  the  unit  vectors,  which  are  directed  along  the  principal  directions  of  the 
generating  surface  ZF;  k}F)  and  k}P  are  the  principal  curvatures  of  LF;  if1’  and  IJ/>  are  the  unit 
vectors  of  the  principal  directions  of  £t;  oiFI)  is  the  angle  between  the  unit  vectors  and  if1* 
measured  counter-clockwise  from  i\F)  to  if". 

The  generating  surface  LF  is  a  cone  surface  and  its  principal  directions  are  directed  along  and 
perpendicular  to  the  cone  generatrix.  We  may  represent  i,(f)  and  i}p  as  follows: 


i}n  = 


dr*," 

+. 

3r<‘> 

'  0 

COS  rf 

deF 

deF 

-sin  tf 

(provided  uF  sin  ^ r,f)  jt  0) 


(17.9.37) 


-COS 

ar«" 

_ 

sin  ^r(f)  sin  7> 

duf r 

duF 

sin  ^c(f)  cos  tf 

(17.9.38) 


Here  =  ^r<P)  and  tf  is  determined  by  equation  (17.7.1). 

The  principal  curvatures  of  the  generating  surface  ZF  are  represented  by  the  following  equations: 
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(17.9.39) 


Using  equations  (17.9.28)  to  (17.9.43)  and  (17.5.6).  we  may  determine  the  principal  curvatures 
*i  ’  and  *},"  for  E,  and  the  angle  a{n\ 

Let  us  represent  the  principal  directions  of  E,  in  the  coordinate  system  Sf.  Consider  two 
trihedrons  Sd(ifF),  it\n ,  n,fl)  and  S,(i|".  ij/',  nm)  which  are  located  in  the  tangent  plane.  The 
origin  A  of  these  two  trihedrons  coincides  with  the  point  of  contact.  A.  of  surfaces  Ef  and  £,. 
The  transformation  of  vector  components  in  the  transition  from  the  coordinate  system  Sr  to  Sh  is 
represented  by  the  following  matrix  equation: 

\LhA  =  [Urn  ]  [Liy][L*]  (17.9.44) 

Here 


3*2 


Matrix  equations  (17.9.45)  and  (17.9.47)  are  based  on  figures  17.9.2  and  17.3.3,  respectively. 
Elements  of  matrix  (17.9.46)  represent  the  direction  cosines  of  angles  which  are  formed  by  the 
unit  vectors  i|<f),  and  n(f)  with  the  unit  vectors  of  coordinate  axes  of  the  coordinate  system 
51".  (See  eqs.  (17.9.37),  (17.9.38),  and  (17.5.6).) 

The  final  transformation  of  vector  components  in  transition  from  Se  to  Sf  is  based  on  the 
following  matrix  equation: 

[LfA  -  M  [Ui>]  [uy]  IU)  (17.9.48) 

Equation  (17.6.18)  yields 

cos  6  cos2  7|  +  sin2  sin  5  cos  yj  (1  —  cos  5)  cos  71  sin  yx 
[fy*J  =  -sin  S  cos  yx  cos  5  sin  5  sin  71  (17.9.49) 

(1  -  cos  S)  cos  7|  sin  7,  -sin  5  sin  71  cos  S  sin2  yx  +  cos2  71 


Figure  17.9.2. 
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We  may  represent  the  unit  vectors  lf11  and  Iq"  in  the  coordinate  system  Sf  by  using  the  following 
equations: 


(17.9.50) 


(17.9.51) 


17.10  Contact  Ellipse 

Consider  that  surfaces  £2  and  £|  are  in  contact  at  point  A.  The  principal  curvatures  ntf2’,  <tf]2>, 
and  «}/»  of  both  surfaces  are  known.  The  unit  vectors  i|(2)  and  ij”  of  the  principal  directions 
make  an  angle  oa'\  measured  counterclockwise  from  if2>  to  I/"  (fig.  17. 10. 1).  The  elastic  approach 
of  the  surfaces  is  given  by  5.  The  discussion  is  limited  to  the  case  of  a  left-hand  generating  gear 
(fig.  17.3.1).  The  angle  a'20  is  determined  as  follows: 

cos  e(2,»  «  I/2*.!}0  (17.10.1) 

sin  oa"  =  ±  n  •  (I|21  x  I/")  (17. 10.2) 

The  upper  and  lower  signs  are  given  for  the  convex-  and  concave-gear-tooth  side  respectively. 
The  axes  2a  and  2b  of  the  contracting  ellipse  and  angle  a  may  be  determined  as  follows: 


A  =  \  [*'"  “  ”  ( g 2  ~  2g,g2  cos  2°m)  +  g2)'Q 
B=\  I*'0  -  *'2) + {g 2  ~  2g'g* cos  2a>2U + g2T 


(17.10.3) 


(17.10.4) 


a 


(17.10.5) 


(E W 

‘-(inr 

tan  2a  -  - 

t 

gi  sin  2am 

*<2» 

(17.10.6) 


(See  ch.  13.4.)  Here 


K(i)  -  «,<■>  +  40  and  g,  =  «,“>  -  xj0  (/ =  1 .2) 

Angle  a  is  measured  counterclockwise  from  the  f  axis  to  ip1.  The  major  axis  of  the  ellipse  is 
directed  along  the  i;-axis  (fig.  17.10.1). 


17.11  Tooth-Contact  Analysis 

The  tooth-contact  analysis  is  based  on  the  following  equations 

r}u(df.<fi/.>pl)  =  r}2)(eF,<pF,<fi^  (17.11.1) 

n}"(0F,<fiF,rf)  =  nj2)  (eP.<fiF.d)  (17. 1 1 .2) 

(See  ch.  11.1.) 

These  equations  represent  the  tangency  of  surfaces  £|  and  £2  in  the  fixed  coordinate  system  Sf, 
which  is  rigidly  connected  to  the  frame  (fig.  17.3.2);  and  <f>'i  represent  the  angles  of  rotation 
of  the  gears  ;  rj11  and  rp\  np*  and  nj2)  with  fixed  values  of  <p[  and  represent  the  position  vectors 
and  the  surface  unit  normals  of  E,  and  Ej,  respectively. 

Derivation  of  rj”  and  nj” 

Equations  (17.5.3)  and  (17.5.16)  represent  the  family  of  lines  of  contact  between  surfaces  ZF 
and  £|.  Using  these  equations,  we  may  eliminate  uF  and  represent  the  family  of  contacting  lines 
by  the  equation 


ri,"  (17.11.3) 

Surface  E,  may  be  determined  with  the  family  of  contacting  lines  represented  in  the  coordinate 
system  S,  rigidly  connected  to  gear  1.  The  coordinate  transformation  from  SJ,"  to  S|  is  based  on 
the  following  matrix  equation: 

[<',>]  =  (17.11.4) 

Here  (fig.  17.11.1) 


cos  A|  0  sin  At  —L  sin  A]  cos  At  +  A L,  sin  A) 
0  10  A£j 

—sin  A]  0  cos  A(  L  sin2  A)  +  A Lx  cos  A< 

0  0  0  1 


(17.11.5) 


Matrix  is  the  inverse  for  matrix  [W^’j  represented  by  equation  (17.8.32) 
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«1 


Fijurr  17.11.1. 


[M*\ 


co»  7|  0  -sin  Yi  0 
0  10  0 
sin  Y,  0  cos  h  0 
0  0  0  1 


Mrl  =* 


cos  <p}  -sin  0  O' 
sin  (fix  cos  ifi]  0  0 
0  0  10 

0  0  0  1. 


(17.11.6) 


(17.11.7) 


Then  surface  E,  will  be  represented  as  follows: 

[<>][' <"] 

We  determine  r^1’  by  using  the  following  matrix  equation: 

[r/,)]  =  Wfh][Mhr][Mrl\[r]\ 

Here 


(17.11.8) 


(17.11.9) 


\Mh)  = 


cos  ifil  sin  <p  ']  0  0 
-sin  ifi]  cos  ifil  0  0 
0  0  10 

0  0  0  1 


(17.11.10) 


where  *>,  is  the  angle  of  rotation  of  gear  1,  which  is  in  mesh  with  gear  2.  We  must  differentiate 
between  so,  and  so,:  <fi,  is  the  angle  of  rotation  of  gear  1  which  is  in  mesh  with  the  generating  gear 
provided  with  the  surface  Ef. 


3*6 


Matrix  \Mkr)  is  the  inverse  matrix  of  [Af,*]  which  is  represented  by  equation  (17.11 .6).  Matrix 
[A//*]  is  the  inverse  matrix  of  [My\  which  is  represented  by  equation  (17.6.18). 

The  final  expression  for  [rj11]  is  as  follows: 

[r}U]  -  [rj11]  (17.11.11) 

It  is  important  to  note  that  the  product  of  matrices  [Afr(][A/,,]  does  not  yield  a  unitary  matrix 
since  the  elements  of  these  matrices  depend  on  different  parameters,  <p[  and  <filt  respectively. 
However,  elements  of  the  matrix  [Af„J  =  [Aff,][A/,,]  may  be  expressed  in  terms  of  (*J|  - 

Similarly,  we  may  derive  [n^ ]  by  using  the  matrix  equation 

[n} 1 »]  =  [Z^][L*,][Lw](Z,r]tI*] [itf]  [*•' »]  (17.11.12) 

where  [ni,*  ’]  is  represented  by  equation  (17.5.6). 

Derivation  of  rj?1  and  «jJ) 

Equations  (17.5.17)  and  (17.5.22)  represent  in  the  coordinate  system  Si,2)  the  family  of  lines 
of  contact  between  surfaces  LF  and  E2.  Eliminating  uF,  we  may  represent  the  family  of  contacting 
lines  as  follows: 


rL2)  -  rj,J»  (dp,*?)  (17.11.13) 

Surface  Ei  i?  determined  by  the  family  of  contacting  lines  represented  in  the  coordinate  system 
S2.  The  coordinate  transformation  is  based  on  the  following  matrix  equation: 

M  -  [M2,\\M„\[m^]  [r:2']  (17.11.14) 

Matrix  [A#^1]  is  represented  as  follows  (fig.  17.3.2) 


cos  A2  0  —sin  A2  L  sin  A2  cos  A2 
0  10  0 
sin  A2  0  cos  A2  L  sin2  A2 


0  0  0  1 


(17.11.15) 


It  is  evident  from  the  drawings  of  figure  17.11.2  that 


Vf.y» 


(W«r  J« 


cot  72  0  tin  72  0 
0  10  0 
-tin  72  0  co*  72  0 
0  0  0  1 


\.Mh] 


co*  <02  sin  ^  0  0 
-sin  ifi 2  cos  ^  0  0 
0  0  10 

0  0  0  1 


(17.11.16) 


(17.11.17) 


Equations  (17.11.13)  to  (17.11.17)  represent  surface  E2  in  the  coordinate  system  S2.  A  family 
of  surfaces  £2  '*  generated  in  the  coordinate  system  S/ while  gear  2  routes  about  the  z2-axis.  Using 
the  matrix  equation 


Jr”’]  -  (M/JlMaJfo)  (17.11.18) 

we  obttin  the  column  matrix  |rjJ)],  Equations  (17.11.14)  and  (17.11.18)  yield 

[7'"]  “  [W]  [r«J>]  (17. 1 1. 19) 

Here  [At/,]  is  the  inverse  for  matrix  [M^]\  elements  of  matrix  [Ma]  are  expressed  in  terms  of  y>2 
where  ei  '*  the  angle  of  roution  of  gear  2  in  mesh  with  gear  I;  but  elements  of  matrix  [Af2J  are 
expressed  in  terms  of  y>2  where  y>2  is  the  angle  of  roution  of  gear  2  in  mesh  with  the  generating 
gear  provided  with  surface  ZF.  Elements  of  matrix 

[M„\  «  [Afr2l(W2,J  (17.11.20) 

are  expressed  in  terms  of  (y>2  -  y>2). 

Using  a  similar  procedure  we  may  derive  [n}2) J  as  follows: 

=  (Zy,l(Z,2l[^][^][^']  [n‘2)]  (17.11.21) 

where  is  represented  by  (17.5.18). 

Analysis  of  Contact  of  Surfaces  E,  and  E2 

Equations  (17.1 1.1)  to  (17.11.2)  yield  a  system  of  five  independent  equations  in  six  unknowns 
as  follows: 


f(<fiF,6F.TF,nu>pr,dF,rP,n{)  =  0  (i  =  1,2,3) 


(17.11.22) 


i.*>.M2)  =  0  O' =  4,5,6) 


(17.11.23) 


Here 


tf  =  9F  +  <fiF  -  qF 


Tr  -  Or  +  *>  -  Mi  =  <P\  ~  el 


*>\  = 


*F 

mFI 


mF2 


m 


M2  =  -  ej 


(17.11.24) 


Vector  equation  (17.11.1)  yields  three  equations  (17. 11. 22)  and  vector  equation  (17.1 1.2)  yield 
three  equations  (17.11.23).  However,  only  two  equations  of  (17.11.23)  are  independent  since 

l«/<l,lm  I- 

To  solve  the  above  system,  we  adopt  the  following  computational  procedure:  Fix  p,  and  consider 
the  system  of  five  equations  ((17. 11.22)  to  (17. 1 1 . 12))  in  five  unknowns  (use  two  of  three  equations 
(17.1 1.23)  only).  The  solution  of  these  equations  is  based  on  an  iterative  process  with  the  following 
considerations:  (1)  With  the  chosen  parameter  ft2,  equation  system  (17.11.23)  is  a  system  of  two 
equations  in  two  unknowns,  jF  and  rf.  (2)  Then  two  of  the  three  equations  (17.11.22)  will 
represent  a  system  of  two  equations,  9F  and  6P,  since  <fF  and  <pP  can  be  expressed  in  terms  of  rF , 
9F,  and  dF.  9P,  respectively.  The  solution  of  these  two  equations  will  provide  9F  and  9P.  (3)  The 
remaining  equation  of  (17.11.23)  is  used  as  a  checking  equation.  (4)  The  iteration  will  give  the 
correct  solution  for  all  the  unknowns  with  the  fixed  value  of  nt  if  all  the  unknowns  /i2,  tf,  tf, 
9f,  and  9F  satisfy  the  checking  equation.  If  the  checking  equation  is  not  satisfied,  then  we  have 
to  try  a  second  iteration.  Such  an  iterative  process  is  a  computer  method  of  solution  of  a  system 
of  nonlinear  equations  which  is  based  on  the  use  of  a  subroutine.  The  mentioned  subroutine  is 
a  part  of  the  computer  library. 

The  solution  obtained  for  the  unknowns  provides  information  about  (1)  the  line  of  action  of  surfaces 
Ei  and  E2  and  (2)  the  kinematical  errors  of  the  gear  train. 

The  line  of  action  is  the  set  of  points  of  contact  of  surfaces  E,  and  E2,  which  is  represented  in 
the  coordinate  system  Sf.  We  may  obtain  the  line  of  action  as  a  set  of  points  with  coordinates  xi'1, 
and  z}‘\  where  i  =  1,2.  The  location  of  each  point  of  contact  depends  on 

To  determine  the  kinematical  errors  of  the  gear  train,  we  have  to  obtain  the  function  v>2(ve> ,'). 
The  solution  of  equations  (17.11.22)  and  (17.11.23)  provides  n2>  <pF,  <pF  as  numerical  functions 
of  ji|.  Since  <eF  and  <f>p  are  known,  we  may  determine  and  *>2  (eq.  (17. 1 1 .24)).  We  may  then 
determine  v>i'  and  <fi2  by  using  the  following  equations: 

<fi[  *  <fit  -  Mi  <fi2  =  *2  ~  H 

The  kinematical  errors  may  be  determined  by  a  function  of  0,'  as  follows: 

^2(^1)  =  *2  ~  <fii  77 

'  '  jV2 

where  N 1  and  N2  are  the  number  of  gear  teeth. 

To  reduce  the  kinematical  errors  we  have  to  use  the  appropriate  values  of  AEt  for  the  chosen 
|rr(f)  —  r}n  |.  (It  is  assumed  that  the  correction  of  machine  tool  settings  ££,  and  ALt  are  related 
by  eq.  (17.7.19)). 


Chapter  18 


Kinematic  Precision  of  Gear  Trains 


18.1  Introduction 

Kinematic  precision  is  affected  by  errors  which  are  the  result  of  either  intentional  adjustments 
or  accidental  defects  in  the  manufacturing  and  assembly  of  gear  trains.  The  criteria  of  kinematic 
precision  of  a  gear  train  may  be  represented  by  the  function 

A<fc(*i.  AQ)  (18.1.1) 

Here  is  the  angle  of  rotation  of  the  driving  gear  1 , 

AQ-(A«i,  Afe . )  (18.1.2) 

is  the  vector  of  gear  errors,  and 

-  <h  (18.1.3) 

is  the  kinematic  error  of  the  gear  drive,  represented  as  the  difference  between  the  theoretical  and 
actual  angles  of  rotation  of  the  driven  gear  2.  The  theoretical  function  0?  is  represented  by 

n  N, 

=  (18.1.4) 

"I 

where  N2  and  /V2  are  the  numbers  of  gear  teeth. 

Until  now,  we  considered  a  gear  drive  consisting  of  only  two  gears.  Methods  for  the  determination 
of  error  functions  (18.1.1)  is  also  easy  to  use  for  a  gear  train  which  is  composed  of  a  set  of  gears. 
In  this  case  the  kinematica!  error  is  represented  by  the  function 


=  <t>*  —  <t>„  =  -  <t>, 


(18.1.5) 


where 


„0  _  M0 

it  ihe  angular  velocity  ratio  for  an  ideal  gear  train  which  can  be  represented  by  the  ratio  of  the 
number  of  teeth  of  the  gears.  For  instance,  the  ratio  m? i  is  represented  by 


Ni 

«*  “  Nt 


(18.1.6) 


where  0a)  and  w*1'  are  the  angular  velocities  of  the  ideal  gears  2  and  1.  Henceforth,  we  will 
differentiate  between  the  ideal  gear  ratio  which  is  constant  and  the  instantaneous  gear  ratio  which 
is  not  constant,  if  errors  of  gears  exist.  Consider  gears  2  and  1  which  are  in  mesh.  Because  of 
the  gear  errors,  the  angles  of  rotation  of  the  gears  are  related  by  a  nonlinear  function  f(<t> j);  that  is, 

*2«/<*t)  08  17) 

The  instan'aneous  angular  velocity  ratio  is  given  by 


m2l 


d<bj 
d<t> \ 


d$2 

dt 

<fo l 
dt 


^  f 


(18.1.8) 


where/,  «-^- (/(<*,)> 

<*9\ 

We  may  also  consider  the  ratio  of  gear  revolutions.  This  ratio  may  be  represented  for  both  cases, 
for  gears  with  and  without  errors,  as  follows: 

'h=N1 

«.  Nz 

where  and  n,  are  the  revolutions  of  the  gears. 

The  precision  of  gears  was  investigated  by  Litvin  (1968),  Litvin,  Goldricli,  Coy  and  Zaretsky 
(19836),  Michalec  (1966),  and  other  authors. 

In  this  chapter  two  methods  to  determine  function  (18.1.1)  worked  out  by  Litvin  and  his  coauthors 
are  presented:  (1)  a  numerical  method  for  computer  solution  and  (2)  an  appropriate  solution  which 
leads  to  simple  results  in  analytical  form. 


18.2  Theory  and  Exact  Solution  Method  for  Kinematic  Precision 

In  the  process  of  motion  the  tooth  surfaces  of  two  gears,  E,  and  E.  (fig.  18.2. 1),  are  in  tangency 
if  the  following  equations  are  satisfied  (see  ch.  11): 

«i.  $,)  =  r}2){u2,  d2.  <*>,)  (18.2.1) 

n y(,,(«„  0„  *,)  =  n}2)(u2,  92,  <t>2)  (18.2.2) 

Here  r^!1’  is  the  position  vector  of  the  contact  point  on  gear  n/°  is  the  surface  unit  normal  vector 
at  the  contact  point  M;  u,,  and  9 ,  are  the  surface  coordinates  of  the  gear  surfaces;  and  <t>,  is  the 
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angle  of  rotation  of  gear  i  (i  »  1,2).  Subscript  /  denotes  a  coordinate  system  which  is  rigidly 
connected  to  the  frame. 

For  a  gear  set  with  kinematic  errors,  represented  by  AQ,  and  AQ2,  conditions  for  tangency  may 
be  expressed  as 


r/,l,(i»t.  8\.  <t>  1,  AQ,)  =» 

r,(2,(«2.  AQ2) 

(18.2.3) 

b/m(»i.  K  AQ,)  = 

a)2)(u2,  82,  AQ2) 

(18.2.4) 

Equations  (18.2.3)  and  (18.2.4)  yield  the  functions 

AQ,.  AQj)  =  *?(*,)  +  A *2(*t.  AQ„  AQ2) 

(18.2.5) 

M*i.  AQ„  AQ2) 

•i«i.  AQ,.  AQ2) 

(18.2.6) 

The  functions 

r f(ut,  e 

,)  «,(•<> AQ,.  AQ2) 

9,(0,.  AQ,,  AQ2)  (i=l,2) 

(18.2.7) 

represent  the  path  of  the  contact  point  on  gear  surface  E,  corresponding  to  the  meshing  of  gears 
with  errors  of  manufacturing  and  assembly.  Functions 

r}n («?(<*>,).  *?(<*>.))  «?(*,),  «?(*,)  O' =  1.2)  (18.2.8) 

represent  the  path  of  the  contact  point  on  gear  surface  E,  corresponding  to  meshing  without  errors. 
Comparison  of  functions  (18.2.7)  and  (18.2.8)  yields  the  change  of  the  contact  point  path  induced 
by  errors. 

Consider  the  solution  of  equations  (18. 2.1)  to  (18. 2. 2)  and  (18.2.3)  and  (18.2.4).  Vector  equations 
(18.2.1)  to  (18.2.2)  yield  only  five  independent  scalar  equations,  since  |n(l,|  =  |n(2,|  =  1.  These 
equations  may  be  represented  as 


f,(uv  6t,  4>t.  u7,  9:,  «j)  =  0  0  =1.2 . 5)  (18.2.9) 

It  is  assumed  that  [/,,  f2, /3. /«.  yjj  €  C1.  Let  us  mentioned  once  again  that  the  symbol  C1  indicates 
that  functions  ft  have  continuous  partial  derivatives  at  least  of  the  first  order  for  all  its  arguments. 
It  is  assumed  that  equation  system  (18.2.9)  is  satisfied  by  a  set  of  paremeters 

Pa)  -  (ui<u,  0|'\  0}".  «}")  (18.2.10) 
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and  that  surfaces  E,  and  Ej  are  in  tangency  at  point  Mq.  Surfaces  Et  and  Ej  will  be  in  point  contact 
in  the  neighborhood  of  M0  if  for  the  set  of  parameters  Pa>  the  following  Jacobian  is  not  equal 
to  zero  (see  app.  B) 

Mx  Mx  Mx  Mx  Mx 

du|  90,  du2  902  d<tn 

Difl.f2.fi.fA.fi)  _  . 

D(u{,  0,,  u2,  62,  02) 

Vs  Vs  Ms  Mi  Ms 

9u |  96,  9u2  962  9<fo 

If  inequality  (13.2.11)  is  satisfied,  equation  system  (18.2.9)  may  be  solved  in  the  neighborhood 
of  P <1)  with  the  functions 

(«i<*i).  «i(0i).  «2<*|).  u*\).  *“(«.))  €  c*  (18.2.12) 

The  function  0°(0i)  represents  the  ideal  law  of  motion.  In  most  cases  (for  conjugate  tooth  action) 
function  0°(0i)  is  linear. 

Equations  (18.2.3)  to  (18.2.4)  also  yield  a  system  of  five  independent  equations  in  six  unknowns 
(U|,  8,,  0i,  u2,  d2,  02) 

gj(u i,  0|»  0i,  Hi.  02,  02,  AQ)  =0  (j  “  1,  2,  ....  5)  (18.2.13) 

It  is  assumed  that  this  system  is  satisfied  by  a  set  of  parameters 

P®  -  e?\  0 !•>,  ui2K  6?\  0P)  (18.2.14) 

with  the  same  value  of  0jl)  as  in  the  set  P01.  If  in  the  neighborhood  of  Pa)  the  Jacobian 

Djgu  g2>  8s.  8a.  gs)  ^  Q  (18.2.15) 

D(u,,  9,,  u2,  82,  0 2) 


*  0  (18.2.11) 


then  system  (18.2.13)  may  be  solved  with  the  functions 

(«,(0„  AQ),  0,(0„  AQ),  «2<*i>  AQ),  ffj(0,  AQ),  02(0„  AQ)J  €  C'  (18.2.16) 

Function  02(0i,  AQ)  represents  the  actual  law  of  motion  transformation— the  law  of  transformation 
of  motion  which  corresponds  to  errors  of  manufacturing  and  assembly.  Kinematic  errors  of  the 
gear  drive  are  represented  by  the  function 

A02  =  02(0i,  AQ)  -  0?(0,)  (18.2.17) 

This  method  of  solution  can  provide,  not  only  the  kinematic  errors  of  a  gearset,  but  also  the  new 
path  of  the  contact  point.  (See  functions  (18.2.7).) 

In  general,  the  numerical  solution  of  a  system  of  five  nonlinear  equations  is  a  difficult  problem 
which  requires  many  iterations.  To  save  computer  time  an  effective  method  of  solution  was  proposed 
by  Litvin  and  Gutman  (1981a).  The  principle  of  this  method  is  as  follows: 

The  system  of  equation  (18.2.13)  may  be  represented  as 


*i.  *i.  «2.  8j,  *2.  A,  Hx,  H2,  AQ)  -0  (18.2.18) 

*i.  *i.  «2-  ^2.  W|.  Hi,  AQ)  -0  (18.2.19) 

/j(*i.  8|.  *i,  «2.  *2.  *2.  A,  Hu  Ht,  AQ)  *  0  (18.2.20) 

/«(“i.  8|,  «2,  dz,  <t>2,  AQ)  ■=  0  (18.2.21) 

/j(“i.  *i.  «2.  ®2.  <fc.  AQ)  =  0  (18.2.22) 


Equations  (18.2.18)  to  (18.2.20)  arc  determined  from  vector  equation  (18.2.3).  and  equations 
(18.2.21)  to  (18.2.22)  from  vector  equation  (18.2.4).  Here.  A  represents  the  shortest  distance  between 
the  axes  of  rotation  of  the  two  gears  and  H{  and  H2  represent  the  axial  settings  of  the  gears 
(fig.  18.2.2).  Systems  Si(xt,  yx,  z,)  and  Si(x2,  y2,  i2)  shown  in  figure  18.2.2  are  rigidly  connected 
to  the  driving  and  driven  gears,  respectively.  Let  us  now  suppose  that  two  arbitrary  points 
A#,(«„  8,)  and  M2(u2,  62)  on  surfaces  E,  and  Ej  are  chosen.  With  a  set  of  known  parameters 
(**!'  “*•  equations  (18.2.21)  and  (18.2.22)  become  a  system  of  two  equations  in  two 

unknowns  which  may  be  expressed  as 

<h)  =  0  (18.2.23) 

d>2)=0  (18.2.24) 
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Upon  solving  for  <fr\  and  4>2,  one  can  check  that  the  following  equations  are  satisfied: 

A  -  *,(«„  0„  u2,  e2,  <t>2,  AQ)  =  0  (18.2.25) 

H\  —  K2(u\,  0|,  ^|,  u2,  62,  <fo,  AQ)  =  0  (18.2.26) 

H2  —  AT](i/|,  0j,  <t> i,  u2,  02,  $2,  AQ)  =  0  (18.2.27) 


where  A,  H ,,  H2,  and  AQ  are  given  values. 

In  general,  the  solution  of  the  above  two  systems  of  equations  (18.2.23)  to  (18.2.24)  and  (18.2.25) 
to  (18.2.27)  requires  an  interative  procedure.  In  practice,  one  of  the  four  variable  parameters 
(«,.  0|,  u2,  02 )  is  to  be  fixed,  and  the  other  three  are  changed  such  that  the  two-equation  system 
is  satisfied. 

The  advantage  of  the  above  method  lies  in  the  ability  to  divide  the  system  of  five  equations 
((18.2.23)  to  (18.2.27))  into  two  subsystems  of  two  and  three  equations,  and  to  solve  them  separately. 


18.3  Application  of  Theory  to  Helical  Gears  with  Circular  Arc  Teeth: 
Sensitivity  to  the  Change  of  Center  Distance 

Generation  of  Gear-Tooth  Surfaces 

The  generation  of  gear-tooth  surfaces  is  based  on  application  of  two  rack  cutte.s  (fig.  16.4.6, 
see  ch.  16.4).  Th<-  su.  faces  of  these  rack  cutters  contact  each  other  along  a  straight  line;  the  normal 
section  of  each  rac  .  cutter  surface  is  a  circular  arc.  The  generated  surfaces  of  gears  are  in  contact 
at  a  point  at  every  instant. 

Using  the  method  for  an  exact  solution  (see  sec.  18.2),  we  will  investigate  the  influence  of  change 
of  center  distance  on  the  conditions  of  meshing.  It  will  be  proven  that  the  change  of  center  distance 
may  cause  an  unfavorable  bearing  contact  if  some  gear  parameters  are  not  limited.  The  solution 
of  the  discussed  problem  is  based  on  the  research  completed  by  Litvin  (1968)  and  Litvin  and  Tsay 
(1986). 

Rack  Cutter  Surface 

The  normal  section  of  the  rack  cutter  is  a  circular  arc  which  is  represented  in  an  auxiliary  coordinate 
system  Sjr)  as  follows  (fig.  18.3.1): 

*in  =  p,  sin  0,  +  xp  yj’>  =  -  (p,  cos  0,  -  yjc'>)  zj'>  =0  (/  =  I.  II)  (18.3.1) 

Here  jrjc,)  and  yj0'1  are  the  coordinates  of  the  circle  center,  Cr  Equations  (18.3.1),  with  i  =  I, 
II,  represent  the  normal  sections  of  rack  cutters  which  generate  gears  1  and  2,  respectively. 

The  generating  surface  of  the  rack  cutter  is  obtained  by  the  translational  motion  of  the  coordinate 
system  Sa(,)  along  a  straight  line  O}'*  Oj'1  (fig.  18.3.1).  The  coordinate  transformation  is 
represented  by  the  matrix  equation 


r  xu)  i 

-*r 

'  l 

0  0  O' 

r  xU)  i 

v/'» 

0 

sin  X  cos  X  «,  cos  X 

V<'> 

y  a 

0 

—cos  X  sin  X  Uj  sin  X 

-to 

l 

0 

0  0  1 

1 

(18.3.2) 


Here  u,  =  |  Or0)  |,  and  X  is  the  lead  angle  of  the  helix  on  the  gear  pitch  cylinder.  Equations 
(18.3.1)  and  (18.3.2)  yield 


Figure  18  3.1. 


x}n  *  pi  sin  0i  +  x$Cl) 

yf<0  «  -  (pi  cos  9t  -  >jc,))  sin  X  +  u,  cos  X  (18.3.3) 

z,*'1  **  (p,  cos  9,  -  yjc,))  cos  X  +  «,  sin  X 

Equations  (18.3.3)  represent  the  generating  surface  of  the  rack  cutter.  Er(,),  in  the  coordinate 
system  5?°. 

The  surface  unit  normal  is  represented  by  the  equation 


where  Nr‘° 


dr"'  arf(l) 

00  | 


Equations  (18.3.3)  and  (18.3.4)  yield 


W 


«)i 


sin  9, 

-cos  9,  sin  X 
cos  0,  cos  X 


(18.3.4) 


(18.3.5) 


It  was  mentioned  above  that  we  consider  two  generating  surfaces  of  rack  cutters.  These  surfaces 
contact  each  other  along  a  straight  line  determined  as  follows: 


.(>*  _  rffl) 


y?  =  >f"' 


_ti>  _  „<n> 

n*c  ~  nyc 


=  4"' 


_<I)  _  -III) 
n-jc  -  nzc 


(18.3.6) 


Equations  (18.3.3)  to  (18.3.6)  yield  the  following  relations: 

u,  =  pi  sin  0,  +  rJC|)  =  p„  sin  0„  +  xj0'1’ 


-  p,  cos  0,  +  yjr,)  =  -  p„  cos  0„  +  >jr»)  0,  =  0n  = 

where  4>r  is  the  pressure  angle  at  the  point  of  contact  of  helical  gears  measured  in  the  normal 
section  of  the  rack  cutter. 
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Tooth  Surface  of  Gear  1 


We  set  up  three  coordinate  systems  considering  the  mesh  of  the  rack  cutter  with  the  gear  being 
generated  (fig.  18.3.2).  Systems  Sf<0  (i  =  I,  II)  and  Sj  (j  -  1,  2)  which  are  rigidly  connected  to 
the  rack  cutter  and  the  gear,  respectively,  and  a  fixed  coordinate,  5^°  (i  -  I,  II). 

While  the  rack  cutter  with  the  coordinate  system  Sj1*  translates,  the  gear  being  generated  rotates 
about  axis  .  The  instanteous  axis  of  rotation  is  /-/,  and  the  axodes  of  the  gear  and  of  the  rack 
cutter  are  the  pitch  cylinder  of  radius  r,  and  plane  II,  respectively.  Plane  II  is  tangent  to  the  pitch 
cylinder. 

The  line  of  contact  of  the  generating  surface  E^1’  with  the  gear-tooth  surface  E|  may  be 
determined  in  the  coordinate  system  5^'  as  follows  (see  ch.  9.8): 

r™  *  r ®(u„  6,)  N<n  •  v«n>  =  0  (18.3.7) 

Here  r^iq,  0|)  is  the  vector  (unction  which  represents  in  the  coordinate  system  Sjl)  the  generating 
surface  L(a>;  N*1*  is  the  normal  to  the  generating  surface;  v‘n)  is  the  relative  velocity;  the  subscript 
c  indicates  that  the  vector  components  are  represented  in  the  coordinate  system  S^K 

There  is  an  alternative  solution  for  the  case  of  transfomtation  of  motions  represented  in  figure 
18.3.2(a).  Instead  of  equation  Nr  •  v*n)  =  0,  we  may  use  the  equation 


X?  -x ?  _Yp-yP  _Z?-£> 
N<"  “  N™  *  N™ 


(18.3.8) 


Equation  (18.3.8),  if  satisfied,  provides  that  the  common  normal  to  surfaces  E*1’  and  E|  at  their 
points  of  contact  intersects  the  instantaneous  axis  of  rotation  /-/.  Here  (fig.  18.3.2) 

=  f  (18.3.9) 

are  the  coordinates  of  a  point  of  /-/  represented  in  the  coordinate  system  ;  <t>\  is  the  angle  of 
rotation  of  gear  1;  parameter  /  determines  the  location  of  a  point  on  the  axis  /-/;  x'”,  yp,  and 
are  the  coordinates  of  a  point  on  surface  E*"  which  are  represented  by  equations  (18.3.3);  jVjJ.’, 
and  are  the  projections  of  the  surface  normal.  (We  may  also  use  n£\  n£\  and  instead 
of  a£\  AT™,  and  A$.) 


•b> 

Figure  18.3.2. 
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Equations  (18.3.3),  (18.3.5),  (18.3.8),  and  (18.3.9)  yield  the  equation  of  meshing  represented  by 


(ri$|  -  u,  cos  X  -  a,  sin  X)  sin  6X  +  bj  cos  8t  sin  X  -  f(ux,  0f,  $j) «  0  (18.3. 10) 

Here  xjc,)  ■  —  bf,  yjC|*  *  at  are  the  coordinates  of  center  Ct  (fig.  16.4.6(a)). 

The  equation  of  meshing  (18.3.10)  and  equations  (18.3.3)  of  the  generating  surface  E^ 
considered  simultaneously  represent  a  line  on  surface  E,1'  (line  Lf),  which  is  the  line  of  contact 
of  E*1’  and  E| .  The  location  of  this  line  on  E‘"  depends  on  the  parameter  of  motion  4,  .  In  the 
case  of  hj  «  0,  equation  (18.3.10)  yields  that 


“i 


r t4|  -  d|  sin  X 
cos  X 


(18.3.11) 


for  any  9t.  Thus  the  line  of  contact  is  a  circle  of  radius  pt  (fig.  18.3.3(a)). 

Figure  18.3.3(b)  shows  the  contact  lines  for  the  case  where  b]  *  0.  From  equation  (18.3.10), 
we  obtain 

T\$\ 

u,  *•  b]  cot  tan  X  + - at  tan  X  (18.3.12) 

cos  X 


Parameter  u(  and  the  contact  lines  approach  infinity  if  8\  approaches  zero. 

Surface  E(  may  be  determined  with  the  family  of  contact  lines  represented  in  the  coordinate 
system  5|.  Using  the  matrix  equation 


k.J  -  [AffJW’l  -  [3f.Pl«’ll^,l 


'  cos  <£,  -sin  4,  0  f|(cos  sin  $x)  ' 

■  - 

sin  cos  0  r,(sin  <t>\  -  cos  0|) 

sc 

0  0  1  0 

zl" 

( - " 

o 

o 

o 

1 _ 

1 

V*c 
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and  equations  (18.3.3)  and  (18.3.12),  we  obtain 

JC|  »  (pj  siti  B\  -  b\  +  rx)  cos  +  (p[  cos  9[  -  b\  cot  9j)  sin  sin  X 
>!  ■  (pj  sin  8\  -  bj  +  r,)  sin  ^  -  Oh  cos  9j  -  bj  cot  9j)  cos  <fi,  sin  X 


Z i  =  Pi  cos  9]  cos  X - +  b\  cot  9|  tan  X  sin  X  +  tan  X 

cos  X 


(18.3.14) 


Equations  (18.3.14)  represent  the  tooth  surface  c.  gear  1  with  surface  coordinates  d{  and  <f>|. 

To  derive  the  surface  unit  normal,  we  may  follow  the  usual  procedure  and  use  the  following 
equations 


Nj_ 

IN.  I 


where  N)  = 


dr,  dr, 
— -  x  — 1 
d^j  dd| 


(18.3.15) 


Here  r((<>i .  9,)  is  the  vector  function  which  .••presents  the  surface  given  by  equations  (18.3.14). 

A  simpler  way  of  derivation  is  based  on  the  consideration  that  the  rack  cutter  surface  E'1*  and 
the  gear-tooth  surface  Et  have  a  common  normal  at  points  of  contact.  Thus 

[».)  -  (18.3.16) 

Here  [£,<?]  is  the  matrix  which  transforms  the  direction  cosines  in  transition  from  SJ"  to  S|. 
Deleting  the  last  column  and  last  row  in  matrix  (A/}?],  we  obtain 

cos  -sin  0 

sin  0]  cos<£t  0  (18.3.17) 

0  0  1 

Equations  (18.3.16),  (18.3.17),  and  (18.3.5)  yield 

sin  9i  cos  <t> i  +  cos  9I  sin  X  sin  <t>\ 

[niJ  =  sin  9j  sin  <t>\  -  cos  9,  sin  X  cos  <t> |  (18.3.18) 

cos  9j  cos  X 

Tooth  Surface  of  Gear  2 

Similarly,  we  may  derive  equations  of  the  tooth  surface  of  gear  2.  The  equation  of  meshing  of 
the  rack  cutter  II  and  gear  2  is  given  by 

(r2<t> 2  ~  «n  cos  X  -  a( |  sin  X)  sin  9n  +  bn  cos  9n  sin  X  =  /n(un,  9U,  <t>2)  =  0  (18.3.19) 
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The  line  of  contact  of  £'m  and  Ej  it  represented  in  5^  by  equations 
x®  -  pa  sin  0n  -  bn 

y®  ■  -  (pu  cos  0n  ~  <*n)  *in  ^  +  cot  0a  sin  X  -  fln  sin  ^  +  rfo 


Z®  «  Pn  cos  0U  cos  X - 5-  +  £n  cot  0n  tan  A  sin  X  +  r2<t>2  tan  X 


(18.3.20) 


Fixing  the  parameter  of  motion  02,  we  may  determine  coordinates  of  the  contact  line  on  E™  as 
functions  of  0n. 

To  derive  equations  of  tooth  surface  2,  we  have  to  use  the  coordinate  transformations  from  S'cn) 
to  S2,  which  is  represented  as  follows  (fig.  18.3.2(b)): 


cos  02  sin  ^0  01  MOO  -r2 
-sin  02  cos  4>i  0  0  0  10  -r202 

0  0  10  0  0  10 


0  0  1  0  0  0  1 


cos  02  sin  <£2  0  -r2( cos  02  +  02  sin  ^2) 
-sin  02  cos  02  0  r2(sin  02  -  02  cos  02) 


(18.3.21) 


Equations  (18.3.21)  and  (18.3.20)  yield 

x2  =  (p n  sin  0n  -  -  r2)  cos  02  -  (pn  cos  0a  -  bn  cot  On)  sin  <t>2  sin  X 

)’:  -  —  (Pn  sin  0n  -  bjj  -  r2)  sin  02  -  (Pn  cos  0n  -  b^  cot  On)  cos  02  sin  X 


Z2  =  Pn  cos  0n  cos  X - +  bn  cot  On  sin  X  tan  X  +  r202  tan  X 

cos  X 


(18.3.22) 


The  surface  unit  normal  is  represented  by  the  following  matrix  equation: 

("2]  = 


(18.3.23) 


i  * 


From  the  matrix  equation  (18.3.21),  we  obtain 


co*  *in  $2  0 

-sin  cos  0 

0  0  1 


Equations  (18.3.23),  (18.3.24),  and  (18.3.3)  yield 


sin  0n  cos  ^  “  cos  $u  sin  X  sin  <t>i 
-sin  0n  sin  <#>2  -  cos  0U  sin  X  cos  <j>2 
cos  cos  X 


(18.3.24) 


(18.3.25) 


SimulatkMi  of  Conditions  of  Meshing 

The  conditions  of  meshing  of  gears  which  have  some  errors  may  be  simulated  by  using  equations 
of  continuous  tangency  of  gear-tooth  surfaces.  We  set  up  three  coordinate  systems  S,  and  5 j, 
rigidly  connected  to  the  gears,  and  Sf,  rigidly  connected  to  the  frame.  Using  these  coordinate 
systems,  we  may  simulate  the  errors  of  manufacturing  and  assembly  of  the  gears,  such  as  the  change 
of  center  distance,  the  misalignment  of  axes  of  rotation,  and  so  on.  We  limit  the  discussion  to  the 
case  of  the  change  of  center  distance,  C,  considering  that  the  operating  center  distance  C  (fig.  18.3.4) 
is  not  equal  to  the  sum  of  the  radii  of  pitch  cylinders.  Thus  C  *  r,  +  r2. 

Consider  that  the  gear-tooth  surfaces,  E,  and  L2,  and  their  unit  normals,  n,  and  n2.  are 
represented  in  the  coordinate  systems  S!  and  Si,  respectively.  We  represent  £,  and  n,  (i  =■  1,  2) 
in  the  coordinate  system  Sf  by  using  the  following  matrix  equations: 

[r/'»J  *  [Mfm  [„/"]  =  («=1,  2)  (18.3.26) 

Here  (fig.  18.3.3) 


Figure  18.3.4. 


l*/.I  - 

cot  4,'  tin  4,'  0  O' 
-tin  4!  cot  4\  0  0 

0  0  10 

M- 

cot  4,'  tin  0 

-tin  cot  4l  0 

0  0  0  1 

0  0  1 

(18.3.27) 


I  Mn\ 


cot  4^  -tin  4i  0  C 

(in  42  cot  <t>i  0  0 

0  0  10 

0  0  0  1 


U72] 


cot  -tin  <j>2  0 

tin  4i  cot  $2'  0 
0  0  I 


(18.3.28) 


♦,  and  arc  the  wiglet  of  roution  of  the  gears  in  mesh;  recall  that  <*>,  and  <t>2  are  the  wiglet  of 
rotation  of  the  geart  while  they  are  generated  with  the  rack  cutteri  (fig  18  3  2) 

Uting  equation*  (18.3.26)  to  (18.3.28),  (18.3.14),  (18.3. 18),  (18.3.22),  and  (18.3'25),  we  obtain 


*  Ai  cot  mi  +  S|  tin  ft,  yf1*  m  At  tin  mi  -  cot 

(18.3.29) 

V"  “  th  cot  cot  X - —  +  b]  cot  8,  Un  X  sin  X  +  rt4,  tan  X 

cot  X  11 


Here 


-<i(*i)  -  Pi  tin  9,  -  by  +  r,  fl,(0,)  -  (p,  cos  0,  -  <>,  cot  0,)  sin  X 

Ml  “  <^l  -  0| 


tin  0|  cot  p|  +  cos  9,  sin  X  sin  p, 
sin  0[  sin  pt  -  cos  sin  X  cos  p) 
cos  9|  cos  X 


•*/  *  =  ^2  cos  pj  —  B2  sin  fi2  +  C 
y}2)  —  -  ^2  s'n  M2  -  B2  cos  n2 

z}2)  =  pn  cos  8n  cos  X - 5-  +  ^  cot  0n  sin  X  un  X  +  r2<t>2  un  X 

COS  A 


( 1 8 .3.3*3) 


(18.3.31) 


Here 


^2(®n)  -  Pn  sin  9n  -  bn  -  r2  B2(9„)  =  (p„  cos  0n  -  bn  cot  0„)  sin  X 

n2  =  <t>2  -  <b2 
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(18.3.32) 


t«fl 


tin  9n  co*  p2  ~  «>•  *n  *'n  X  tin  p2 
-tin  8n  tin  p2  -  cot  0U  tin  X  cot  p2 
cot  8n  cot  X 


The  gear-tooth  surfaces  are  in  continuous  tangency  and  therefore  the  following  equations  must  be 
satisfied  (see  ch.  II,  eqs.  (11.1.17)  and  (11.1.8)) 

r;»(*„  mi.  *i)  -  r/J>  {*"-  MJ-  *j)  (18.3.33) 

■)f,>(8l.Mi)-«i/,J,(«iI.  Mi)  (18.3.34) 

Equation  (18.3.33),  if  satisfied,  yields  that  the  position  vectors  r,(l>  and  r y<2)  coincide  at  the  point 
of  contact  of  gear-tooth  surfaces,  Et  and  E2.  Equation  (18.3.34)  if  satisfied  yields  that  the  surfaces 
have  a  common  unit  normal  at  the  point  of  contact. 

Equations  (18.3.33)  to  (18.3.34)  yield  a  system  of  five  independent  equations  only  since 
la1"!  «  |a<2'|  ■■  1.  These  five  equations  relate  six  unknowns:  8),  pt,  6,,  9tt,  p2,  <p2\  thus,  one  of 
these  parameters  may  be  varied. 

The  equation  system  (18.3.22)  to  (18.3.34)  yields  the  following  procedure  for  computations. 

Sup  /.—Using  equation  rf'J  «  we  obtain 

cos  0|  cos  X  *  cos  0n  cos  X 


Thus 


8,  (18.3.35) 

SUp  2.— Using  equation  n(J'  =  yju  =  y,a),  and  x}[)  =  xf2i,  we  obtain  a  system  of  three 
equations  in  three  unknowns  (0,  p\,  and  p2)  where 

sin  9  sin  pt  -  cos  9  sin  X  cos  px  =*  —  sin  9  sin  p2  ~  cos  ®  sin  X  cos  p2  (18.3.36) 


(/>i  sin  9  -  bjX sin  9  sin  pj  -  cos  9  sin  X  cos  p,)  +  r,  sin  9  sin  pt 

=  ~  (Pn  sin  9  —  bjiMsin  9  sin  p2  +  cos  9  sin  X  cos  p2)  +  r2  sin  9  sin  p2  (18.3.37) 


(Pi  sin  9  -  b ,)(sin  9  cos  pt  +  cos  9  sin  X  sin  p})  +  r,  sin  9  cos  p^ 

=  (pu  sin  9  -  6n)(sin  9  cos  p2  -  cos  9  sin  X  sin  p2)  -  r2  sin  9  cos  p2  +  C  sin  0  (18.3.38) 

Wc  may  check  the  solution  for  9,  p (,  and  p2  by  using  equation  nl'f]  =  which  yields 

sin  9  cos  p,  +  cos  9  sin  X  sin  p,  =  sin  9  cos  p2  -  cos  9  sin  X  sin  p2  (18.3.39) 

The  solution  for  9 ,  pt,  and  p2  provides  constant  values  whose  magnitude  depends  on  the  operating 
center  distance  C.  The  magnitude  of  9  determines  the  new  location  of  the  contact  point  caused 
by  the  change  of  C. 

Step  3.— Knowing  9,  we  may  determine  the  relation  between  parameters  6,  and  <t>2  by  using 
equation  zjl)  =  z}2)  which  yields 


Pi  co«  #  cot  X - +  hjCO(0tanXsinX-f  rl^l  tan  X 

co*  X 

*  pg  cot  8  co*  X  — —  +  £||Cot0unXiinX  +  tan  X  (18.3.40) 

co*  X 

Equation  ( 1 8.3.40)  provide*  a  linear  function  which  relate*  di  and  ^  since  8  is  constant. 

SUp  4.- It  is  easy  to  prove  that  since  8,  p,.  and  p2  *re  constant  values,  the  angular  velocity 
ratio  for  the  gears  does  not  depend  on  the  center  distance.  The  proof  is  based  on  the  following 
considerations: 

(1)  Equation  (18.3.40)  with  8  «*  constant  yields  that  rxd$ ,  »  TjdAi  and  d<t>{/d<Pi  »  r2/r,. 

(2)  Since  p(  »  d ,  -  di  and  p2  «■  -  dj  are  constant,  we  obtain  d^{  «  dA ,,  d^  -  <f<92  and 

«(l*  <fdt’  <fo\  ri 

W<J>  d+2  dd>i  T| 

Thus  the  gears  keep  the  same  angular  velocity  ratio  although  the  center  distance  is  changed.  The 
disadvantage  of  the  discussed  gears  is  the  substantial  change  of  location  of  contact  point  caused 
by  the  change  of  center  distance. 

Step  S.—lt  is  evident  that  since  8,  p,,  and  p2  are  constant  values,  the  line  of  action  of  the  gear- 
tooth  surfaces  in  the  fixed  coordinate  system  represents  a  straight  line,  which  is  parallel  to  the 
Z^-axis.  We  may  determine  coordinates  and  yj')  of  the  line  of  action  by  using  equations 
(18.3.29)  or  (18.3.31).  The  location  of  the  instantaneous  point  of  contact  on  the  line  of  action  may 
be  represented  as  a  function  of  the  angle  of  rotation  <j>  I  of  gear  1.  Knowing  m  and  fixing  <f>,\  we 
determine  di  by  using  the  equation 


♦,  «  p,  +  d,'  (18.3.41) 

Equation  (18.3.41)  and  the  equation  for  ijX)  in  the  system  equation  (18.3.29)  yield 

zi"  *  Pi  cos  8  cos  X - —  +  b|  cot  8  tan  X  s;n  X  +  r,  tan  X(p,  +  di' )  (18.3.42) 

7  cos  X 

Step  6.— We  may  also  derive  an  approximate  equation  which  relates  8  and  the  center  distance 
C.  Since  p,  and  p2  are  small  values,  we  make  cos  p,  =  1  and  sin  p,  «  0  (i  *  1,  2)  in  equation 
(18.3.38).  Then  we  get 

p,  sin  8  -  b|  +  =  Pu  sin  8  -  bn  —  r2  +  C 

=  pn  sin  0  -  f>n  -  r2  +  <ri  +  r2  +  AO  (18.3.43) 

Here  C  =  r,  +  r2  +  AC  where  AC  is  the  change  of  center  distance.  Equations  (18.3.43)  yield 


AC  +  h-  b || 

sin  8  = - 

Pi  -  Pn 


(18.3.44) 


The  nominal  value  of  8  which  corresponds  to  the  theoretical  value  of  the  center  distance  is  given  by 


9«  = 


b,  -  bu 


P\  ~  Pu 


(18.3.45) 


Compensation  of  Location  of  Bearing  Contact 

It  results  from  equation  (18.3.44)  that  the  location  of  the  hearing  contact  depends  on  the  error 
AC  of  the  center  distance.  If  the  normal  pressure  angle  9  becomes  too  small,  the  bearing  contact 
will  be  located  on  the  bottom  of  the  tooth  of  one  gear  and  on  the  top  of  the  tooth  of  the  other 
gear.  Such  a  bearing  is  not  acceptable  and  should  be  avoided. 

The  sensitivity  of  the  discussed  gears  to  the  change  of  center  distance  AC  may  be  reduced  by 
increasing  the  difference  |p„  -  p,|.  However,  this  results  in  the  increase  of  the  contacting  stresses. 
The  dislocation  of  the  bearing  contact  may  be  compensated  by  regrinding  one  of  the  gears  (preferably 
the  pinion)  with  new  tool  settings. 

Consider  that  9°  is  the  theoretical  value  of  the  normal  pressure  angle,  6?  and  b\  are  the  theoretical 
values  of  tool  settings,  and  p®  and  p®  are  the  theoretical  values  of  the  radii  of  circular  arcs.  These 
parameters  are  related  by  equation  (18.3.45).  Equation  (18.3.44)  yields  that  the  location  of  the 
bearing  will  not  be  changed  if  the  pinion  will  be  reground  with  new  tool  setting  6,  determined 
as  follows: 


sin  9° 


AC  +  6,  -  6?, 

„o  _  .0 

Pi  Pu 


Equations  (18.3.46)  and  (18.3.45)  yield 


6,-6?- AC 


(18.3.46) 


(18.3.47) 


18.4  Approximate  Method  for  Calculation  of  Gear  Drive  Kinematic 
Errors 


As  a  general  rule,  when  using  exact  methods,  the  determination  of  kinematic  errors  of  a  gear 
drive  must  be  obtained  numerically  by  using  a  computer.  This  is  a  disadvantage  of  the  exact  method. 
Therefore,  an  approximate  method  with  the  idea  of  obtaining  accurate  results  analytically  is  now 
presented. 

Figure  18.4.1  shows  two  gear  surfaces  E,  and  E2  which  are  not  in  tangcncy  due  to  errors  of 
manufacturing  and  assembly.  Points  AfU)  and  and  surface  unit  normal  vectors  n}u  and  n}2) 
do  not  coincide,  and  position  vectors  ry*1*  and  r}2)  are  not  equal.  To  bring  the  two  surfaces  into 
contact  it  is  sufficient  to  hold  one  gear  fixed  and  rotate  the  other  gear  by  an  additional  small  angle. 
Since  the  gear  with  surface  E,  is  the  driving  gear,  it  is  preferable  to  fix  the  position  of  surface 
E,  and  rotate  surface  E2  to  bring  it  back  into  contact  with  E,.  The  additional  angle  of  rotation  A <f>2 
represents  the  change  of  the  theoretical  angle  of  rotation  <£°,  which  is  brought  about  by  errors  of 
manufacturing  and  assembly.  The  angle  A <£2  is  as  yet  an  unknown  function  of  the  vector  of  errors 
AQ  and  varies  in  the  process  of  motion.  Thus 


A <t>2  =  /(<*>,,  AQ) 


(18.4.1) 


The  determination  of  function  (18.4.1)  is  based  on  kinematic  relations  between  velocities 
(displacements)  for  a  contact  point  and  a  surface  unit  normal  which  move  over  the  tooth  surfaces 
of  mating  gears.  (See  ch.  12.1.) 

The  following  equations  are  used  for  the  determination 

ds,[' '  +  dsrn)  +  ds'l)  =  ds,[2)  +  <fsr!2)  +  d^2)  ( 18.4.2) 

rfn<"  +  dn,"1  +  =  dn «>  +  dn«2'  +  dn™  (18.4.3) 

Here  dsfr']  is  the  displacement  of  the  theoretical  contact  point  in  transfer  motion,  with  the  tooth 
surface;  dsr<')  is  the  displacement  of  the  theoretical  contact  point  in  the  motion  over  the  tooth 


surface;  d»0)  is  the  displacement  of  the  contact  point  caused  by  the  gear  errors  (i =  1,  2). 
Similarly.  dn,'r'\  dll}0,  and  dnj'1  (i  =  1,  2)  are  the  changes  in  the  direction  of  the  surface  unit 
normal  in  transfer  and  relative  motion  and  due  to  the  errors.  Unlike  equations  ( 12. 1 .9)  and  (12.1.  IS), 
both  equations  (18.4.2)  and  (18.4.3)  consist  of  additional  members  having  the  subscript  q.  These 
members  are  due  to  gear  errors.  To  bring  surfaces  into  contact,  it  is  sufficient  to  route  only  gear 
2.  holding  gear  1  at  rest.  Therefore,  d%},' 1  and  dn}r' '  are  zero  and 

dt}"  +  d*">  -  d*}2)  +  da}2)  +  d%{2)  (18.4.4) 

dn}"  +  dn"'  =  dn}2)  +  dn}2)  +  dn$2)  (18.4.5) 

To  determine  relations  between  ds}2)  ,  d*,m.  and  dsj21.  we  take  the  following  scalar  products: 

n*(ds,">  +  d$0))  =  n  •  (da}2)  +  dsrl2>  +  ds,2))  (18.4.6) 

Since  vectors  ds,(l)  and  ds}2)  lie  in  the  common  tangent  plane  IT.  equation  (18.4.6)  is  transformed 
as  follows: 


n-<h}2)  =  n.(d!<"  -ds,}21)  (18.4.7) 

Vector  d%}2)  may  be  represented  by  the  following  cross  product: 

ds}2)  =  d*a 1  x  r:(W)  (18.4.8) 

where  d*(2)  is  the  vector  of  the  incremental  angle  of  rotation  of  gear  2  and  r!W)  is  the  position 
vector  drawn  from  an  arbitrary  point  on  the  axis  of  rotation  to  the  contact  point  M.  Equations  (18.4.7) 
and  (18.4.8)  yield 

[d*'2’  r2,V)  n]  =  (ds'11  -  ds<2>)  «n  (18.4.9) 

Equation  (18.4.9)  is  the  basic  equation  for  the  determination  of  kinematic  errors  of  gear  drives. 
Its  application  will  be  demonstrated  in  subsequent  sections. 


Similar  scalar  products  can  be  derived  on  the  basis  of  equation  (18.4. 5).  It  may  be  proven  that 
these  scalar  products  are  zero  because  the  vectors  in  equation  (18.4.5)  all  belong  to  the  tangent 
plane.  Henceforth,  the  following  notations  will  be  used: 

EAq/1*  ■  As/"  EAqjJ*  -  As/:>  (18.4.10) 

where  EAq/"  and  EAq/"  represent  the  sum  of  linear  error  vectors  due  to  errors  of  manufacturing 
and  assembly  of  gears  1  and  2,  respectively. 

In  many  cases,  however,  errors  in  gear  trains  do  not  result  from  linear  displacements,  but  rather 
from  angular  displacements.  For  instance,  kinematic  errors  may  result  from  the  misalignment  of 
gear  shafts. 

Figure  18.4.2  shows  the  axis  of  gear  2  rotation  a-o  in  its  ideal  position.  Consider  that,  because 
of  an  error  of  assembly,  axis  a-a  is  rotated  about  the  crossed  axis  B-B.  Such  an  error  of  assembly 
may  be  represented  by  vector  Ah,  which  is  directed  along  axis  B-B,  where  the  direction  of  Ai 
corresponds  to  the  direction  of  rotation  by  the  right-hand  rule.  With  the  given  vector  Ah,  the 
displacement  Aq®  of  contact  point  M  may  be  determined  as  follows: 

(1)  Vector  Ah,  directed  along  the  axis  B-B,  is  substituted  by  an  equal  vector  Ah,  which  passes 
through  the  origin  02,  and  the  vector  moment  R  x  Ah.  Here  R  is  a  position  vector  drawn  from 
02  to  an  arbitrary  point  on  the  line  of  action  of  vector  Ah  (fig.  18.4.2). 

(2)  The  displacement  Aq®  of  the  contact  point  M  caused  by  the  angular  errors  Ah  may  be 
represented  by 

Aq®  -  A«  x  r/**  +  R  x  Ah  -  Ah  x  (r2<W)  -  R)  (18.4. 11) 

A  similar  equation  may  be  derived  to  determine  the  displacement  of  the  contact  point  M  brought 
about  by  an  angular  error  of  assembly  of  gear  1 . 

With  notations  (18.4.10)  equation  (18.4.9)  which  determines  the  kinematic  errors  may  be 
represented  as  follows: 

(A#®  x  r/**  +  EAq) .  B<w  =  0  (18.4. 12) 

where  EAq  =  EAq/"  —  EAq,-”  and  n(V)  is  the  surface  unit  normal  at  the  contact  point  M. 

The  location  of  the  contact  point  M  and  the  direction  of  the  unit  normal  n(M)  change  in  the 
process  of  motion.  A  further  simplification  of  equation  (18.4.12)  is  based  on  the  following 
considerations:  (1)  The  contacting  tooth  surfaces  have  a  common  normal  at  all  positions  and  (2)  this 
normal  passes  through  the  contact  point  M  and  the  pitch  point  P.  For  planar  gears  the  pitch  point 
P  coincides  with  the  point  of  tangency  of  the  pitch  circles  (gear  centrodes).  The  pitch  point  for 
bevel  gears  is  located  on  the  line  of  tangency  of  pitch  cones.  In  both  cases  the  surface  unit  normal 
n  is  collinear  with  PM  and 

r2<v>  =  r2(,)  +  m=  rjf)  +  Xn<*>  (18.4.13) 


Figure  18.4.2. 
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(18.4.14) 


Equations  (18.4.12)  and  (18.4.13)  yield 

[(*®xr|*>  +  £Aq]*B<">-0 

because 


(A4®  x  ri*').B<*'»  -  [44<J)  x  (rj'*  +  Xb»“>)]  .n‘"> 

■*  (A#01  x  rj^’)  •n<W|  +  [a4<j>Ab(">b(">] 

-(A4,J,xr^,).B(*#)  (18.4.15) 

The  application  of  equation  (18.4. 14)  instead  of  equation  (18.4. 12)  has  the  advantage  that  the 
location  of  the  pitch  point  may  be  considered  as  a  constant  (r^1  ■  const).  However,  the  direction 
of  the  surface  unit  normal  is  a  function  of  4|.  Three  types  of  gears— involute  (spur  and  helical) 
and  Wildhaber-Novikov— are  exceptions  to  this  statement.  For  these  gears  the  unit  normal  of  the 
gear  surfaces,  at  their  contact  point,  does  not  change  its  direction. 

Because  of  kinematic  errors,  the  angular  velocity  ratio  fluctuates  in  the  process  of  meshing  of 
the  gears.  Figure  18.4.3  shows  functions  for  two  types  of  kinematic  errors.  The  first  is  a  piecewise, 
nonlinear,  periodic  function  whose  period  depends  on  the  ratio 


m,  2 


b 

a 


(18.4.16) 


Here  Nt  (/'  *  1.  2)  is  the  number  of  gear  teeth  and  b  and  a  are  the  minimum  integral  numbers 
with  which  the  ratio  mu  can  be  expressed.  The  angle  of  rotation  of  gear  1.  which  corresponds 
to  the  period  of  function  A<f><2'(<£,),  is  equal  to  Ira.  Such  functions  of  kinematic  errors  are  caused 
by  (1)  the  eccentricity  of  gears  or  (2)  by  the  noncoincidence  pi  the  theoretical  axis  of  the  gear 
and  the  axis  of  rotation,  and  thus  making  a  crossing  angle  with  it. 

The  second  type  of  function  A^(2’(^1),  shown  in  figure  18.4.3(b),  has  a  period  of  **  2 x/Nt 
(periodic  with  tooth  mesh  cycle).  This  function  of  errors  is  typical  for  the  case  when  the  generating 
process  provides  nonconjugated  tooth  surfaces,  but  all  teeth  of  a  gear  have  the  same  surfaces.  An 
example  of  such  a  generating  process  is  the  generation  of  Gleason’s  gearing. 


Figure  18.4.3. 
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18.5  Application  of  Theory  to  Eccentricity  of  Involute  Spur  Gears 

Figure  18.5.1  shows  iwo  base  circles  of  radii  r*1’  and  r*21  for  two  involute  spur  gears.  The 
rotation  centers  of  the  gears  are  designated  by  Oi,]  and  0,2>.  The  involute  shapes  are  in  tangency 
at  point  Af  of  the  line  of  action  KL,  if  the  centers  of  base  circles  O,  coincide  with  centers  of  rotation 
0{l)  and  vectors  of  gear  eccentricity  Ae,  =*  O'1'  O,  (i  m  |,  2)  are  zero. 

To  model  the  meshing  of  gears  with  eccentricity,  we  translate  the  gears  from  their  theoretical 
positions  by  a  distance  0{l)  O,  =  A e„  where  Ae,  is  the  gear  eccentricity.  Now,  center  O,  of  the 
base  circle  does  not  coincide  with  the  center  of  gear  rotation.  After  the  displacement,  the  involute 
shapes  are  no  more  in  tangency,  rather  they  intersect  each  other  or  lose  the  contact. 

To  bring  the  involute  shapes  into  tangency  once  again,  it  is  sufficient  to  rotate  gear  2  through 
a  small  angle  AAl2).  Using  equation  (18.4.14),  we  obtain 

(A*<2'  x  r2m)*n(W>  =  (Ae,  -  Ae2)*n(W>  (18.5.1) 

The  triple  product  results  in  (fig.  18.5.1) 

(A*<2)  x  r2('>) •n,M*  =  A*<2’r2<'>  cos  ic  (18.5.2) 

where  \(y  is  the  pressure  angle.  Vectors  of  eccentricity  Ae,  and  Ae2  form  angles  /?,  and  02  with 
vector  0("  O'  ,  these  angles  are  measured  in  the  direction  of  gear  rotation  (fig.  18.5.1).  The 
scalar  products  yield 


Ae,  •n(*°  =  Ae,  sin  (^r  +  /3,) 

Ae2  •n<*°  =  Ae2  sin  (\pc  +  02) 
From  equations  (18.5.1)  to  (18.5.3),  we  obtain 

(2,  _  Ae,  sin  (/3,  +  ic)  +  Ae2  sin  (02  -  ic) 

f 


(18.5.3) 


(18.5.4) 
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where  the  radiui  of  the  base  circle  of  gear  2  it 

r*,2>  “  r^'  cos  (18.5.5) 

The  center  O,  (i  *  1,  2)  of  the  base  circle  rotates  in  the  process  of  meshing;  0/"  and  0,{1) 
are  two  instantaneous  positions  of  this  center  (fig.  18.5.2).  Angles  and  02  may  be  represented 
as  follows: 


01  *  01 0  +  ^1  02  ■  020  +  ^2  (18.5.6) 

where  0IO  and  02O  correspond  to  the  initial  positions  of  centers  0,  and  02,  with  $i  m  $2  *  0. 
Equations  (18.5.4)  and  (18.5.6)  yield 


<2)  Ae,  sin  (»,  +  y,)  4  Ae2  sin  (fr  +  y2) 

“  r^> 


(18.5.7) 


where  y,  -  (0IO  +  tfv)  and  y2  -  (02O  -  ^)- 

For  convenience,  consider  the  kinematic  error  function  to  have  zero  magnitude  at 
^•t  m  j,2>  m  0.  Then,  the  kinematic  error  becomes 


Ad<2>  -  A$,2,(*i)  -  A*,2’(0)  - 

Ae,[sin  ($,  +  y,)  -  sin  7,]  .  Ae2[sin  ( <t>2  +  y2)  -  sin  y2J 

- - mj|  +  -  -  (IS.3.HJ 

r» 

where  m2l  =  ui(2,/u<n  =  r»l,/r^2)  =  Af, /Af2.  Equation  (18.5.8)  represents  the  kinematic  error  of 
a  gear  train  with  two  gears  as  the  sum  of  two  harmonics.  The  periods  of  these  harmonics  are  equal 
to  the  periods  of  complete  revolutions  of  the  gears. 

Equation  (18.5.8)  may  be  represented  symmetricly  as  follows: 


.art)  _  AetUin  +  7i)  ~  si"  Til  _  ,  Ae2[sin  (<t>2  +  72)  “  sin  7:1 

“v  - - rrt - w2i  + - rr; - m:2 


rS2) 


L 

i=  I 


Ae,(sin  (<*,  +  7,)  -  sin  7,1 


(18.5.9) 


Here,  m22  =  1  and  <t>2  = 

Equation  (18.5.9)  may  be  generalized  for  a  train  with  it  gears  as  follows: 


.aiai  V')  Aejsin  (<5,  +  7,)  “  sin  7,) 

"  =  L - - m-« 

1=1  h 


(18.5.10) 


where  AO1"1  is  the  resulting  kinematic  error  of  the  gear  train  represented  as  the  angle  of  rotation 
of  gear  it  (the  output  gear). 

A  complicated  gear  train  is  a  combination  of  pairs  of  gears.  The  parameter  71  may  be 
represented  as 


7i  =  0,0  +  ir 
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A6,»,l 


for  the  driving  gear  of  the  pair,  and  as 

>,  *  0,o  ~  ic 

for  the  driven  gear  of  the  pair.  For  instance,  for  computational  purposes,  a  train  of  three  gears 
must  be  replaced  by  two  pairs  of  gears.  The  idler  (intermediate  gear)  is  considered  as  the  driven 
gear  in  the  first  pair,  and  as  the  driving  gear  in  the  second  pair. 

We  designate  the  kinematic  error  exerted  by  the  eccentricity  Ae,  of  gear  number  i  as 


AB, 


Ac, [sin'  (4>,  +  y,)  -  sin  y,] 

r.«> 


(18.5.11) 


where  AS,  is  the  error  of  the  rotation  angle  <t>,.  The  maximum  possible  value  of  this  error  is 


Mm.,  -  AO,™  -  ^  (18.5.12) 

ri’ 

The  kinematic  error  of  the  train  may  be  represented  as 

n 

AS(n)  =  £  Atyn*  (18.5.13) 

i=  l 


Gear  trains  are  usually  applied  for  the  reduction  of  angular  velocities  and  thus  mm  is  less  than  1 . 
It  results  from  equation  (18.5.13)  that  the  last  gears  of  a  train  (numbers  n,  n  —  1,  n  —  2)  induce 
the  largest  part  of  the  resultant  kinematic  error  A6M.  Therefore,  the  precision  of  these  gears  must 
be  higher  than  the  others. 

The  largest  value  of  the  kinematic  error  function  A0<">  and  its  distribution  above  and  below  the 
abscissa  depends  on  the  combination  of  parameters  fj  ( i  =  1,  2,  ....  n).  Figure  (18.5.3)  shows 
the  distribution  of  a  function  A0,  (<>,)  exerted  by  eccentricity  of  gear  i  of  the  train. 

The  resulting  errors  of  a  gear  train  may  be  compensated  partly  by  using  definite  rules  of  assembly 
of  gears  with  eccentricity.  For  instance,  for  gears  with  tooth  numbers  =  N2  and  equal 
eccentricities  Ac|  =  Ac;,  the  resultant  kinematic  error  will  be  approximately  zero  if  the  eccentricity 
vectors  Ae|  and  Ae2  (fig.  18.5.1)  are  directed  opposite  each  other. 
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18.6  Application  of  Theory  to  Eccentricity  of  Spiral  Bevel  Gears 

For  spatial  gears  the  term  “eccentricity"  is  used  to  describe  that  the  geometric  axis  of  a  gear 
is  parallel  to,  but  does  not  coincide  with,  its  axis  of  rotation  (fig.  18.6. 1).  As  the  eccentric  gear 
rotates,  its  geometric  axis  generates  a  cylindrical  surface  of  radius  A*.  The  eccentricity  vector  Ac 
is  a  vector  which  rotates  about  the  gear  axis.  The  initial  position  of  vector  Ac  (its  position  at  the 
beginning  of  motion)  is  given  by  angle  a  (fig.  18.6.1). 

Figure  (18.6.2)  shows  coordinate  systems  5,  (jr,,  y,,  r, )  and  5/fxy,  yf,  Z/)  which  are  rigidly 
connected  to  gear  I  and  the  frame,  respectively.  System  5*  is  an  auxiliary  coordinate  system,  which 
is  also  rigidly  connected  to  the  frame.  Driving  gear  I  rotates  about  axis  z *•  The  position  of  Ac, 
in  coordinate  system  S,  is  given  by  the  angle  a,,  which  is  made  by  AC|  and  axis  xt.  The  current 
position  of  Ac,  in  coordinate  system  Sf  (or  5«)  is  determined  by  the  angle  (4,  +  a,)  and  the  matrix 
equation 


Oo^-  rical  Mis 


F'gurc  1*  6  I 
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t 


I 


# 


MM 


cos  7,  0  tin  7,  ‘ 

Aei  cos  (0t  4-  a,) 

m 

0  1  0 

-Ae|  sin  (0|  +  ot|) 

-sin  71  0  cos  7, 

0 

(18.6.1) 


Here  (Ae**1’]  is  the  matrix  of  vector  AC),  which  is  represented  in  the  coordinate  system  5*.  The 
3x3  matrix  transforms  elements  of  the  column  matrix  (Ac*11)  to  coordinate  system  Sf  from 
the  coordinate  system  Sh, 

Matrix  equation  (18.6.1)  yields 


Ac,  cos  (Ai  +  a))  cos  71 
-Aei  sin  (Ai  +  or | ) 
-Aei  cos  (0 i  +  ai)  sin  71 


(18.6.?) 


The  vector  of  eccentricity  of  the  driven  gear  may  be  determined  similarly.  Figure  18.6.3  shows 
coordinate  systems  S2  and  Sf  rigidly  connected  to  gear  2  ahd  the  frame,  respectively.  The  auxiliary 
coordinate  system  Sp  is  also  rigidly  connected  to  the  frame. 

Vector  Ae/2>  is  represented  by  matrix  equation 


M  -  MM] 


‘  cos  72  0  -sin  y2  ' 

'  Ae2  cos  (02  +  a2) 

0  1  0 

Ae2  sin  (02  +  at2) 

sin  72  0  cos  72 

0 

(18.6.3) 


which  after  matrix  multiplication  gives 


Ae2  cos  (02  +  a2)  cos  72 
Aej  sin  -1-  a2) 

Ae2  cos  (02  +  a2)  sin  72 


(18.6.4) 
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Kinematic  errors  induced  by  gear  eccentricities  may  now  be  found  by  using  equation  (18.4.9)  as 
follows: 


[a*/2>  =  (Ae/’>  -  Ae/J>)  •../» 


(18.6.5) 


Here  At}X)  and  Ae/21  are  given  by  matrices  (18.6.2)  and  (18  6.4),  and  vector  A^/2*  (fig.  18.6.3) 
is  represented  by  the  matrix 


cos  y2  0  -sin  y2  ]  f  0 


-A«2  sin  y2  ] 


[**}2)]  -  W[a«;2>]  =  0  1  0 


(18.6.6) 


sin  y2  0  cos  y2  J  [  A02  J  [  A<t>2  cos  y2 


Vector  a/2)  represents  the  position  vector  of  the  contact  point  which  lies  on  the  line  of  action 
of  the  gears  and  nf  represents  the  common  unit  normal  of  the  gear  surfaces  at  their  point  of 
tangency. 

Equations  (18.6.5)  and  (18.6.6)  yield 


_ n,  LAt,  ¥  /I,  EAe,  +  n.  'CAe. 

-y  cos  y2  n,  +  ( x  cos  y2  +  z  sin  y2)nt  -  y  sin  y2n. 


(18.6.7) 


£Ae,  =  Ae,‘ 1 1  -  Ae,,:).  EAe,  =  Ac,"1  -  Ac,'-’’,  and  -Ac.  =  Ae.m  -  AeP 


(the  subscript  /  was  dropped). 

Projections  «,  and  n.  of  the  surface  unit  normal  n.  and  coordinates  r.  y.  and  c  of  the  contact 
point  change  in  the  process  of  motion.  But  since  the  changes  in  these  variables  are  relatively  small, 
they  may  be  neglected.  The  surface  unit  norma!  n,  and  the  point  of  contact  P  may  be  represented 
as  follows  (fig.  18.6.4). 

n f=  sin  4‘,if+  cos  ^,(cos  3jf  +  sin  Jkf)  (18.6.8) 

jrf  =  0  v,  =  0  :,  =  L  (18.6.9) 


♦ 

Figure  IK. 6  4 
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The  derivation  of  equations  (18.6.8)  and  (18.6.9)  is  based  on  the  following  considerations: 

(1)  Axis  if  is  the  instantaneous  axis  of  rotation  of  the  generating  gear  and  the  gear  being 
generated. 

(2)  Point  P  is  the  point  of  tangency  of  the  gear-tooth  surfaces,  because  it  lies  on  the  axis  of 
instantaneous  rotation. 

(3)  The  common  surface  unit  normal  to  gear-tooth  surfaces,  fy,  coincides  with  the  unit  normal 
to  the  generating  surface  which  is  the  cone  surface.  Vector  nf  is  determined  as  follows: 

tkf  =  a  x  b 

where  a  and  b  are  two  unit  vectors  which  are  mutually  perpendicular  (fig.  18.6.4). 

Equations  (18.6.7)  to  (18.6.9)  yield 


where 


A«j(di) 


A(* ,) 

L  sin  y2  cos  \(/c  cos  0 


(18.6.10) 


A(0|)  **  at  sin  (d|  +  <*i)  +  6 1  cos  (Ai  +  a ,) 

+  fl2  sin  (&i  +  ai)  +  ^2  cos  (#2  +  a) 
a  |  =  -Ae,  cos  dv  cos  0 
a2  »  -Aej  cos  cos  0 
b\  =  Ae,(cos  7,  sin  -  sin  71  cos  sin  0) 

bi  —  —  Ae2(cos  72  sin  \f/c  +  sin  72  cos  4/c  sin  0) 


*2  =  4>i  Jj- 
N 2 


Equation  (18.6. 10)  yields  that  the  kinematic  errors  caused  by  the  eccentricity  of  spiral-bevel  gears 
may  be  represented  as  the  sum  of  four  harmonics:  the  period  of  two  harmonics  coincides  with 
the  period  of  revolution  of  gear  1 ;  and  the  period  of  the  other  two  coincides  with  the  period  of 
revolution  of  gear  2. 

Function  A<£2(<Ji|),  represented  by  equation  (18.6.10),  is  a  smooth  function  with  continuous 
derivatives  which  serves  as  a  first  approximation.  In  reality,  the  derivative  of  function  d>:(d> i) 
breaks  as  different  sets  of  teeth  come  into  mesh.  (See  fig.  18.4.3(a).)  This  break  can  be  discovered 
if  is  determined  by  equation  (18.6.7). 


18.7  Backlash  of  Spur  Gears 

The  driving  gear  1,  if  reversed,  puts  into  motion  the  driven  gear  not  right  away,  but  only  after 
the  driving  gear  is  rotated  through  a  small  angle.  The  contact  of  gear-tooth  surfaces  stops  temporarily 
if  the  gear  motion  is  reversed  for  the  following  reasons:  (1)  There  is  a  backlash  between  the  teeth 
on  the  other  side;  and  (2)  because  of  the  change  of  direction  of  the  elastic  torsion  of  the  gear  shafts. 
The  backlash  between  the  surfaces  depends  on  the  errors  of  the  center  distance,  errors  of  the  distance 
between  the  teeth,  shape  errors,  and  gears  eccentricity.  The  magnitude  of  the  backlash  is  changed 
in  the  process  of  meshing  due  to  the  gears  eccentricity. 

Consider  two  mating  gears  without  errors.  The  direction  of  rotation  of  the  driving  gear  (gear  1) 
is  indicated  by  k  (fig.  18. 7.1)  and  M  is  the  point  of  contact  for  the  indicated  direction  of  rotation. 
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Figure  It .7  1. 


Assuming  that  the  backlash  is  zero,  we  say  that  the  nonworking  shapes  (shape*  on  the  other  side 
of  teeth)  are  in  tangcncy  at  point  L.  Because  of  gear  errors,  the  shapes  will  be  jammed  if  the  backlash 
is  zero.  To  avoid  this,  we  have  to  foresee  a  backlash  magnitude.  We  designate  the  vector  of  initial 
backlash  at  point  L  by  NT.  This  vector  is  directed  along  nU)— the  unit  normal  to  the  nonworking 
shapes  at  L. 

We  have  to  differentiate  between  two  types  of  backlash  which  may  be  exerted  at  point  M  and 
point  N,  respectively.  Consider  first  that  the  mating  gears  do  not  have  errors  and  the  gear-tooth 
surfaces  contact  each  other  at  point  M.  We  then  consider  new  conditions— the  contact  of  tooth  surfaces 
of  gears  I  and  2  having  some  errors  EAq,n>  and  EAqj21.  respectively.  Because  of  these  errors 
gear-tooth  surfaces  cannot  contact  each  other  at  M  until  gear  2  will  be  turned  through  a  small  angle 
MjM).  We  may  determine  this  angle  (A 6}"')  by  using  the  following  equation  (it  is  similar  to 
equation  (18.4.14)): 

[(A*:(V)  x  r}F))  +  EAq,<2)  -  EAq,n,j  •n'*’  =  0  (18.7.1) 

The  superscript  M  in  Mi"'  indicates  that  we  consider  the  angle  of  turn  of  gear  2  with  which 
the  contact  of  working  shapes  at  M  can  be  reestablished  again.  However,  the  turn  of  gear  2  changes 
the  initial  backlash  at  ,V  between  the  nonworking  shapes. 

Consider  then  that  we  try  to  put  the  nonworking  shapes  into  contact  at  N.  We  can  obtain  this 
contact  by  turning  of  gear  2  through  an  angle  A0;*1  (the  superscript  N  in  AriS)  indicates  that 
contact  at  N  is  provided).  We  determine  Mi%)  by  using  the  following  equation 

[(A*:<V|  x  r:(*’)  +  EAQ'2']  •  n 1  V|  =  0  (18.7.2) 

Here  vector  EAQ'2'  represents  all  of  the  "errors"  which  induce  a  backlash  ,V;  this  vector  is 
represented  by 

EAQ'2’  =  (Mi"'  x  rf)  +  EAq,<:>  -  EAq,">  +  LST 
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(18.7.3) 


Equation*  (18.7.2)  and  (18.7.3)  yield 


(A#r  x  rj*>)  +  x  rj'>)  +  EAqjJ>  -  EAq/‘>  +  ZST)  •  n<*>  -  0  (18.7.4) 


The  further  transformation  of  equation  (18.7.4)  i*  based  on  the  following  consideration*: 

(1)  The  unit  vector*  n<M>  and  n(*'  make  an  angle  2^c,  where  it  the  pressure  angle. 
Thus 


■  (A0  +  n<*>  +  a-0  (18.7.3) 

Here  |a|  «  2  sin  and  vector  a  has  the  same  direction  at  vector  0(l)  0<J)  of  the  shortest  center 
distance. 

Equation  (18.7.3)  yields 

■  <A°  --(n(">  +  a)  (18.7.6) 

(2)  Using  equations  (18.7.4),  (18.7.6),  and  (18.7.1),  we  get 


-  (A#i*>  x  rr)  +  (a^*>  x  rj")  +  EAqf 1  -  EAq/"  +  Zff)  •  (n<*>  +  a) 

-  |  x  r^)  +  JX 

(a82<w>  x  rj'1)  +  EAq }2)  -  EAq,"* 

•  (n,M)  +  a) 

-  J  (aI^  x  rj">)  +  ur 

(a82<*>  X  rf»)  +  EAqj21  -  EAq,12’ 

•a-0 

(18.7.7) 


Then,  we  have  that 

[a#2<*>  r^>  a]  -  0  (18.7.8) 

because  of  the  collinearity  of  vectors  r2(,)  and  a. 

Equations  (18.7.8)  and  (18.7.7)  yield 

(A#j*>  x  rj">)  •n('V)  =  (£Aqf  >  -  EAq/11)  »a  +  CJ>H  (18.7.9) 

Here 

Abn  =  -(UT»niL))  =  NU*niL)  (18.7.10) 

is  the  initial  backlash  NL  measured  from  N  to  L  along  the  unit  normal  n(N). 

(3)  A  further  simplification  of  equation  (18.7.9)  is  based  on  the  following: 

r2<*>  =  r<f>  +  ptf  [a»2<*>  rj">  n<">]  =  [a82<">  r2*'>  n,v>]  (18.7.1 1) 

because  jA82(A,)  ?^n(i)j  =0,  due  to  the  collinearity  of  vectors  P^Tand  n<L). 

Equations  (18.7.9)  ana  (18.7.11)  yield 

(a#2<V)  x  rjf>)  •atLI  =  (£Aq j2)  -  EAq*n)  •»  +  AA„  (18.7.12) 

It  is  easy  to  verify  that 

[a*2<">  r2<'>  aa)]  =  A0r>  r{»  cos  *r  =  A8jw  rh2 


(18.7.13) 


where  ru  it  the  radius  of  the  bare  circle  of  (ear  2;  AS}"'  U  potitive  if  gear  2  ii  rotated 
counter-clock  wise. 

The  final  equation  ii 


.  M"  -  **»>")  -  +  *»■ 

ru 


(18.7.14) 


Uiing  this  equation,  we  can  determine  the  backlash  A02*'  in  radiant  induced  by  error*  of  gear*. 

Example  problem  18.7. 1  Consider  that  the  acting  error  it  the  increment  AC  of  the  center  distance 
due  to  the  displacement  of  the  rotation  center  of  gear  2.  Determine  the  angular  backlash  A0j*' 
(take  Ah.  *  0). 

Solution.  Using  equation  (18.7.14),  we  get 


A*r 


AC*  a 


2  A C  sin  tc  2  AC 
- -  - - tan 

rH  rj 


(18.7. 13) 


where  r}  is  the  pitch  radius  of  gear  2. 

Example  problem  18.7.2  Given  the  eccentricity  vectors  Ac,  -  Aqj"  and  Ae2  ”  Aqp  of  gears 
1  and  2,  respectively  (fig.  18.7. 1(a)).  Determine  the  angular  backlash  induced  by  the  eccentricity 
of  gears. 

Solution.  Using  equation  (18.7.14),  we  obtain 


A8i 


N)  (Ae2  ~  Ae|)*a  +  A b„  2  sin  Vy(Ac2  cos  fl2  -  Ac,  cos  8\)  +  Ah. 


'tt 


(18.7.16) 


Here  |a|  *  2  sin  i/v  and  vectors  Ae?  and  Aet  make  angles  8i  and  8\,  respectively  with  vector  a 
which  is  directed  along  0u,0,i).  We  represent  angles  82  and  8\  as  follows 

$2  ■*  820  ~  &!•  *nd  81  m  8\o  +  d|  (18.7.17) 

where  8\o  and  820  determine  the  initial  positions  of  eccentricity  vectors,  and  62  and  are  the 
angles  of  rotation  of  the  gears. 

Equations  (18.7.16)  and  (18.7.17)  yield 


Adf  - 


2  sin  ^-[Ae;  cos  (820  -  <h)  ~  Ae,  cos  (8 \o  +  d)»  +  Ah, 

rb2 


(18.7.18) 


Here  Ah,  is  the  constant  part  of  the  linear  backlash  represented  in  inches;  A02,V|  (d|)  is  the  variable 
part  of  the  angular  backlash  represented  in  radians. 

The  gear  teeth  will  not  be  jammed  if 

Adw  (*i)>0  0sd>,s2T  n,  4>:  =  <f>,—  (18.7.19) 

Ni 

where  n,  is  the  number  of  revolutions  of  gear  1,  which  determines  the  period  of  function  AO;*’ 
(d|).  and  *V2  and  N,  are  the  numbers  of  gear  teeth.  Using  equation  (18.7. 18)  and  expression 
(18.7.19),  we  may  determine  the  initial  backlash  A b„  with  which  we  can  avoid  the  tooth  jam. 


18.8  Application  of  Theory  to  Transformation  of  Rotation  With  a 
Varied  Ratio  by  Eccentric  Gears 

Noncircular  gears  are  applied  for  transformation  of  rotation  with  a  nonlinear  relation  between 
the  angles  of  gear  rotation.  For  some  cases,  eccentric  gears  can  be  used  instead  of  noncircular 
gears.  However,  the  application  of  eccentric  gears  is  limited  due  to  the  jamming  of  gear  teeth  which 
have  great  magnitudes  of  eccentricities.  The  danger  of  the  jamming  of  teeth  is  substantially  decreased 
if  identical  eccentric  gears  are  applied.  Equation  (18.7.18)  yields  that 

Afl'*1  *  —  (18.8.1) 

ri,2 


if  Ae,  *  Arj,  N,  «=  N2,  and  0to  *  &o- 

Thus  AB2S)  is  constant  (it  does  not  change  in  the  process  of  meshing).  The  position  function 
of  such  eccentric  gears  may  be  determined  with  equation  (18.5.4).  Taking  in  this  equation 
A*,  *  Ae2  *  Ae,  4,  »  -  *,  and  0W  =  02o  =  0o<  we  get 


A*'2' 


2  A  rjsinfd  +  0O)  cos  ^,J 


.<21 


(18.8.2) 


Equation  (18.8.2)  represents  the  varied  part  of  the  angle  of  rotation  of  gear  2,  <t>2 ■  The  total  angle 
of  rotation  of  gear  2,  <P<2',  is  represented  as  follows: 

V2,^^AlsLn^g)£os_^]  (igg3) 

rr 

where  <>  is  the  angle  of  rotation  of  gear  1,  and  r^21  is  the  radius  of  base  circles  of  the  gears. 

18.9  Measurement  of  Rotation  Angles  With  Eccentric  Disks 

The  theory  of  eccentric  gears  may  be  also  applied  for  the  measurement  of  angles  of  rotation 
with  eccentric  disks.  Such  disks,  provided  with  scores,  are  the  basic  part  of  optical,  electro-optical, 
and  electromagnetic  instruments  designed  for  the  measurement  of  angles  of  rotation.  Because  of 
the  eccentricity  of  disks,  the  angle  of  rotation  registered  by  the  instrument  differs  from  the  real 
angle  of  rotation.  This  error  may  be  compensated  if  the  angle  of  rotation  is  registered  by  taking 
signals  (or  reading  the  rotation  angles)  from  the  opposite  scores  that  are  located  on  the  same  diameter 
cf  the  disk.  Figure  18.9. 1(a)  shows  a  disk  whose  center  of  rotation  is  O  and  the  geometric  center 
is  Ot;  06  =  Ae,  is  the  eccentricity  vector;  a  is  the  fixed  index;  and  Ma  is  the  point  of  the  disk 
which  is  under  the  index  at  the  initial  position.  The  eccentricity  vector  forms  with  OM0  at  the 
initial  position  the  angle  0O-  which  is  measured  from  OMn  to  00]  in  the  direction  of  disk  rotation. 
While  the  disk  is  being  rotated,  the  geometric  center  O,  of  the  disk  and  the  eccentricity  vector 
rotate  about  O. 

Consider  that  the  disk  was  rotated  about  O  through  the  angle  o  and  the  position  vector  OM  coincides 
with  Oa.  If  the  disk  would  be  rotated  about  O |  instead  of  O,  point  Af  would  be  under  the  index 
a  after  rotation  through  the  angle  <(>,  =  The  error  of  measurement  of  the  angle  of  rotation 

is  represented  by 

A  «  =  (18.9.1) 


It  is  evident  from  the  drawings  of  figure  18.9.1(a)  that 


<»'  .  .Ill 
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4,  m  4  ~  Ad;  +  Adi 


(18.9.2) 


where 


Adi  m  OxMO,  and  Ad;  =*  0XM()0 


(18.9.3) 


Thu* 


Ad  *  Ad  i  “  Ad; 

Considering  the  triangles  OxMO  and  OxM(/),  we  get 


(18.9.4) 


Ae  Ae 

sin  Adi  *  —  (d  +  0O)  sin  Ad->  »  —  sin  0O 
r  r 


(18.9.5) 


Since  Adi  and  Ad;  are  small  angles,  we  may  represent  equation  (18.9.5)  as  follows: 


tie  Af 

Adt  =  —  sin  (d  +  So)  Ad;  =  —  sin  So 
r  r 


(18.9.6) 


where  r  is  the  disk  radius. 

Equations  (18.9.4)  and  (18.9.6)  yield 

A € 

Ad  =  —  [sin  (d  +  So)  ~  sin  Sa]  (18.9.7) 


Equation  (18.9.7)  represents  Ad(d).  the  error  of  measurement  of  the  angle  of  rotation  caused  by 
disk  eccentricity. 

The  error  A d(d)  can  be  compensated  for  if  the  angle  of  rotation  is  registered  with  the  aid  of 
two  indices  which  are  located  opposite  each  other  at  the  line  o,n  Oa(:>  (fig.  18.9.1(b)).  Consider 
that  point  A/<V 1  and  are  under  the  indices  a'"  and  a1'1  at  the  initial  position.  The  eccentricity 
vector  (UDt)  makes  angles  So*  and  So 1  wi<h  ^o"lH  and  respectively.  Disk  points  A/1 11 

and  W<:’  will  be  under  a<n  and  a>2),  respectively,  after  the  disk  rotation  through  the  angle  d. 


■»;o 


However,  the  instrument  will  register  angles  pr<n  and  >,<2)  with  the  aid  of  indices  a*0  and  a<}>, 
respectively.  Here 


*,<•>  -  M"'OxM"',  and  4} 


(21 


(18.9.8) 


Using  equation  (18.9.7),  we  may  determine  the  errors  of  measurement  as  follows 


A*("  -  —{sin  (*  +  O  -  sin  0<»]  (18.9.9) 

-y  [sin  (P  +  O  -  sin  0$']  (18.9.10) 


where  0^  *  0gH  +  w  (fig.  18.9.1(b)).  The  superscripts  1  and  2  correspond  to  a*'*  and  a(2\ 
respectively. 

It  is  easy  to  verily  that  the  true  angle  of  rotation  p  may  be  determined  with  the  equation 


+  *1 


ft) 


(18.9.11) 


where  $/'•  and  are  the  angles  which  were  registered  by  indices  a(l)  and  a(7\  respectively. 
Thus,  using  two  indices,  we  may  compensate  the  error  of  measurement  exerted  by  the  eccentricity 
of  the  disk. 

The  derivation  of  equation  (18.9.11)  is  based  on  the  following  considerations: 

(1)  Equation  (18.9.1)  yields  that 


p(,)  -  <t>  +  A*01 

(18.9.12) 

-  *  +  a*<2) 

(18.9.13) 

where  A</>(0  (/  =  1,  2)  is  the  measurement  error. 

(2)  Equations  (18.9.9)  and  (18.9.10)  yield  that 

A$(l)  +  =  0  because  0q)  =  0})')  +  x 

Thus  +  ^(,2)  =  2<fr  +  A^<n  +  A<£(2’  =  2 <t>  and  equation  (18.9.11)  is  confirmed. 


Chapter  19 


Force  Transmission 

The  problem  of  force  transmission  by  spatial  gears  is  related  to  the  type  of  gear  geometry. 
However,  a  general  solution  of  this  problem  may  be  proposed.  This  solution  is  based  on  the  use 
of  geometric  parameters  of  gear  surfaces  which  are  common  for  all  types  of  gears.  Tie  proposed 
solution  is  applied  in  this  book  for  helical  and  spur  gears,  worm-gear  drives,  and  bevel  gears. 


19.1  Force  Transmission  of  Gears  With  Crossed  Axes 

Force  Transmission 

Consider  a  gear  mechanism  with  crossed  axes  of  rotation— a  worm-gear  drive  or  a  mechanism 
formed  by  two  crossing  helical  gears  (fig.  19. 1 . 1(a)).  We  set  up  two  fixed  coordinate  systems  rigidly 
connected  to  the  frame,  Sfixf.  yf,  Zf )  and  Sp{xp,  yp.  z,,).  Gears  I  and  2  route  about  axes  Z/  and 
Zf.  respectively,  which  form  the  crossing  angle  y.  This  angle  is  measured  counterclockwise  from 
to  Gear  I  is  the  driving  gear  and  gear  2  is  the  driven  gear.  Gears  1  and  2  are  loaded 
with  the  driving  moment  Md  and  the  resisting  moment  M,.  Here  P  is  the  pitch  point  and  OjP  =  rt 
and  OpP  =  r2  are  the  radii  of  pitch  cylinders;  C  is  the  shortest  disUnce  between  the  axes  of 
rotation.  Figure  19.1.1(b)  shows  the  velocity  polygon  at  point  P.  (See  ch.  14.3.)  The  common 
Ungent  to  the  helices  on  the  pitch  cylinders  is  t-r,  (3,  and  /S;  are  the  angles  formed  between  r-r 
and  the  gear  axes.  Projections  of  vectors  v"’  and  v<:i  on  line  Pm  must  be  of  the  same  magnitude 
and  direction.  (Line  Pm  is  perpendicular  to  t-t.) 

Considering  as  given  the  driving  and  resisting  moments,  Mj  and  Mr.  we  have  to  derive  equations 
for  the  normal  reaction  F<|:’  transmitted  from  gear  1  to  gear  2.  We  assume  that  the  gear-tooth 
surfaces  conUct  each  other  at  the  pitch  point,  and  F,,:i  is  directed  along  the  common  normal  to 
the  gear-tooth  surfaces. 

We  recall  that  the  normal  to  a  surface  £  may  be  represented  by  (see  ch.  8.3) 

N  =  ixb  (19.1.1) 

where  a  and  b  are  the  ungents  to  lines  L2  and  on  the  surface  (fig.  19.1.2(a)).  Line  L2  is  the 
line  of  intersection  of  gear-tooth  surface  £.  with  the  pitch  cylinder  of  radius  r2  (fig.  19.1.2(b)). 
The  unit  ungent  to  line  L2 ,  a,  makes  an  angle  02  with  the  ;p-axis.  Line  L}  on  surface  V2  is  the 
line  of  intersection  of  Z2  with  plane  d-d,  which  passes  through  point  P  and  axis  xp.  and  is 
perpendicular  to  vector  a.  The  section  of  pitch  cylinder  represented  by  plane  d-d  is  the  ellipse  with 
axes  2 r2  and  2r,/cos  02,  repsectively.  The  section  of  C2  represented  by  plane  d-d  defines  the  normal 
section  of  the  surface.  The  unit  ungent  b  to  the  tooth  shape  in  the  normal  section  forms  an  angle 
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4in  with  the  Xp-axis  (^„  is  the  normal  pressure  angle).  We  represent  vectors  a  and  b  in  the 
coordinate  system  Sp  as  follows: 

a  =  -  sin  02}p  +  cos  02k/>  (19. 1 .2) 

b  =  cos  <P„ip  +  sin  cos  02}p  +  sin  sin  02kp  (19. 1  -2a) 

where  ip,  jp,  and  kp  are  the  unit  vectors  of  the  coordinate  axes  xp,  ypt  and  zp,  respectively. 
The  surface  normal  is  represented  by 


N-axb 


V  U  K 

0  -*in  0i  cos  0i 
|  cot  tin  cot  0i  tin  tin  02 
-  -tin  +J,  +  cot  0i  cot  +  tin  02  cot  (19.1.3) 

Since  |N|  -  (N2V  +  N2^  +  NJ9)m  -  I.  we  get  that  the  turf  ace  unit  normal  it  at  followt: 

*  -  tin  #i^  ■  cot  cot  0i  n„  »  cot  tin  0i  (19.1.4) 

Equations  (19.1.4)  may  be  used  for  all  types  of  worm-gear  drives  and  helical  gears. 

We  may  now  determine  the  contacting  force  F(l2>  which  is  directed  along  the  unit  normal  to 
the  gear-tooth  surfaces. 


F<,,»  -  F(,i\  (19.1.5) 

Representing  F,IJ|  in  terms  of  X*'2).  Y}'7),  and  ^(l2),  we  obtain 

X^12’  m  -F"21  tin  ^IJ'  ■  F(l2>  cos  cot  0i 

Z},2)  m  Fn2)  cot  \f/m  sin  0i  (19.1.6) 

Consider  conditions  of  static  equilibrium  of  gear  2.  The  gear  is  loaded  with  F02),  M„  and 
reactions  fiOA)  and  F(0*’  (fig.  19.1.3)  transmitted  from  bearings  A  and  B  (we  neglect  the  forces 
of  friction).  The  conditions  of  static  equilibrium  provide  six  equations.  We  may  express  the 
components  of  F'121  in  terms  of  the  resisting  moment  Mr  and  the  geometric  parameters  02  and 
<l>.  by  using  one  of  the  six  equations,  that  is 

|M,  +  (6£P  x  F<i2>)J  •  kp  =  0  (19.1.7) 

Here  (fig.  19.1.1(a)) 

(19.1.8) 


and 


"p 
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v 


V  i,  K 

0?X  Vtm  rn  'I  0  0 

yKU>  ^(12) 

Equation!  from  (19.1.7)  to  (19.1.9)  and  (19.1.6)  yield 


K'12’  «  —  ■  F(l2)  cos  cot 
rj 


Thus,  the  contacting  force  is  given  by 


(19.1.9) 


(19.1.10) 


r2  cot  cos  02 


(19.1.11) 


Using  equations  (19.1.6)  and  (19.1.11),  we  get 


f<!2>  m  _ 


M,  tan 
r2  cos  02 


3,2»«-rtan/32 

r2 


(19.1.12) 


(19.1.13) 


(19.1.14) 


Component  Z}n)  represents  the  thrust  load  of  contacting  force  F<2I).  The  derivation  of  F<2,\  which 
is  tiansmitted  from  gear  2  to  gear  1 ,  is  based  on  the  following  considerations: 


(1)  F(2,)  -  -F(l2) 


(2)  F<2I)  is  represented  in  the  coordinate  system  Sf  by  using  the  matrix  equation 


(19.1.15) 


IF}2")  =  -tf*]^12’] 


(19.1.16) 


Matrix  {L^]  transforms  projections  of  vectors  in  transition  from  the  coordinate  system  Sp  to  Sf. 
This  matrix  is  given  by  (fig.  19.1.1(a)): 


1  0 


It  is  also  known  that 


141=  I  0  cosy  -sin  7 
1_  0  sin  7  cos  7 


-[f;|2)i  =  if<2,>] 


(19.1.17) 


(19.1.18) 


where  [F?<i2>]  is  the  column  matrix  represented  by  equations  (19.1.12)  to  (19.1.14).  Equations 
(19.1.16)  to  (19.1.18)  and  (19.1.12)  to  (19.1.14)  yield 


/ 


win.  ««n 

^  t2  CO«  02 

(19.1.19) 

PJJI,  _  M,  cos  (y  +  02) 

’  r2  cot  fa 

(19.1.20) 

-an  _  Mr  *i"  (y  +  02) 

^  r2  cot  02 

(19.1.21) 

We  may  express  components  of  Filu  in  terms  of  Md,  0|,  and 
considerations: 

based  on  the  following 

(I)  y  -  180*  -  (0,  +  02)  (see  fig.  19.1.1(b)) 

and 

Y  +  02  *  180* -0| 

(19.1.22) 

(2)  The  gear  ratio  is 

<it<l)  r2  cos  02 

12  w,:)  rt  cos  0| 

(See  sec.  14.3,  figs.  14.3.2,  14.3.3,  and  fig.  19.1.1(b).) 

(3)  Since  the  friction  forces  are  neglected,  the  power  of  gears  1  and  2  is  the  same  and 

-  Mr «(J) 

Thus 

r,  cos  Pj 

(19.1.23) 

Equations  (19.1.18)  to  (19.1.22)  yield 

V(2I)  -r  ^4 
'  T|  COS  01 

(19.1.24) 

Yf"  =  ^ 
r\ 

(19.1.25) 

Z)2 '>  =  -^tan0, 

*  r. 

(19.1.26) 

'I 


Equations  (19.1.12)  to  (19.1.14)  and  (19.1.24)  to  (19.1.26)  may  be  used  for  all  types  of  worm- 
gear  drives,  crossing  helical  gears  and  helical  gears  with  parallel  axes.  However,  we  have  to  abide 
by  the  following  rules:  (1)  The  directions  of  axes  ;^and  Zp  must  coincide  with  the  directions  of 
«(l)  and  w,2),  respectively,  and  the  coordinate  systems  Sf  and  Sp  must  be  right-handed.  (2)  Both 
gears  must  be  left-handed.  For  a  right-handed  gear  we  have  to  change  the  sign  of  tan  0,  in  the 
derived  equations.  In  the  case  of  helical  gears  with  parallel  axes  one  of  the  gears  is  left-handed 
and  the  other  is  right-handed;  however  |0||  =  |02|. 
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In  the  case  of  spur  gears,  we  make  angles  0,  =0  in  equations  (19.1.11)  to  (19.1.14), 

(19.1.24),  and  (19.1.26),  following  the  rule  of  orientation  of  the  coordinate  systems  Sf  and  Sp. 
Axes  Zf  and  Zp  make  an  angle  y  =  180*  and  0*  for  external  and  internal  spur  gears,  respectively. 

The  derivation  of  equations  (19.1.12)  to  (19.1.14)  may  also  be  based  upon  geometric  consideration 
(fig.  19. 1.4).  Consider  that  the  driven  gear  rotates  in  the  direction  represented  by  vector  vl2>.  The 
direction  of  the  transmitting  force  coincides  with  v(2)  and  its  magnitude  is  equal  to  Mr/r2.  The 
direction  and  magnitude  of  the  axial  force  arc  determined  from  the  condition  that  the  geometric 
sum  of  the  transmitting  and  axial  forces  is  perpendicular  to  line  t-t  (which  is  the  tangent  to  the 
helix  at  the  pitch  point  P).  Considering  the  normal  section  of  the  gear,  we  can  determine  the 
contacting  force  and  the  radial  component. 

Bearing  Reactions 

The  determination  of  bearing  reactions  is  based  on  equations  of  static  equilibrium  of  the  gear. 
Considering  the  driven  gear  (fig.  19.1.3),  we  may  represent  these  equations  as  follows 

p(i2>  +  p(o^)  +  p-(OS)  _  q  (19.1.27) 

(pp5  x  F(l2))  +  (Opt  xFm)  +  (WxF(OB)^  +  Mr  =  0  (19.1.28) 

Here  F<l2)  is  the  force  transmitted  from  the  driving  gear  which  passes  through  the  pitch  point  P. 
Force  F(l2>  is  represent'  d  in  the  coordinate  system  Sp  by  equations  (19.1.12)  to  (19.1.14). 
Reactions  F<CM|  and  F<OS)  are  transmitted  from  the  frame  and  pass  through  points  A  and  B.  Only 
one  bearing,  say  A ,  resists  not  only  the  radial  load  but  also  the  axial  load. 

We  transform  equation  (19.1.28)  as  follows: 


ip 

0 

OJx  F,i2)  = 

r2 

0 

0 

= 

-zr  '2 

x<12) 

y"2) 

Z(I2, 

rj 

_ 1 
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k. 

r  _  1  ,f>A)  1 

b  ft 

x  y<°a*  „ 

0 

0 

'1 

- 

X}OA'  h 

XiOA) 

yi°A) 

0 

Jf 

k. 

■  yt r'  '2  " 

(Tfi  x  F<0,)  * 

0 

0 

s 

t2 

k;°*> 

0 

.  0  . 

Equations  (19.1.27)  to  (19.1.31)  and  (19.1.12)  to  (19.1.14)  yield 


XiOA)  »  M, 


r2  cos  jS2 


+  tan  02 


Y<oa)x  _M - ‘2 - 

r2(f,  +  t2) 


Z<OA>  is  -  —  tan  02 


X(0*>  =  Mr 


U  t«n 

r2  cos  02 


-  tan  02 


f,  + 12 


Y(0t)  =  -Mr - - - 

ridi+U 

The  bearing  reaction 

f(OA)  _  £(0, l)|  +  y(OA) j  +  2{OA\ 

exerts  a  radial  and  axial  load.  The  radial  load  in  bearing  A  is  given  by 


F}OA)  |  =  \/  (V0'")2  +  (Y*0'")2 


and  the  axial  load  is  given  by 


(19.1.30) 

(19.1.31) 

(19.1.32) 

(19.1.33) 

(19.1.34) 

(19.1.35) 

(19.1.36) 


(19.1.37) 


f(°A )  _ 


(19.1.38) 


The  bearing  reaction 
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p<08>  _  x<OB) j  +  y(08) j 


exert*  only  a  radial  load  represented  by 


|F«»>  | .  yj  (xio»y  +  ( yiwy 


(19.1.39) 


Similarly,  we  may  determine  reactions  in  the  bearings  of  the  driving  gear  by  using  equations  of 
equilibrium  for  this  gear. 


19.2  Force  Transmission  for  Spiral  Bevel  Gears 

Surface  Unit  Normal 

The  mean  contact  point  is  represented  in  the  fixed  coordinate  system  Sf  (fig.  19.2.1).  We 
consider  two  lines  on  the  gear-tooth  surface  and  two  unit  tangents  to  these  lines:  (1)  vector  b/  is 
the  unit  tangent  to  the  longitudinal  shape  and  (2)  vector  %j  is  the  unit  tangent  to  the  tooth  shapes 
in  the  normal  section  A- A.  The  normal  to  the  tooth  surface  is  represented  as  follows 

ty-b/Xa,  (19.2.1) 


Here 


*  cos  if  +  sin  cos  0  if  +  sin  sin  0  k f 


and 


(19.2.2) 


b/  «  -sin  0  J/+  cos  0  If  (19.2.3) 

where  if  j if,  and  kj  are  the  unit  vectors  of  axes  xf,  y y,  and  Zj\  and  is  the  pressure  angle  in  the 
normal  section. 

Using  equation  (19.2.1)  to  (19.2.3),  we  get 
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N/- 


V  if 

0  -*in  0  cot  0 
cot  tc  fin  tt>  coi  0  tin  tin  0 
-sin  4/Jf  +  co*  cot  0if  +■  cot  tin  0k/ 


The  unit  surface  normal  n /  it  given  by  the  equation 


fN/| 


Equation  (19.2.4)  yield* 

w-  (^  +  ^  +  ^),/3»  I 

and 


[«/J« 


-tin  ti'r 
cos  >l/e  cot  0 
cos  ic  sin  0 


(19.2.4) 


(19.2.5) 


Contacting  Force  F,n> 

The  driven  gear  2  is  loaded  with:  (I)  the  resisting  moment  Mr,  (2)  the  contacting  force  F(IJ), 
which  it  transmitted  from  gear  I ,  and  (3)  the  bearing  reactions.  The  contacting  force  is  directed 
along  the  normal  nf.  To  determine  the  contacting  force  and  its  components,  we  use  the  following 
procedure: 

Stepl.  -We  must  represent  the  surface  unit  normal  in  coordinate  system  Sp  (fig.  19.2.2)  whose 
axis  ^  it  the  axis  of  gear  rotation.  Matrix  equation 


l«„J  -  IMW 


(19.2.6) 


represents  the  transformation  of  vector  projections  in  transition  from  S/to  Sp.  Here  (fig.  19.2.2) 


Figure  i9  2.2. 
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cotft  0  tin  ft 
0  I  0 
-lin  fi  0  co*  Y2 


(19.2.7) 


where  y2  it  the  apex  angle  of  the  pitch  cone.  Equation*  (19.2.5)  to  (19.2.7)  yield 


(",l* 


-CO*  tin  tc  +  *<n  >2  COS  (fr  *'n  # 
cot  \(ic  co*  0 

[  lin  y2  sin  +  cos  y2  cos  sin  0  J 


(19.2.8) 


Sup  2.  -The  contacting  force  F<IJ)  may  be  represented  by 


■  • 

-co*  y2  sin  +  sin  y2  cos  sin  0  " 

Y*' " 

cos  cos  0 

.  Z},2)  . 

sin  -y2  sin  +  cos  y2  cos  sin  0 

(19.2.9) 


Sup  3.  -One  of  the  equations  of  static  equilibrium  of  gear  2  is  based  on  the  consideration  that 
the  sum  of  projections  of  the  torques  on  the  ^,-axis  is  equal  to  zero.  This  condition  yields 


Here  (fig.  19.2.2) 


[Mr  +  «£?  x  F<IJ>))  •  k,  =  0 

Mr*k,«  -Mr 


(19.2.10) 


(19.2.11) 


and 


ip 

K 

rj  cot  72 

(yxFIIJI  = 

r2 

0 

r2  cot 

= 

r2  cot  72  -  Zp>2)  r2 

x<12' 

Y"  2> 

2? 21 

yy2)  rz 

(19.2.12) 


(GpxF"2')»kp=Yy2)  r2 


(19.2.13) 


The  radial  components  of  bearing  reactions  are  perpendicular  to  axis  zp  and  the  axial  component 
is  directed  along  this  axis.  Therefore  the  projection  of  the  moment  of  bearing  reactions  on  axis 
Zp  is  zero. 

Equations  (19.2.10)  to  (19.2.13)  yield 


y<  12)  _  Mr 

'  "r2 


(19.2.14) 


Step  4. -Using  equation  (19.2.14)  and  (19.2,9),  we  obtain 


12)  _ 

r2  cos  ic  cos  (3 


(19.2.15) 


X}'1' 


Hr 

T]  cot  £ 


( -  cos  y2  tan  +  sin  >2  sin 


»?,2> 


r(l2> 


H, 

r2  cm  0 


(tin  y2  tan  +  cos  y2  tin  (3) 


(19.2.16) 


(19.2.17) 


Equations  (19.2.15)  represent  the  magnitude  and  components  of  the  contacting  force  F<l2>. 
Coatacting  force  F<J" 

Gear  1  it  loaded  with  (1)  the  driving  moment  Mrf,  (2)  the  contacting  force  F,2n  which  it 
transmitted  from  gear  2,  and  (3)  bearing  reactions  which  are  transmitted  from  the  frame.  The 
contacting  force  F<211  is  of  the  same  magnitude  as  F<l2),  but  it  has  an  opposite  direction.  To  derive 
the  contacting  force  F<2"  and  its  components,  we  use  the  following  procedure: 

Sup  1.  -  We  represent  the  unit  normal  \nj{  in  coordinate  system  Sk  whose  location  with  respect 
to  the  coordinate  system  Sf  is  shown  in  figure  19.2.3.  Coordinate  transformation  from  Sf  to  Sh  is 
represented  by  the  matrix  (fig.  19.2.3) 


cos  Ti  0  -sin  y,  " 
0  I  0 
sin  y(  0  cos  y, 


(19.2.18) 


Using  the  matrix  equation 

["*)  -  [£v!W 

where  [nj{  is  represented  by  the  column  matrix  (19.2.5),  we  obtain 


KJ  - 


-cos  y,  sin  ~  *■*»  Ti  cos  sin  3 
cos  cos  0 

-sin  7|  sin  \frc  +  cos  71  cos  sin  0 


(19.2.19) 


(19.2.20) 


*h  «t 


<a> 


«h 
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ibi 

Figure  19  2.3. 


Step  2.  -We  represent  the  contacting  force  F<2I)  at  follows 


•  xi'»  ■ 

-cos  7,  sin  -  sin  cos  sin  0  ' 

F«»  -  -F<2" n*  - 

Yl'2' 

cos  cos  0 

4»> . 

-  sin  7|  sin  +  cos  71  cos  sin  0 

Sup  3.  -The  sum  of  projections  of  the  torques  on  the  j*-axis  i*  equal  to  zero.  Thus 


[M,+  F(2l>)]»k*  *0  (19.2.22) 

Here  (fig.  19.2.3) 

Mrf*k *«-«,  (19.2.23) 

OkP  ■  -f|l*  +  z,  cot  -T,k*  (19.2.24) 


and 


x  F<IJ> 


I*  J*  k* 

-r\  0  r,  cot  -y, 

Xi2l)  K*<2"  Z*<21> 


Equations  (19.2.22)  to  (19.2.25)  yield 


Yi2"  »  - 


Kt 

r\ 


(19.2.25) 


(19.2.26) 


The  negative  sign  of  J*211  indicates  that  YH2>)  is  directed  parallel  to  the  negative  y*-axis. 

Step  4  -Using  equations  (19.2.21)  and  (19.2.27),  we  represent  the  magnitude  of  the  contacting 
force  F<2,)  and  its  components  as  follows: 


/r(2U  =  HHi 

r,  cos  <i>c  cos  0 


(19.2.27) 


**<2U  = 


rt  cos  0 


(cos  7!  tan  +  sin  7,  sin  0) 


(19.2.28) 


y<21>  =  - 


Mi 

r\ 


(19.2.29) 


-t(2!)  _  Md 

Lh - a 

r,  cos  0 


(sin  7 1  tan  —  cos  7  j  sin  0) 


(19.2.30) 
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Appendix  A 

Matrices:  Properties  and  Operations 


A.l  Introduction 

A  rectangular  array  of  numbers  or  functions  represented  in  the  form 


<*n  au  <*u—- 


MI  * 


<*21  a21  «2J  — 


(A.  1.1) 


L  **"»!  &m2  &m3  ••••  J 


is  called  a  rectangular  matrix  with  m  rows  and  n  columns.  A  matrix  may  be  denoted  with  a  pair 
of  brackets,  [  J,  a  pair  of  double  bars,  ||  l|.  or  a  pair  of  parenthesis,  (  ). 

Quantities  a v  (i  =  1.2 . m:  j  =  1,2 . n)  are  known  as  the  elements  of  matrix  A.  Here. 

subscripts  i  and  j  correspond,  respectively,  to  the  row  number  and  column  number  where  element 
av  is  located.  For  instance,  element  a23  is  located  in  the  second  row  and  the  third  column  of  matrix 
MI-  It  is  assumed  in  this  book  that  all  matrix  elements  are  either  real  numbers  or  real-valued 
functions. 

The  order  of  a  matrix,  denoted  m  x  nor  (m.n),  indicates  that  the  matrix  has  m  rows  and  n  columns. 
The  so-called  row,  column,  and  square  matrices  are  matrices  of  a  particular  order  m  x  n. 

If  a  matrix  has  as  many  rows  as  it  does  columns  (i.e.,  m  =  n)  it  is  known  as  a  square  matrix. 

Elements  a,,,  a 22,  a3J .  a„  of  a  square  matrix  are  located  on  its  main  diagonal,  whereas 

elements  a[n,  a2(„  _  a3(„  _  2, . .  a, |  form  its  secondary  diagonal.  The  main  and  secondary 

diagonals  of  a  4  X  4  square  matrix  are  illustrated  as  follows: 


fljl  «I2  <*IJ  <*14 

\  /  ^ 

Ojl  a22  fl2J  <*24 
\/ 

<*il  <*14 

✓ 

<*41  <*42  <*41  <*44  J 


"Secondary  diagonal 
.Main  diagonal 


A  column  matrix  is  a  rectangular  matrix  of  order  nx|(n  rows  and  1  column).  For  instance, 
coordinates  of  a  point  M  in  three-dimensional  space  (fig.  A.  1 . 1)  may  be  represented  by  a  column 
matrix  of  order  3  x  1 


'  <»ll ' 

*21 

y* 

.  <*JI  . 

Here  [KJ  is  the  matrix  of  radius-vector 

R  -  +  yml  +  zJt  (A.  1.3) 

where  I,  j,  and  k  are  unit  vectors  of  the  coordinate  axes. 

A  matrix  of  order  I  x«(|  row  and  n  columns)  is  called  a  row  matrix.  It  may  be  represented  as 

12)]  *  [2>n  bxl  —  hi,)  (A.  1.4) 

The  identity  or  unitary  matrix  is  a  square  matrix  such  that  elements  aM,  an  . a„  (located 

on  the  main  diagonal)  are  equal  to  one,  and  all  other  elements  equal  to  zero.  The  unitary  matrix 
is  denoted  as 


’  1  0  0....0  ' 

0  1  0....0 


0  0  0....  1 


X 
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A  symmetric  matrix  it  a  square  matrix  in  which  all  dementi  are  related  by  the  equation 

ay^ajt  (A.  1.6) 

To  determine  a  symmetric  matrix  it  is  sufficient  to  be  given  the  elements  located  on  its  main 
diagonal,  and  a  definite  number  of  the  other  elements.  For  instance,  a  symmetric  matrix  of  order 
4  x  4  is  determined  if,  from  its  16  elements,  only  a  certain  10  elements  are  given 


<*ll 

aM 

«1J 

flu 

• 

022 

fl2J 

<»24 

• 

• 

AJJ 

flj4 

m 

• 

• 

flu 

A  skew-symmetric  matrix  is  i  square  matrix  such  that  all  its  elements  are  related  by 

*  -  ajt  (A.  1.7) 

It  results  from  equation  (A.  1.7)  that  the  elements  which  lie  on  the  main  diagonal  of  a  skew-symmetric 
matrix  are  equal  to  zero.  For  these  elements  i  -  j  and  the  equality 

<*«  *  “  au 

can  be  satisfied  only  if  a„  is  equal  to  zero. 

A  skew-symmetric  matrix  is  determined  if  a  definite  number  N  of  its  elements  av  ( j  j*  j)  is  given 
(Af  depends  on  the  order  of  matrix).  For  a  skew-symmetric  matrix  of  order  3  x  3  N  »  3: 


0  a, 2  a, j 

'  0  a„ 

•  *  0 


One  application  of  skew-symmetric  matrices  is  in  the  determination  of  a  vector  product  in  matrix 
representation.  (See  sec.  A. 8.) 


A.2  Equality  of  Matrices 

Two  matrices  [A]  and  [ B J  are  equal,  that  is, 

M]  =  |S]  (A.2. 1 ) 

if  they  are  of  the  same  order  and  if  their  respective  elements  arc  related  as  follows- 

fl«  =  (A. 2. 2) 


for  all  k,  (. 
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A3  Addition  and  Subtraction  of  Matrices 


To  be  conformable  for  addition  (subtraction),  the  considered  matrices  must  be  of  the  same  order. 
Suppose  that  matrices  [A]  and  [5],  both  of  order  m  x  n,  are  given 


'  »ll 

*12 

••••*!» 

'  hi 

hi 

Ml- 

*21 

1 

*22 

....  au 

[BJ- 

hi 

: 

i 

hi 

*»2 

••••  &rm  _ 

.  bm\ 

bmi  •••• 

Matrix  [C],  the  sum  of  matrices  [A]  and  [B],  also  has  the  order  m  x  n  and  is  determined  as  follows: 


1C]  «  [A]  +  [B]  - 


C||  Ci2  —  ClK 
CJI  CJ2....CU 


L  cmt  Cm2  --C„  J 


*11+^11  0|2  +  b|2 ....  fli,  +  b,, 

*21  +  *22  +  hi  ••••  *2*  +  &2» 

.  a»i  +  **2  +  bm 2 ....  a^  +  b^, 


(A.3.1) 


The  addition  (subtraction)  of  matrices  is  commutative 

[A]  +  [B]  =  [B]  +  (A) 


and  is  associative 

(Ml  +  1*0  +  [Cl  =  [A]  +  ([BJ  +  [q)  (A.3.2) 

A.4  Multiplication  of  Matrices 

The  matrix  equation 


[CJ  =  M][fl]  (A.4.1) 

means  that  the  matrices  [A]  and  [5]  are  to  be  multiplied  and  constitute  a  product  matrix  [C].  Elements 
of  matrix  [C]  are  expressed  in  terms  of  elements  of  [A]  and  [B]. 

To  be  conformable  for  matrix  product  (A.4. 1)  (with  the  mentioned  order  of  factors)  the  number 
of  columns  in  [A]  must  be  equal  to  the  number  of  rows  in  [B],  For  instance,  if  the  order  of  [A] 
ismxn,  and  the  order  of  [B]  is  n  x  q,  matrices  [A]  and  [B]  are  conformable  for  the  product  \A]\B). 
This  conformity  does  not  depend  on  m  and  q ,  but  the  same  matrices  are  not  conformable  for  the 
product  [B1[A],  because  by  changing  the  order  of  factors,  the  number  of  columns  in  [B]  is  not 
equal  to  the  number  of  rows  in  [A],  that  is  q  m. 


Let  MJ  be  an  m  x  *  matrix,  and  [fl|  an  n  x  q  matrix.  The  element  rv  in  the  t'th  row  and  yth 
column  of  the  product  matrix  (C)  ix  determined  by  multiplying  corresponding  element*  of  the  (tit 
row  of  [A]  and  the  yth  column  of  |B|.  and  then  adding  the  product*.  Consequently, 


*  0*1*1/  +  0,7**  +  ....  +  3***  -  2  a*b*j  *  1 . m;  j  m  1 . (A.4.2) 

k  *  i 


Equation  (A.4.2)  yield*  that  if  [A]  is  in  m  x  n  matrix  and  [fl]  is  an  n  x  q  matrix,  the  product 
(C)  is  an  m  x  q  matrix. 

Sample  problem  A. 4.1  The  following  matrices  are  given 


Ml 


all  al2  al3  aU 
a2l  a22  a23  a24 

I - J 

Ia3l  aJ2  aJJ  aMl 
I _ I 

<*41  <*42  a«J  a*« 
L  a5l  a52  a53  a54 


&II  p!2| 

^21  j  ^22  J^2 J 

*3  1 1  *32 1*1} 
&4I  ^43  . 


(A.4.3) 


These  matrices  are  conformable  for  multiplication  since  the  number  of  columns  in  [A]  is  the  same 
as  the  number  of  rows  in  [B\.  The  product  [C]  is  a  matrix  of  order  3x5  and  may  be  represented  as 


\C] 


Cl  I  C,2  C|j 
C21  cn  C23 
<•31 K32J  C33 

C41  c42  C4J 
C31  C52  C5J  J 


Element  cj2  is  found  by  multiplying  the  corresponding  elements  of  the  3rd  row  of  [A]  and  the  2nd 
column  of  \B\,  and  then  by  adding  these  products 


C32  =  4*31*12  +  4*32*22  +  <*33*32  +  <*34^42 


The  product  of  an  n  x  n  square  matrix  ( A ]  and  an  n  x  n  identity  matrix  (/)  yields  a  product 

MH/}  =  l/JM)  =  Ml  (A. 4.4) 

The  multiplication  of  several  matrices,  for  instance.  [A],  |5],  and  [C],  is  conformable  if  their  orders 
are  as  follows:  m  x  n,  n  x  q,  and  q  *  P- 
The  multiplication  of  matrices  is  associative 

(\A\\B))\C]  =  \A)(\B]\C])  (A.4.5) 

Matrix  operation 

\D\  =  [A](\B]  +  [Cj)  (A.4.6) 
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ii  conformable  if  [fl]  and  (Cl  have  the  tame  order  and  the  number  of  columnt 
the  number  of  row*  in  (5)  (or  (Cj). 

Matrix  multiplication  if  distributive  with  respect  to  addition,  thus 

[D]  -  +  (CJ)  -  HUB]  +  MHC] 

Problem  A.4.2  Find  the  product  [C]  -  [A\[B]  where 


[A J 


3  2  2  1  ' 
4-302 
5  0  5  3 
0  6  7  4 


(B) 


1  jo  -r 
-10  12 

2  5  2  3 

3  0  4  1 


Answer. 


IC] 


'8  19  10  8  ' 
13  12  5  -8 
24  40  22  13 
20  35  36  37 


Problem  A.4.3  Find  the  product  [C]  =  [A\[B]  where 


’  1  3  0  1' 

'  4  ' 

-10  12 

(B]  = 

6 

2  5  2  3 

7 

3  0  4  4  _ 

.  8  _ 

Answer. 


r  30 


(C]  = 


19 

76 


72 


A.5  Transpose  Matrix 


in  [A]  is  equal  to 

(A.4.7) 


Let  [A]  be  an  m  x  n  matrix.  The  transpose  matrix  \A]T  of  order  n  x  m  may  be  obtained  by 
interchanging  the  corresponding  rows  and  columns  of  matrix  [A].  For  instance,  the  transpose  of 


0|l  ®I2  0|J 


(A.5.1) 


Ml 


L  a2l  a22  <>21  J 


is 


'  «fi  a72  ‘ 

0|l  a2t 

Mlr« 

«fi  ah 

- 

*12  a22 

.  ah  ah  . 

■  a),  a2j . 

(A.5.2) 


Assuming  that  (A)  is  in  m  x  n  matrix,  we  get  that 

a],  m  ay  (<  »  1,2 . m;  j  «  1.2,  .....n),  (A.S.3) 

where  oj  and  a <,  are  elements  of  matrices  M)r  and  M],  respectively. 

Equations  (A.  1 .6)  and  (A.5.3)  yield  that  if  [A]  is  a  symmetric  matrix,  the  transpose  matrix  [A]T 
is  equal  to  {A\.  For  instance,  let  [A )  be  given  as  a  symmetric  matrix 


all  al2  al3 

0||  012  ai3 

Ml- 

a2l  a22  a23 

- 

0(2  022  023 

0)1  fl)2  0)J  . 

0)3  023  033  . 

The  interchanging  of  rows  and  columns  in  the  symmetric  matrix 


\A) 


0,1  <II2  flu 
a!2  fl22  fl23 
0,j  fl2j  033  _ 


(A.5.5) 


does  not  change  the  matrix  and  [A]T  =  [A). 

In  three-dimensional  space,  a  vector  R  may  be  represented  by  the  3  x  I  matrix 


1*1  = 


(A.5.6) 


where  Rx,  Ry,  and  R.  are  the  projections  of  vector  R.  The  transpose  of  [*],  matrix  [/f] T,  is  the 
1  x  3  matrix 


(*17  =  (*A*J 


(A.5.7) 
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It  can  be  proven  that  equation  (1.5.3)  yield*  the  following  relations: 

(MJr)r-Mi 
(«M))r-aM)r 
(Ml  +  I»l)r-Mlr+fi»]r 

(MilMd  ••••  M.l)r-K]rK-l]r....  [A2)t  [ax)t 


(A.3.8) 

(A.3.9) 

(A.5.10) 

(A.5.11) 

(A.5.12) 


A.6  Inverse  Matrix 

Inverse  matrices  (designated  by  [A]-1)  find  many  applications  in  mathematics  and  mechanics. 
In  this  publication,  the  problem  of  determining  the  inverse  of  a  given  matrix  occurs  by  coordinate 
transformation.  (See  ch.  1.)  A  unique  inverse  matrix  (A) *'  exists  if  the  given  matrix  \A]  is  square 
and  its  determinant,  det  A  *  0.  A  matrix  [A]  such  that  det  A  *  0  is  known  as  a  nonsingular  matrix; 
[A]  is  singular  if  det  A  ■  0. 

To  find  the  inverse  matrix  Ml*1,  it  is  necessary  (I)  to  determine  the  cofactors  B Xj  of  elements 
a,  in  det  A  and  (2)  to  determine  the  so-called  adjoint  matrix 


[B\  *  \B,j\T 

Once  this  is  done  the  inverse  matrix  may  be  obtained  as 


(A.6. 1) 


Let  det  A,  of  order  n,  be  given  as 


(A. 6.2) 


an  ai2  au*—  ai» 
a21  a22  a23""  a2<i 


(A.6.3) 


a.l  a*2  a*3  •••■  am 


According  to  the  definition  known  from  linear  algebra,  the  cofactor  By,  of  a,,  in  det  A,  is  ( - 1)'+; 
times  the  determinant  of  order  n- 1  obtained  from  det  A  upon  erasing  the  ith  row  and  yth  column. 

For  instance,  the  cofactor  B2j  is  obtained  from  det  A  upon  erasing  the  second  row  and  the  third 
column 


all  a12  a 

3  ••••  aM 

* 

w 

II 

T 

'w' 

a.l  an2  a 

,3  ....  Qym 

(A. 6.4) 


The  adjoint  matrix  U 


*11  *12  *13  ••••*!« 

r 

*11  *21  *31  ••••*«! 

*21  *22  *23  ••••*2* 

1 

- 

*12  *22  0J2--0.2 

i 

.  *«i  *«2  *«3 ....  Bm 

.  *1,  02,  0J,  — .  0*. . 

(A.6.5) 


The  inverse  matrix  Ml-1  is  represented  by  equation  (A. 6. 2),  where  det  A  may  be  represented 
in  terms  of  the  elements  and  cofactors  of  any  one  row  or  column.  For  instance,  corresponding 
to  elements  and  cofactors  of  the  1st  row,  we  get 

det  A  *  and|i  +  0,20)2  ^  ""  0| ,|0)ft  (A. 6. 6) 


Sample  problem  A.6.1 

Let  [A]  be  a  3  x  3  matrix  as  follows 


all  °I2  0)3 

13  5 

Ml- 

021  an  o2j 

= 

2  4  6 

O31  032  O33  . 

.378. 

The  cofactors  are 


0„  *  (-I)"*'’ 


0,j=  (-1)"4” 


*22  =  (-D 


0„  -  (-D 


(2  +  2) 


(3  +  t) 


022 

«23 

=  -  10 

*12=  (-l)<l+2> 

021 

023 

=  2 

Oj2 

033 

031 

033 

o2i 

«22 

=  2 

*21  =  (  -  1  )  U+l) 

0)2 

0)3 

=  11 

031 

Oj2 

032 

033 

0)1 

0)3 

=  -  7 

*23  =  (-I)'2*3’ 

0|| 

0|2 

=  2 

031 

033 

031 

032 

«12 

0)3 

=  -  2 

*32  =  (-l)',  +  2> 

Oil 

0|3 

=  4 

0+2 

«23 

021 

023 

*33 

=  ( 

_,)(3+3, 

0),  0)2  | 

.-2 

Ot)  O  22 
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The  adjoint  matrix  is 


Bu  i|j  flu 

r 

®ll  ^21  Byi 

-10  It  -2 

IB]  - 

®2i  B]2  B2j 

- 

Bn  Bn  Bn 

m 

2-7  4 

B}l  Bji  B}J 

.  Bn  Bn  Sjj 

2  2  -2  . 

The  det  A  is 

det  A  m  +  Q\2&\2  **13^13  *  6 

The  inverse  matrix  is 


Ml'1 


i£L 

det  A 


I 

6 


'  -10  II 
2  -7 

2  2 


-2 

4 

-2 


It  is  easy  to  verify  that 


13  5' 

‘  -10  11  -2  ' 

1 

6  * 

10  0 

HIM)"'  - 

2  4  6 

.  3  7  8  . 

2-7  4 

2  2-2. 

0  1  0 

.001. 

There  is  a  class  of  nonsingular  matrices  [A]  such  that  the  inverse  matrix  [A] _l  coincides  with 
the  transpose  [A\T.  A  matrix  [A]  with  this  property  is  known  as  an  orthogonal  matrix.  Equations 

Ml'1  -  Mr;  MJM]r=  MJMJ-'  =  [/]  (A.6.7) 


yield  that 


det  ([AJfAJ7)  =  det  A«det  AT  =  (det  A)1  =  ±  det  /  =  ±  1  (A. 6.8) 

Orthogonal  matrices  find  an  application  by  coordinate  transformations  for  cartesian  coordinate 
systems  with  a  common  origin.  (See  ch.l.) 

An  inverse  matrix  of  a  product 


[C]  =  \A\[B\ 


(A.6.9) 


may  be  represented  by  the  equation 


1C]-'  -Ifl-'Mr1  (A.6.10) 

This  state  nent  can  be  proven  as  follows:  Multiplying  both  parts  of  equation  (A.6.9)  by  the  product 
[B\~'{AV\  we  get 


[D]-,[A]-,[C]  =  [fl]-|M]-,M)[31 


(A.6.11) 


The  product  ;  yields  that  =  [SJ  and 


(A.6.I2) 


Equations  (A. 6. 11)  and  (A. 6. 12)  yield  that 

w'Mr'in-w  (A.6.13) 

and  that  |B]'I|A|'1  ■  Thus,  statement  (A. 6, 10)  has  been  proven. 

By  analogy  with  equations  (A  6.9)  and  (A. 6. 10),  we  get  that  the  inverse  matrix  [C)~'  of  a 
product 


|Cj  -  MilMtl  ....  M„) 


is 


1C)*'  -  M.r'MI.-.r1 ....  Mtl'Mi r'  (A.6.14) 

A.7  Matrix  Differentiation 

Matrix  elements  may  be  functions  of  a  variable  (for  example,  i).  The  derivative  of  an  m  x  n 
matrix  (A)  is 


The  derivative  of  a  matrix  product 


~dau 

dan 

da±  ' 

dt 

dt 

di 

(A.7.1) 

dam\ 

dami 

dOmm 

di 

di 

di 

(CJ- 

Mllfl 

(A. 7. 2) 

it  determined  as  follows: 


dC 

di 


Ml 


dB 

di 


+  151 


r  <u 

di 


(A. 7.3) 


A.8  Matrix  Representation  of  Vector  Formulas 

Henceforth,  it  will  be  assumed  that  a  vector  A  is  represented  by  its  projections  a,.  a:,  a,  on 
the  axes  of  orthogonal  coordinate  system  as  follows: 


A  =  a,i  +  a2j  +  a, It  (A.  8.1) 

where  I,  j,  and  It  are  the  unit  vectors  of  the  axes.  The  matrix  representation  of  vector  A  is 


Ml  = 


a2 


L  ai 


(A.8.2) 


4JS 


V 


or 


[A\T -  [awd  (A  .8.3) 

where  [A\r  is  Ihe  transpose  of  matrix  [A],  The  matrix  representation  of  vector  addition 

D  -  A  +  B  +  ....  +  C  (A. 8.4) 


it 


'  </. 

'  at 

’  ft.  ' 

'  f. 

*1 

* 

a: 

+ 

ft: 

+  ....  + 

f: 

.4. 

.  aj  . 

.  ft». 

.  Cj  . 

Oi  4-  b\  +  ....  +  c | 

dj  +  bj  +  ....  +  fj 
tfj  +  by  +  ....  +  C} 


The  scalar  product  of  vectors 

A  •  B  *■  <>i^i  +  fljij  +  Ojbj  —  C 
may  be  represented  in  the  matrix  form  as  follows: 


c  *  -  [ctitfjOjI 


ft: 

ftj 


;  ci\b |  +  4* 


(A.8.5) 


(A. 8.6) 


(A. 8.7) 


or 


C=mA]  =  16,6:6,1 


a. 

«3  J 


=  0]b]  +  ajft?  A-  Oybj 


We  use  the  order  of  factors  in  the  matrix  products  as  follows: 

c=  [A\t[B\  =  \B\t\A) 

The  1  x  3  and  3  x  1  matrices  are  conformable  for  multiplication. 
A  vector  product  of  two  vectors  is  represented  by  the  equation 


(A.8.8) 


(A. 8.9) 


44* 


AxB- 


».  h  h 

di  <ij  aj 

b  i  h  h 


di  a. 


i2  + 


d2  d, 

ft,  h, 


d,  d2 
b ,  bj 


(A.8.10) 


'  0  -d, 

*2 

■  *1  ■ 

—  Oyby  +  djAj 

dj  0 

-d, 

*2 

- 

djA|  -  djbj 

-dj  d, 

0 

-dj/>,  +  d|bj 

The  matrix  representation  of  vector  product  A  x  B  u 


i  c]  -  Mi-m 


The  icalar  triple  product  it  represented  by  the  equation 
d  -  A*(B  x  C)  -  [ABC]  -  [BCA ]  -  [CAB\  -  -  [BAC\  -  -  [Cfl/tJ  -  -  [/tCB] 

d,  d2  dj 

h,  Aj  frj  I  *  d, 

Cl  cj  O 

The  matrix  representation  of  the  scalar  triple  product  is 

d  -  M)r[5)**lC}  -  [B]r[C]“M]  «  [C]T[A\*[B\ 

-  -  [S]7M1'*IC]  *  -  ICI'IBI-MJ  =  -  \A]T[C\'k[B) 


(A.8.1 1) 


by  by 

by  by 

-d2 

+  d, 

c2  Cj 

Cl  C  y 

C,  C2 

(A.8.12) 


(A.8.13) 


The  superscript  sk  denotes  a  skew-symmetric  matrix.  Each  matrix  triple  product  in  equation  (A. 8. 13) 
yields  the  same  scalar  d.  For  instance,  the  multiplication  of  matrices  in  equation  (A.8.13)  yield 


[did^i 


0  -by  b2 
by  0  -by 
-bj  by  0 


C| 
cj 
L  cj 


*  d|(  —  byC2  +  bjCy)  +  a2(byC\  —  byCy)  +  tly(  ■  b2Cy+byC2)  (A. 8. 14) 
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Appendix  B 

Theorem  of  Implicit  Function  System  Existence 


A  system  of  j  equations  in  n  unknowns 

f(X |.  *Z . *«)  *  0  ft  €  C'  (X|,  x2.  .  xn)  fG 

0-1.  2 . }*n-  1)  (Bl) 

is  considered.  This  equation  system  is  satisfied  at  the  point 

X°  *  (x?  jr2° . x®)  (B2) 

The  theorem  of  implicit  function  system  existence  states  that  in  the  neighborhood  of  point  X°  the 
solution  of  equation  system  (Bl)  may  be  represented  by  functions 

M*i).  x3(x,) . x„(x,))€C'  (B3) 

if  the  following  Jacobian  differs  from  zero: 


P  (/■■/:■  -•■/>) 

D(x2,  Xj,  ••••  X,) 


dl>  dJi  Jk' 

dx2  dxy  dx„ 


*0 


dl  dl  .J1 

dx2  dxn 


(B4) 


Here  j,  is  the  independent  variable  of  functions  (B3). 

The  solution  of  equation  system  (Bl)  may  be  represented  by  functions  of  another  variable,  for 
instance,  x2,  if  the  following  Jacobian  differs  from  zero: 


V  Vi  ,Jfi 

to  I  to,  3x„ 

%.  *1  .JJl 

to 1  to,  a*. 

Considering  the  particular  case  when  n  ■  2.  j  *  1  and  the  equation 

/(x,jt2)  *  0  /(C;  (x,^)  €  G  (B6) 

it  discussed,  we  get  that  the  solution  of  equation  <  B6)  may  be  represented  as 


Difi.f:.  -•./,) 

D(jt„  a,.  ••••  x,) 


Xj(x,)  €  C1  if  -  0  (B7) 

d.  2 

or  as 

x,(x2)«C'  if  ^  *0  (B8) 

3x, 

V  V 

Neither  function  (B7)  or  (B8)  exist  if  —  *  0  and  —  «  0,  simultaneously. 

dx,  dxj 

Considering  the  case  when  j  =  n  -  2,  we  find  that  the  solution  of  equation  system  (BI)  may  be 
represented  by  functions  of  two  variables,  for  instance,  X|,  x2  if  the  following  Jacobian  differs 
from  zero: 


DKfi.h . fj ) 

D(X 3-  x* . *n) 


*0 


(B9) 


For  a  better  understanding  of  the  essence  of  this  theorem,  let  us  consider  again  the  case  when 
;*«-!• 

Differentiation  of  equations  (Bl)  yields  the  following  system  of  j  =  n  linear  equations  in  n 
unknowns 


With  a  given  value  of  dx,  and  known  partial  derivatives  this  system  possesses  a  unique  solution 
for  dx2 . dxn  if  and  only  if  the  Jacobian  (B4)  differs  from  zero. 


*y 


Appendix  C 

Linear  Vector  Function.  Principal  Curvatures 
and  Directions  of  a  Surface 


Usually,  the  determination  of  the  principal  curvatures  and  directions  of  a  surface  is  based  on 
Dupin’s  indicatrix.  Another  approach,  proposed  by  Rashevsky,  1956,  is  based  on  the  properties 
of  linear  vector  functions  and  we  employ  his  proposal  in  this  section. 


C.l.  Linear  Vector  Function 

Consider  two  planar  vectors  a  and  b.  We  assume  that  there  is  a  rule  which  determines  vector 
b  if  a  is  given.  Such  a  rule  may  be  represented  by  a  function  A  (a).  Thus 

b-/f(a)  (C.  1.1) 

Such  a  vector  function  may  be  represented  by  a  matrix  equation  with  which  we  express  the 
components  of  vector  b  in  terms  of  the  components  of  vector  a.  The  type  of  such  a  matrix  depends 
on  the  type  of  the  vector  function  A(a).  (fee  the  following  examples.) 

Figure  C.  1 . 1  corresponds  to  the  case  when  vector  b  is  obtained  from  a  as  follows:  vector  a  is 
rotated  about  point  O *  through  an  angle  <t>  and  then  extended  corresponding  to  the  ratio 


(C.l. 2) 


We  set  up  two  coordinate  systems  Sm  and  S„  rigidly  connected  to  vectors  a  and  b.  respectively. 
Figure  C.  1.1(a)  and  figure  C.  1 . 1(b)  show  the  coordinate  systems  Sm  before  and  after  the  rotation 
through  the  angle  4>,  respectively.  The  direction  of  vector  a  will  coincide  with  the  direction  of 
b  after  the  rotation  through  the  angle  <f>  (fig.  C.l.  1(b)).  Then  by  the  extension  of  the  length  of 
vector  a,  the  two  vectors  will  become  equal.  We  describe  the  correspondence  between  vectors 
b  and  a  by  the  following  matrix  equation: 


/ 


X  cos  $  -X  sin  ^  ' 

[  °lm)  ‘ 

X  sin  4  X  cos  4) 

L  4-'  . 

(C.  1.3) 


Taking  into  account  that 


‘  a/"’ ‘ 

r«.i 

'  b\H)  ' 

'  *t  ' 

=*  1 

■ 

.  *im> . 

L  «2  . 

bjm)  _ 

we  get 


X  cos  0 
X  sin  ^ 


-X  sin  ^ 
X  cos  $ 


0\ 


=  [Z.) 


<*\ 

a-i 


(C.  1.4) 


Equation  (C.  1.4)  is  an  example  of  matrix  representation  of  vector  equation  (C.  1.1). 

Another  example  of  a  correspondence  between  vectors  a  and  b  may  be  represented  as  follows. 
Consider  that  vector  b  is  obtained  by  extension  or  compression  of  components  of  vector  a.  Thus 


b  j  —  X,0|  bi  —  X  vii 
The  matrix  representation  of  (C.  1.5)  is 


’  b,  - 

r  x,  o  - 

a>  1 

r  a ,  ' 

= 

=  \L] 

L  o  x2  _ 

L  J 

L  - 

(C.I.5) 
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(3)  We  alto  assume  that  the  linear  vector  function  it  symmetric.  This  means  that  the  following 
equation  is  to  be  observed  for  any  pair  of  vectors: 

d»A(a)-a*/l(d)  (C.  1.13) 

The  matrix  representation  of  equation  (C.  1.13)  is 

[d)T[L)[a]-[a)T[L\\d\  (C.1.14) 

Here,  the  superscript  T  designates  the  transposed  matrix.  (See  app.  A.) 

Equation  (C.  1 . 14)  is  observed  if  and  only  if  matrix  [£]  is  symmetric.  We  may  prove  this  as  follows. 
Using  the  designation 


m  -  mw 


(C.  1.15) 


we  represent  the  scalar  product  of  vectors  d  and  c  by  (see  app.  A) 

ld]TW-lc]Tld]  (C.1.16) 

Equations  (C.  1.15)  and  (C.1.16)  yield 

tf)rlc]  -  [dlr[Z.l(o] 

[rJr«(tf.|(a])7«la)W 

lc]r[d]-|o|r[Z.lr[dl-la)rlf.)|J) 

(assuming  that  [I]  is  a  symmetric  matrix  and  therefore  |I]r  =  (£.]). 

Thus  the  matrix  equation  \d) 7  (cj  *  lc]r[</]  yields  [d)T \L]\a\  **  [a)T [L)[d\  and  equation 
(C.1.14)  is  proven. 

Matrix  \L\  may  be  determined  if  a  pair  of  noncollinear  vectors  c  and  b  and  their  corresponding 
vectors 


p-A(c)  q  =  A(b) 

are  given. 

Using  matrix  equations 


'  P\ 

all  al2 

’  C|  ' 

.  Pi . 

.  a2l  aZ2  . 

.  f2  . 

'  9i  ‘ 

a!l  a12 

'  b,  ' 

.  92  . 

.  fl2l  a22  j 

.  b 2  . 

(C.  1.17) 


(C.l. 18) 


we  get  a  system  of  four  linear  equations  in  four  unknowns:  au.  a i2.  o; i.  o:2, 

c\a\\  +  f2fl|2  =  p\ 


c,a2i  +  C2P22  -  Pi 


*ian  +  t>2fl  |2  =  q  I 


(C.l. 19) 


b ^ 22  —  q2 


Here,  due  to  the  symmetry  of  matrix  [L\,  at2  “  a2i ,  Thus  equation  system  (C.  1 . 19)  is  a  system 
of  four  equations  in  three  unknowns.  Such  a  system  possesses  a  unique  solution  if  and  only  if  the 
system  matrix  and  the  augmented  matrix  are  of  equal  rank  r  «  3.  The  system  matrix  is 


ct  Ci  0 
0  c,  c2 
h,  b,  0 
0  b,  b: 


(C.  1 .20) 


and  its  rank  r  -  3. 

The  augmented  matrix  is  of  rank  r  *  3  if 


Cl 

Cl< 

0 

Pi 

0 

Cl 

Cl 

Pi 

bi 

*2 

0 

Ci 

0 

bi 

h 

C2 

(cj*i  -c]b2)(clqt  +  crfj  -p,b,  -  p^>2)  *0  (C.1.21) 


Equation  (C.1.21)  relates  the  four  vectors—  c,  b,  p  -  /1(c),  and  q  =  /1(b)— which  must  be  given 
for  the  determination  of  the  symmetric  matrix  [LJ.  Equation  (C.1.21)  may  be  represented  in  the 
following  vector  form 


[bck]  (q.c-p.b)-O  (C.1.21(a)) 

where  k  is  the  unit  vector  which  is  perpendicular  to  the  plane  in  which  vectors  c,  b,  p,  and  q 
are  located.  The  scalar  triple  product  (b  c  k]  cannot  be  equal  to  zero  because  the  vectors  do  not 
belong  to  the  same  plane  and  no  two  vectors  of  b,  c,  and  k  are  collinear.  Thus 

q.c-p.b  =  /!(b)*c-/l(c)*b  =  0  (C.1.22) 

Now,  considering  as  given  the  four  vectors—  c,  b,  p  =  /1(c),  and  q  =  A  (b)— which  are  related 
by  the  equation  (C.1.22),  we  may  determine  the  symmetric  matrix  [ L).  For  the  solution  we  have 
to  apply  a  subsystem  of  three  linear  equations  which  is  chosen  from  equation  system  (C.1.19). 
For  instance,  the  following  subsystem  may  be  chosen: 


C|fl;|  +  C2<J,2  =  p\ 


C|fli2  +  C2«22  =  Pi 


(C.1.23) 


Mil  +  Ml2  =  Cl 


The  solution  for  the  unknowns  au,  a )2.  and  a22 is  given  by 


P\bi  -  c2q\  —  p\b\  ctq2  —  p2b] 

<Z\  i  —  - — -  Cl\2  —  @2 1  —  -  —  - 

cxb2  -  c2bx  C\b2  —  c2bx  cxb2  —  c2bx 

The  expression  for  a22  has  been  simplified  with  the  aid  of  relation  (C.  1 .22). 


(C.1.24) 
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Equations  (C.  1 .24)  determine  the  matrix  [L\  of  the  vector  function  4  consider^*  vectors  c  and 
b  and  their  corresponding  vectors  p  -  4(c),  q  -  4(h)  as  given.  Here,  A  is  uk.  vector  function 
whose  matrix  representation  is  gr*n  by  (/.]. 

We  can  now  obtain  more  easily  t)«e  correspondence  between  any  given  vector  d  represented  by 

d  -  X|C  +  Xjb  (C.  1 .25) 

and  the  corresponding  vector  (  given  by 

t m  4(d)  (C. i .26) 

It  it  easy  to  prove  that  the  sought-for  vector  (  may  be  expressed  in  terms  of  vectors  p  and  q  by 
the  vquatkm 


f-X.p  +  X*  (C.1.27) 

The  proof  is  hased  on  the  following  considerations:  Considering  matrix  [L]  as  known,  we  get 
[pl-WlcJ  [?]  -  tilth]  [fl-if.Pl  (C.  1 .28) 

Equations  (C.  1 .25)  and  (C.  1.28)  yield 

[f]  -  |/-JX|[r]  +  X2[h])  -  X|(f.](c]  +  X2(Z.][hJ  -  X,[/>)  +  X2[qJ  (C.1.29) 

This  equation  is  the  same  as  equation  (C.  1.27). 


C.2.  Characteristic  Roots  and  Vectors 

Consider  that  the  linear  and  symmetric  vector  function  4(c)  must  determine  a  corresponding  vector 

p  ■  4(c)  (C.2.1) 

which  has  to  be  collinear  with  the  given  vector  c.  Thus 

4(c)  =  Xc  (C.2.2) 


The  matrix  representation  of  equation  (C.2.1)  is 

MM  =  X(cJ 


which  yields 


all  al2 

=  X 

C\ 

.  al2  a22  . 

.  c2  J 

.  O  j 

(C.2.3) 


(C.2.4) 


Matrix  equation  (C.2.4)  represents  a  system  of  two  linear  equations 

OnO  +  a,2c2  =  Xr, 
o,2c,  +  022i  2  —  Xc2 


(C.2.5) 
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From  equations  (C.2.S),  we  get 


(a„  -  X)c,  +  ax2r2  -  0 
tfi^i  +  (<*22  -  X)c2  -  0 


(C.2.6) 


Equation  system  (C.2.6)  contains  two  homogeneous  linear  equations  in  two  unknowns  c,  and 
c2.  The  nontrivial  solution  for  c 2  and  c2  (it  differs  from  c,  *  0  and  c2  “  0)  exists  if  and  only  if 


dii“X  au 

al2  fl22  “  X 


(C.2.7) 


Thus,  we  may  determine  two  solutions  for  the  ratio  C\lc2,  which  represent  two  directions  of  the 
characteristic  vector  c.  The  characteristic  values  (roots)  and  characteristic  vectors  are  also  called 
"eigen  values"  and  “eigen  vectors",  respectively. 

Henceforth,  we  will  assume  that  X|  *  X2.  Equation  (C.2.7)  yields  that 


aM  +  <»22  //an  +  a22y 
x,  -  - - -  +  ^  I  - - -  j  -  «llfl22  +  fl|2 

_  (C.2.8) 


Directions  of  the  characteristic  v  nors  c(,)  and  c(2)  are  determined  by  (see  eq.  (C.2.6)) 


Cf'>  _  fl|2  C|(2>  _  <»I2 

c}"  flii-Xi  c}2)  an-X2 


(C.2.9) 


Equations  (C.2.8)  and  (C.2.9)  yield  that  the  characteristic  vectors  c(l)  and  c<2)  are  perpendicular. 
We  may  prove  it  as  follows: 

(1)  Using  the  equation 


c<,).cc>  =  c1">c1«2>  +  c2<"c2<2»=0 

we  get 


W  1 1  ,  c2<2>  _  fl|2  _  fl|l  ~  X2 

c2(l)  c{2>  a ii  -  X,  a,2 


Thus 


°ii  ~  flu  (Xj  +  X2)  +  X(X2  +  a]2  —  0 


(C.2.10) 


(C.2.11) 


(C.2.12) 


(2)  Substituting  for  X,  and  X2  in  equation  (C.2.12)  the  expressions  (C.2.8),  we  see  that  equation 
(C.2.12)  is  indeed  observed  and  the  characteristic  vectors  are  perpendicular.  Knowing  the 
characteristic  direction,  we  may  simplify  the  matrix  [L]  by  using  a  new  coordinate  system. 

Consider  that  the  initial  coordinate  system  is  determined  by  unit  vectors  i,  and  i2  (fig.  C.2.1). 
Having  the  pair  of  noncollinear  vectors  c  and  b  and  the  corresponding  vectors  p  =  /4(c)  and 
q  =  /4(b),  we  may  determine  the  elements  of  matrix  {£].  (See  eq.  (C.1.24).)  We  may  then  find 


the  characteristic  values  \|  and  X2  (eq.  (C.2.8))  and  the  directions  of  the  characteristic  vectors 
e|  and  en  (fig.  C.2. 1).  The  angle  n,  of  the  characteristic  vector  tf  is  represented  by  the  equation 
(see  eq.  (C.2.9)) 


tan  Ml  -  (C-2.13) 

Ai  -  an 

The  positive  angle  mi  is  measured  from  vector  e]  to  en. 

We  may  now  represent  the  given  vector  c  (fig.  C.2.1)  by 

c  -  c,  +  c„  -  c,e,  +  cnen  (C.2. 14) 

Because  vectors  C|  and  cn  are  characteristic  vectors,  we  may  represent  the  linec:  vector  function 

as 


p  =  A( c)  *  /4(c,  +  c„)  =  H(c,)  +  /f(c„)  =  X,  c,  +  X2  c„  (C.2.15) 

The  matrix  representation  of  <4(C|)  and  A(cn)  is: 


X, 


Cl  ' 

=  [A] 

'  fi  ' 

_ 

m\l  ml2 

'  Ci  " 

0 

.  0  . 

.  mi2  m21 

_  0 

0  " 

=  [A] 

'  0  ' 

- 

mn  rr*i2 

'  0  “ 

cn  _ 

.  . 

Ht\2  ™22 

.  cn  _ 

'ntici  | 
.  mi:ci  J 


mi:rn 
.  m22cn  . 


(C.2.I6) 


Here,  the  symmetric  matrix  (A)  with  elements  mn,  mt:,  and  m22  is  the  matrix  representation 
of  the  linear  vector  function  /((c). 

Matrix  equations  (C.2.15)  and  (C.2.16)  yield 

n?||  =  Xj  m]2  =  0  m22  =  X2 
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(C.2.17) 


and 

0  ' 

. 

Wc  determine  the  sought-for  vector  p  by  iu  projections 

p,-X,c,  Pn-^ifit  (C.2.18) 

Thus,  the  vector  function  <4(c)  may  be  interpreted  as  a  corresponding  extension  (or  compression) 
of  projections  of  the  given  vector  c  in  the  characteristic  directions. 


C.3.  Surface  Principal  Directions  and  Curvatures 

Consider  a  regular  surface  represented  in  parametric  form  by 

r(u,0)€CJ  r.  x  r,*0  ( u,6)tA  (C.3.1) 

The  tangent  plane,  the  surface  normal  N,  and  the  unit  normal  n  are  determined  at  the  surface  point 
M(uq.  0o).  The  tangent  plane  is  drawn  through  vectors  r„  and  r»;  the  surface  normal  N  and  the 
unit  normal  n  are  represented  as  follows: 

N«r,xr,«N(it,  9)  vC.3.2) 


—  *  n(u,  ff) 

1N| 


The  partial  derivatives 


dr 


dr 


r.  =  —  r,  =  - 
du  de 


n.  = 


3n 

du 


dn 

n*~de 


are  taken  at  the  point  A/(uq.  0o). 

The  surface  normal  curvature  is  determined  by  the  equation  (see  sec  10.5) 


dr*dn 


ds 


2 


▼r*nf 

Vr 


Here 


dr  —  Tjiu  +  Tjdd 

dn  =  njtu  +  njJ6 

du  dO 

v,  =  r,  —  +  r,  - 
dt  dt 


du  dd 

nf  =  n„  —  +  n,  - 

dt  dt 


(C.3.3) 


(C.3.4) 


(C.3.5) 

(C.3.6) 

(C.3.7) 

(C.3.8) 


ds2=dr2 


(C.3.9) 
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where  t  repceteru  time.  The  subscript  "r”  meant  that  the  relative  motion  of  a  point  (relative  with 
retpect  to  the  turf  ace)  it  considered.  In  other  wordt,  we  consider  that  the  above  vectors  arc 
determined  for  the  motion  of  a  point  over  the  surface. 

Vectors  dr  and  v,  belong  to  the  tangent  plane  P.  Vectors  da  and  n,  belong  to  the  same  plane 
P,  which  results  from  the  following  considerations 

■  •■-I  (C.3.10) 


Thus 


la -dm  «  0  (C.3.11) 

This  yields  that  vector  da  (consequently,  vector  h,)  is  perpendicular  to  the  surface  unit  normal 
■  and  belongs  to  the  tangent  plane  P. 

Assume  that  the  surface  is  given  and  that  we  take  partial  derivatives  ra.  r«,  n,,  and  n«  at  a  definite 
point  M.  Choosing  the  ratio 


da 

JL.  (C.3.II) 

dx 

we  may  determine  the  direction  of  vector  vf  and  of  the  corresponding  vector  hr  (fig.  C.3. 1).  If, 
in  addition  to  the  ratio  (C.3. 1 1 ),  one  of  the  derivatives  ( du/dt ,  dBldr )  is  chosen,  then  vector  v, 
and  the  corresponding  vector  h,  are  determined.  We  can  see  that  by  fixing  one  of  the  derivatives 
(du/dt,  dd/dt)  and  by  changing  the  ratio  (C.3.  II),  new  pairs  of  related  planar  vectors  v,  and  h, 
can  be  determined.  In  other  words,  there  is  a  definite  Mnear  vectoi  function 

n,-A<vr)  (C.3.I2) 

at  any  regular  point  M  of  the  surface  which  relates  vectors  nr  and  vf.  The  matrix  representation 
of  (C.3. 12)  is  given  by 

W-liJlM  (C.3.13) 

Using  equations  (C.3.13),  (C.3.7),  and  (C.3.8),  we  get 


4«0 


dm  d$  (  dm  dT)  du  dt 

(«J  -  +  1*1  -  -  [L\  [rj-  +  [rt  1  -  '  -  [/.HM  -  +  t/.l[r,l  - 
dt  at  dr  dr  .•  dr  <0 


(C.3.14) 


Thu* 


1*1 -MM  (C.3.13) 

We  have  seen  in  section  C.2,  that  there  is  only  a  single  matrix  \L)  if  equations  (C.3.IS)  are  to 
be  observed.  In  addition,  this  matrix  is  symmetric  if  the  above  four  vectors  are  related  by  the  equation. 

a,*  (C.3.I6) 

This  equation  is  indeed  observed  (see  eqs.  (10.1.17)  and  (10.1.18)).  Thus,  we  may  determine 
the  single  symmetric  matrix  [L\  which  transforms  [vr]  into  [nr],  [r,J  into  [n„],  and  [r#]  into  (««]. 

Because  matrix  [L\  is  symmetric,  we  may  determine  two  perpendicular  characteristic  directions 
on  the  tangent  plane  with  characteristic  values  of  X|  and  X2(Xt  *  X2).  These  two  directions  may 
be  determined  from  the  collinearity  of  vectors  vr  and  hr  as  follows: 


*r  /tj, 

—  m  K  —  : 


(C.3.17) 


or 


du  dO  dm  dO 

(■.•I)—  +  (*•!)  -  (n.*J)  —  +  (n»*J)  - 

dt  dt  dt  dt 

du  dB  du  d$ 

(r..i)-+  (r#-i)  -  (r„ « J)  —  +  (r»»j)  - 

dt  dt  dt  dt 

du  dd 

(**»  *  k)  —  +  (**k)  - 

=  _ — _ ?  =  «  (C.3.18) 

(r,.k)  j  +  (r,.k)  j 

dt  dt 

where  i,  j.  and  k  are  the  unit  vectors  of  the  coordinate  axes. 

Equations  (C.3. 1 8)  provide  a  quadratic  equation  in  du/dt  and  dd/dt.  Two  solutions  of  this  equation 
for  du/dt  and  dd’dt  correspond  to  two  characteristic  directions  on  the  tangent  plane.  These  two 
characteristic  directions  are  the  so-called  principal  directions  of  the  surface  at  its  point  Af.  Curvatures 
of  the  surface  determined  on  the  principal  directions  are  called  the  principal  curvatures.  We  may 
use  equation  (C.3  J)  to  determine  the  principal  curvatures  taking  into  account  that 


ocvr  =  hr 


(C.3. 19) 


because  of  the  collinearity  of  these  vectors.  Equations  (C.3. 19)  and  (C.3.4)  yield 

*i.n  =  —  ®  (C.3. 20) 

where  «,  ,,  are  the  f*o  principal  curvatures  of  the  surface  in  the  two  principal  directions.  We  may 
represent  the  pr  ;pal  curvatures  of  the  surface  by  the  equation 
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«t.n*,  -  -  «r 


(C.3.21) 


which  if  known  as  the  Rodrigues'  equation. 

Now,  consider  that  a  coordiate  system  with  unit  vectors  Cj  and  Ch  it  rigidly  connected  to  the 
tangent  plane.  The  origin  of  the  coordinate  system  coincides  with  the  surface  point  M,  and  e(  and 
eg  represent  the  principal  directions  of  the  surface  at  M.  Equation  (C. 3.20)  yields 


*H  “  ~  *IVH  "HI  ”  ~  *UVH1 


(C.3.22) 


The  linear  vector  function  given  by 


■,  mMy,) 


may  be  represented  in  matrix  form  at  follows: 


o  ]  r  v*  ■ 

—  *U  .  .  VHI  . 


(C.3.23) 


Let  us  express  the  normal  curvature  of  the  surface  «„  in  terms  of  the  principal  curvatures  *|. 
(n.  and  the  an£le  q  (fig.  C.3.2)  which  is  formed  between  vectors  v,  and  «|.  Using  equations  (C.3.4) 
and  (C.3.23),  we  get 


«.  *  ~ 


Mr  *  *r  m  _  "HVH  +  "Hlt’HI  m  ^I^'h)'  +  «l|(vHl)* 
(v,)2  (VH)2  +  (vm)2  (V*)2  +  (Vrf,)2 


(C.3.24) 


It  is  evident  from  figure  C.3.2  that 


vh 

cos  q  -  —  *  - - -  — - - 

K!  V(vd)2  +  (svr,)‘ 


^(v’h)2  +  (vdl)! 


(C.3.25) 


Equations  (C.3.24)  and  (C.3.25)  yield 


«„  =  x,  cos*  q  +  * n  sin  q 


(C.  3.26) 


Figure  C.3  2. 


This  equation  it  known  as  Euler'i  equation.  From  equation  (C.3.26),  we  may  obtain  two  important 
results: 

(1)  The  principal  curvatures  are  the  extreme  values  of  the  function 

K„(q)  0  s  q  s  2e  (C.3.27) 

represented  by  equation  (C.3.26).  The  extreme  values  of  function  (C.3.27)  occur  at  those  values 
of  q  for  which 


—  *  («ii  “  *i)  sin  2q  =  0  (C.3.28) 

dq 

Considering  the  case  when  K|  *  xn,  we  can  see  that  the  extreme  values  of  the  function  x„(q)  occur 
at  q  »  0*  and  q  =  90*.  Thus,  the  extreme  values  of  the  normal  curvature  are  simultaneously  the 
principal  curvatures. 

(2)  The  sum  of  two  normal  curvatures  taken  for  two  perpendicular  normal  sections,  xj1'  and 
«?».  is  equal  to  the  sum  of  principal  curvatures  x(  and  xlt.  We  may  get  this  result  from  equation 
(C.3.26),  taking  into  account  that  |q2  -  q\\  “  90*.  Thus 

x<"  *  X!  cos2  qt  +  X|j  sin2  q,  (C.3.29) 

xj2*  -  X|  cos2  q2  +  xjj  sin2  q2  =*  X]  sin2  qx  +  xu  cos2  qx  (C.3.30) 

Thus 

x<'>  +  xj2’ -  x,  +  x„  (C.3.31) 
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INDEX 


Acceleration,  of  contact  points,  237,258 
relative,  220 

of  surface  unit  normal.  259 
Angle,  crossing,  299 
lead,  302,303 

Apex  angle,  of  the  pitch  cone.  431 
Axea,  crossed,  35 
parallel.  35 
intersecting,  35 
•crew,  36 

Axe*  of  meshing,  319,324 
crossed  axes  of  gear  rotation,  319 
second,  326 

Axis,  of  relative  rotation,  instantaneous,  30 
of  rotation,  instantaneous.  21,30,350 
Axodes,  397 

Backlash,  of  spur  gears,  415 
Bearing  contact,  377 
compensation  of.  location  of,  405 
of  gear  tooth  surfaces.  288 
reactions,  427 

Bevel  gears,  generation  of,  241 
Beveloid  gearing,  339 
Body  axode,  31 

Camus'  theorem,  132.133 
Center  distance,  sensitivity  to  change  of, 
395 

Center  of  rotation  instantaneous,  21 ,22,27 
Centrodes.  23-28,2% 
link,  22 

movable,  fixed,  14 
radius  of  gear,  103 

Centrode  and  shape  curvatures,  relations 
between,  1 12 

Characteristic  roots  and  vectors,  454 
Compensation,  of  location  of  bearing 


contact,  405 

Computation,  process,  90,244 
Cone,  parameters,  307,308 
surface  of.  220,230,235 
Conjugate,  action,  63 
gear  tooth  surfaces,  336 
Conjugate  shapes,  63,83 
generation  of,  128 
principles  of  generation  of,  130 
relations  between  curvatures,  97 
Conjugate  surfaces,  general  theorem,  195 
working  equations,  200 
Contact,  ,  ilipse.  293,377,384 
lines.  170,214,395 
normal  limiting,  313 
Contacting  force,  430,432 
stresses,  405 

Coordinates  curvilinear,  149,150 
homogenous,  8,172,194,242 
Coordinate  transformation, 
1,4,5,8,9,11,12,14,15 
Curvature,  cam,  108 
center  of,  56,106 
equations  of,  60 
Gaussian.  233 
geodetic.  237,238,275 
Normal.  227-231 
Normal,  relative,  286 
of  a  plane  curve.  56 
principle.  232,233.268,276 
radius  of,  56 

of  a  spatial  curve,  221,222.225,226 
of  a  surface  normal,  228-230 
Curvatures,  principle,  232,291,379.380 
Curve,  elementary  arc  of,  22  3 
generation  of,  14 
parametric  form,  42 
plane,  16,  42 


regular,  43,68,71 
regular  point  of,  30 
Cycloid.  133 

Cyclo-Palloid  gearing,  353 
lyttem,  350,352 
Cylinder,  surface,  240 

Deformation,  area  of,  292 
elastic,  288 
Direction,  cosine.  4 
principle,  377 

Dupin's  indicatrix,  233,234,449 

Eccentricity,  of  involute  spur  gears,  409 
of  spiral  bevel  gears,  412 
Ellipse,  contacting,  288.293-295 
Envelope,  concept  of,  68 
of  contact  lines,  196.202,208,214 
determination  of,  193 
existence  theorem,  69,75 
of  a  family  of  contact  lines,  1% 
of  a  family  of  surfaces,  168,193 
necessary  conditions  of  existence, 
168.181,197 

of  planar  curve  locus,  79 
representation  of,  200 
sufficient  conditions  of  existence, 
76,169,182,197, 
tangent,  137,199 
Epicycloid,  14,54,133 
extended,  54 
ordinary,  55,62 

Equations  of  meshing  by  cutting, 
358,398,399 

Errors  of  manufacturing,  401.405 
Euler,  theorem  of,  233 
Euler-Savary  equation,  112,115 
Euler’s,  equation,  291,461 
formula,  286 
Evolute,  136-144 

Family  of  surfaces,  167 
Fillet,  of  the  gear.  109 
Flender’s  worms,  327 
Force,  contacting 
transmission,  422 

Forms,  fundamental,  215,217  -220 
Function,  explicit,  42 
gradient  of,  153 
implicit,  42,46 

Gear  geometry,  introduction  to,  350 
Gearing  analysis,  method  of,  241 
Gearing  standard.  296 
Gear  tooth  surface,  208 


tangency  of.  241,242 
Generating  gear,  spiral  bevel,  351 
Generation,  of  beveloid  gearing,  339 
of  helical  gears,  344 
methods,  336,337,341 
Gleason's,  gearing,  408 
spiral  bevel  gears,  341,352 

Head  cutter,  341 
Helical  gear,  271 
with  circular  arc  teeth,  395 
conjugate  surfaces  for,  344 
with  crossed  axes,  298,300 
standard  and  nonstandard,  300 
Helicoid.  16,17,158.207,320,332 
ruled  surface,  160 
general  equations  of,  159 
Helix,  180.202,298 
Hob,  128 
single  thread,  128 

Hyperboloid,  surfaces  of  revolution,  40,41 
Hyploid  gears,  center  distance  of,  308 
operating  pitch  surfaces,  304 
Hypocycloid,  133 

Implicit  function  system  existence, 
theorem  of,  89,148.243.447, 
Interference,  127 
Involute,  curve  45,72,175 
extended,  43 
locus  of  curves,  73 
nonstandard,  gears,  296 
screw  surface,  237 

Kinematic,  method  of  envelope 
determination,  193 
precision  of  gear  trains.  390 
relations,  93-95,405 
representation  of  curvature,  59 
Kinematical  errors.  87,141.389,407 
Kinematic  errors.  39,405-407 
function  of,  246,410 
types  of,  408 

Klingelnberg.  cyclo-palloid  system.  352 
Knots  of  meshing,  331 

Line,  of  action.  38.244 
geodesic,  239 
working.  244 

Linear  vector  function,  449 
Locus,  of  planar  curves.  63.68,74 
of  regular  curves,  65 

Machine  tool  settings,  basic.  369 
corrections,  371 


apecial,  364 
Mapping.  42 
Main  contact  point,  362 
Matrix,  addition  and  subtraction,  437 
column,  433 
differentiation,  444 
equality  of,  436 
identity,  433 
inverse,  4,441 
multiplication,  437 
noniingular.  441 
order  of,  434 
orthogonal,  443 

representation  of  vector  formulas,  444 
row.  433 

skew  symmetric,  277,436,446 
symmetric,  436 
transpose,  277,439 
Meshing,  analysis  of,  89 
equations  of.  79,83.174,200,207. 
210.261 

of  gears  with  errors,  392 
Mcusnier  theorem,  223,227,228 
Moment,  33 

driving  and  resisting,  422 
Motion  instantaneous  relative,  29 
screw.  16,319,339 
transformation,  22,26 

Newton  algorithm.  91 
Noncircular  gears,  419 
Nonundercutting,  conditions  of  tooth, 
120.124,126.213 
of  the  generated  surface,  201 
Normal,  to  -  plane  curve,  50 
to  a  plane  curve,  unit,  53 
surface.  151 
surface  unit,  225,226 
unit,  151 

Oerlikon's  Cyclo-Palloid  Systems. 
350.352 

Osculating  plane.  221,237 
Outer  cone  distance.  354 

Paraboloids.  276 
of  the  generating  surface,  201 
Pitch,  circles.  2% 
cones,  304,350 
plane.  309,407 
point,  location  of,  83 
surfaces,  296 

surfaces,  operating.  297.298 
Plane  gearing,  analysis  of.  87 
general  theorem.  82 


Point,  flat,  233 
locus  of  contact,  244 
pseudosingular,  136,157 
regular,  30,151 
singular,  30,151,152,136 
Point  path,  275,281,285 
Point  of  surface,  elliptic,  234 
hyperbolic,  234 
parabolic,  235 
Pressure  angle,  313,423,429 
Principle  curvatures,  of  mating  surfaces, 
260,262,367-370 
of  a  surface,  449,439 

Rack  cutter,  105,109,124,126.128, 
143,395 

Rack  parameter,  176 
Rack  surface,  equations  of,  172 
Rays,  limiting,  130,151 
Regression  point,  52 
Regrinding,  405 
Rodriques  formula.  263,460 
Roots  blower,  86 

Rotation,  instantaneous  center  of,  20, 
83,119 

intersected  axes  of,  29 

Scalar,  product,  79 
triple  product,  70 

Screw,  generation,  by  a  circular  arc,  349 
motion,  37 

parameter,  302,303.324,339 
Shaper,  130 

Simulation  of  meshing,  401 
Singular  points,  determination  of.  196 
existence  of,  121 
of  generated  surface,  187,190 
Spatial  gearing,  analysis,  241.243 
analysis  of  meshing,  243 
kinematic  relations  of.  253.259 
Spiral  bevel  gearing.  352 
force  transmission  for,  429 
Surface  of  action,  171,177,201,208. 
211,214 

Archimedes  screw,  162,165 

cone.  154.157,158 

coordinate  line  on,  150 

curvatures.  267 

examples  of,  154 

family  of  generating,  174 

generating.  202.208,214.355,357.358. 

361.362.364 
generated.  201,212,213 
point.  151-154.157.158 
principal  directions  and  curvatures. 


469 


proolcm  of  conjugate.  166 
of  revolution.  17,154,324.325 
ruled,  153,154.158,160,161 
renew.  18 

tcrew  involute,  162 
simple,  147 
spherical,  18,155-157 
unit  normal,  226,227 
Symmetric  augmented  matrix,  264 
Synthesis,  of  gears,  87 
local,  354,362 

Taylor’s  formula,  219 
Tangency,  external  and  internal,  1 14 
of  gear  tooth  shapes,  87,88 
of  gear  tooth  surfaces,  242 
point  of,  250 

Tangent,  of  a  plane  curve,  50,52 
Tooth,  contact  analysis  (TCA),  246,385 
cutting.  128 

element  proportions,  353 
longitudinal  shape,  309-311 
Transformation,  coordinate,  1,4,5,8,9, 
11,12.14,15 
inverse  coordinate,  9 
matrix,  4,12,13 
of  motion,  22,26,103 


reverse,  4 

of  translation  to  rotation,  103 
of  vector  components,  1 1 
Trihedron,  56.57,93 
Frenet’s,  56 
right  handed,  262 

Undercutting.  124,127,177,192 

Vector,  sliding,  33 
unit  tangent,  52 
Velocity,  angular,  83 
of  contact  point,  253 
linear,  79,253 
relative,  20,32,80,82,255 
of  sliding,  273,300,313 
transfer,  95,254,255 

Worm,  cylindrical,  301 
gear,  209 

gear  drives,  298,301 ,302,303,315,322, 
327,422 

generation  of,  337 
thread  surface,  202 
Worms,  milling  of,  324 
Worm  surface,  332 
equations  of,  328,330,332 
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